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PREFACE

This year’s group of review articles selected for their interest and
importance to chemical engineers is devoted in large part to the
“engineering science” aspects of our professional field. The papers
presented are all applicable to more than one unit operation, and
give theories, facts, and techniques from which the design methods
in any one operation are constructed.

In a sense, all the present papers treat problems in interphase
contacting. On the theoretical and observational sides, respectively,
Davies and Kintner explore the properties of two-phase systems
undergoing mass transfer. In a third study, both the descriptive and
the theoretical properties of cocurrent two-phase flow systems are
presented by Scott. Longitudinal dispersion (or axial mixing),
which has only recently been identified and analyzed as a substan-
tial factor in equipment performance, is reviewed by Levenspiel and
Bischoff.

Finally, an article by Hanson and Somerville takes note of the
current impact of high-speed computers upon design, and shows
how computers allow very simple calculation steps to be applied
repetitively in solving complex arrangements of process operations.
These authors provide a very widely applicable computation pro-
gram for vapor-liquid separation processes. The program typifies
present-day computation procedures and should be of direct use to
a large number of readers.

The editors express their thanks to the publishers and particu-
larly to Dr. Stanley F. Kudzin, associate editor at Academic Press,
for their effective attention to the administrative and production
aspects of publication of this volume.

New York, New York TaoMAs BraprorD DREW
Wilmington, Delaware JorN WarLkxer HoorEs, Jr.
Berkeley, California THEODORE VERMEULEN

August, 1963
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ERRATA TO VOLUME 2

Below 91: in Type 2, (if Kg > 1) should read (if Kg > 2); in
Type 3, (if Kz < 1) should read (if Ks < 2).

In Eq. (18), change =4 and 2 to N, and Ns.

In Eq. (40), change e=2/u/3Dt o g—4mu/3D1,

Eq. (78) should read dx/dr = kw,x/D.

Eq. (79), first line, should read

1 +nx = kwpy(V — vé — Vitoio)/FD.

Eq. (81) in the exponent, replace 0.97 by 0.64.

In Eq. (82), omit D.

Eq. (113b) should read n =~ Uy/SE

Below, read: n & v/2dpeS . . . Hp & 2dpe.

Eq. (139), replace x by x*.

Eq. (145), replace y by y*.

In Eq. (162), insert a coefficient 1/2 before the right-hand ‘‘erf”
term.

In the second line of Eq. (165), change = to Vx .

k also may indicate a mass-transfer coefficient (ft./hr., or cm./sec.);
ke here corresponds to the usual kg or k.

Credit: Fig. 32 was originally published in an article by W. C.
Peck, Chem. & Ind. (London) pp. 159-163 (1956).
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When a molecule passes across an interface without chemical reaction,
it encounters a total resistance B which is the sum of three separate
diffusional resistances. These originate in phase 1, in the interfacial region
(perhaps 10A thick) and in phase 2 (see Fig. 1). This additivity of resist-
ances is expressed by:

R=Ry+- B+ R, (1)

Of these resistances, Ry and R are usually (but not always) much larger
than R;, and liquid-phase resistances are usually much larger than gas-
phase resistances. Typical values (1) for R, (if phase 1 is a gas other
than of the material diffusing) are 1-100 see. cm.—*. Values for R, (phase
2 being a solvent for the material diffusing) often lie in the range 100~
1000 sec. em.— . For a clean interface Ry is very small, of the order 0.002
see. cm.—1; but for an interface covered with a monolayer of some sur-

* In this chapter, references will be cited by italic numbers in parentheses.
1



2 J. T. DAVIES

face-active material R; reaches values of up to 100 sec. em.—1, Here we
shall discuss the simultaneous effects of surface-active agents on Ry, Ry,

GAS PHASE

Cas-phase resistance, R'

Interfacial resistance, Ry

Liquid-phase resistance, R,

WATER PHASE

Fia. 1. Total resistance B = R; 4 R;+ R.. The unstirred layer is shown as a
simplified approximation.

and R, for both plane interfaces and drops. For transfer processes, under
a concentration gradient Ac, the basic equation is:

dg _

i Ak Ac (2)
where g is in moles of material transferring, the time ¢ is expressed in
seconds, and A is the area across which transfer occurs. The permeability
constant k& (cm. sec.—1) is measured over a region where the concentra-
tion difference is Ac (moles em.~2). The reciprocal of k is the resistance
R (sec. em.—1), Equation (2) may be alternatively written (2) in terms
of the diffusion coefficient D for the region of thickness Ax under con-
sideration:

ie.,
1 D
k= R Az ®)
and
dg _ Ac
dt AD Az )

where Ac/Ax is the concentration gradient.

For a pure gas or liquid, B, or R, is extremely small, and is dependent
only on the rate at which molecules strike the interface. This rate is given
by the kinetic theory, and is extremely high; and R, or R; is of the order
0.1 sec. cm.—*, However, for a solute such as CO; diffusing from the sur-
face of water, the concentration gradient of this solute below the surface
may extend over an appreciable thickness Az, so reducing k. [see Eq.
(3)]. Thus k, will depend on D and on the thickness Az of the unstirred
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region below the surface: Az will depend markedly on the hydrodynamics
of the surface, as is discussed in more detail below.

l. Evaporation

Here R, is extremely low, since phase 2 consists of pure water. The
total resistance, therefore, is given to a very close approximation by

R =Ry 4+ Ry

Above a plane surface, the resistance R; of the gas phase may be quite
large, of the order 100 sec. cm.—1, if there is a stagnant film (e.g., of air)
overlying the water. Compared with such a value of R,, the resistance B;
is rather small, even if a monolayer of a long-chain alcohol or acid is
present. But if the air pressure is reduced below atmospherie, or if the
air is stirred (e.g., by wind or by a fan), B, can be reduced to only a few
sec. cm.— 1, and the resistance B; (up to 20 sec. cm.—! with suitable films)
may become controlling.

Under natural conditions, B; may be reduced by wind, so that spread
monolayers of hexadecanol or similar materials may significantly retard
evaporation. In the last few years they have found commercial applica-
tion in reducing evaporation from lakes and reservoirs in hot, arid regions
where the amount of water lost by evaporation may be so great as to
exceed the amount usefully used. Another application is to reduce the
evaporation from heated swimming-pools: here it is important to save
the latent heat of evaporation rather than the water.

Reducing the evaporation by using only a monolayer of a polar oil
(3, 4) has not only the advantage that quite small amounts are required,
but also that the oxygen necessary to support life can still diffuse into
the water, and stagnation of the lake is thereby avoided. The reason that
enough oxygen penetrates a quiescent surface covered with a monolayer
lies in the high diffusional resistance R, encountered in the aqueous solu-
tion subjacent to the surface: compared with this resistance, the mono-
layer has a smaller effect (5). If, however, a thick film of oil were used
to retard evaporation, its enormous resistance would become dominant
in retarding the entry of oxygen. Under natural conditions, the uptake
of oxygen into a lake or reservoir is aided by the wind and by convection
currents, which stir the liquid near the surface: the surface viscosity
and the resistance to local compression of a monolayer will reduce this
stirring and so decrease the uptake of oxygen towards the rate for a
quiescent surface. The effect of this in practice is that the monolayer
doubles R,, and this in turn doubles the oxygen deficit (5); consequently,
the effect of placing a monolayer of hexadecanol on a reservoir contain-
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ing water which is 90% saturated is to reduce the oxygen content to
80% of saturation. This has little effect on the living organisms in the
water. In practice, hexadecanol is very suitable, spreading spontaneously
and sufficiently rapidly from solid beads in small gauze-covered “rafts”
in the surface to give a monolayer with a value of IT* of 40 dynes em.—*:
this retards evaporation into the atmosphere by about 50%. Spreading
from solution in kerosene is also feasible (4), and is preferable if the
reservoir is dirty. Trials reported in America describe the pumping of
stearyl aleohol suspensions through a perforated plastic hose to give a
spray application at the windward end of the reservoir (4). Longer hy-
drocarbon chains in the monolayer improve the efficiency, though the
spreading properties of the alcohols become less favorable. To overcome
this difficulty, one may add an ethylene-oxide group at the polar end of
the molecule.

Evaporation from drops of liquid is generally much faster than from
a plane surface, on account of the geometry of the system aiding the
concentration to fall steeply away from the surface, and so making the
concentration gradient steep.

The complete equation for such evaporation is:

Adt  RT(a/D + Rp)

where w represents weight, M is the molecular weight, a the drop radius,
D the diffusion coefficient and p the saturation vapor pressure of the ma-
terial evaporating under the given circumstances. R is the gas constant
and T the absolute temperature. This equation is based on the assump-
tion that the air around the drop is completely unsaturated. For clean
surfaces, one calculates that while a drop of water of initial radius 0.1
cm. would take 11 min. to evaporate completely into dry, still air at
18°C., the time would be only 0.06 sec. for a drop of initial radius 10 p.

From Eq. (5) it is clear that for very small droplets (¢ small) the
rate of evaporation will become extremely great unless R; is appreciable.
Conversely, a small amount of surface impurity may have a large effect
on the rate of evaporation of very small drops. Thus, a monolayer of a
long-chain aleohol or acid, which at room temperature can inerease R;
(from 0.002 sec. ecm.—! for the clean water surface) to 10 sec. ecm.—?,
should be able to reduce the rate of evaporation of a very small drop by
5000 times. The life-times in dry air of water drops of 1 x radius are
correspondingly increased from a few milliseconds to about a minute by

* 11 is the lowering of surface tension due to the adsorbed film. It is known as the
surface pressure (1).
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such a monolayer; in air of 80% relative humidity the life of a 10 p drop
is increased from 2.5 sec. to 1300 sec. (6). Even oleic acid monolayers
(making R; about 0.1 sec. cm.—*) considerably reduce the rate of evapo-
ration of water droplets, as Whytlaw-Gray showed (7). Besides mono-
layers, traces of dust, nonvolatile impurities and oxidation or decompo-
sition products may similarly reduce the evaporation rate, particularly
if the droplets are small. The tarry material in town fogs is thus respon-
sible for delaying dispersal of the fog by “isothermal distillation.” Mer-
cury droplets, if a skin of oxidized products is allowed to form, may
evaporate 1000 times more slowly than calculated.

If the drop is exposed to a turbulent stream of air the diffusion co-
efficient in Eq. (5) must be modified by multiplication by the calculated
correction factor [1 + b (Re)/?], where the second term in the bracket
allows for eddy diffusion of the vapor away from the surface in the air-
flow of Reynolds number Re. The constant b is related to the diffusion
coefficient of the solute and the kinematic viscosity of the gas. This cor-
rection factor is in good accord with experiment. Self-cooling may be-
come more important under these conditions: a full discussion of the
experimental findings for droplets moving relative to the gas is given by
Green and Lane (8).

An interesting application of small water drops is in the binding of
dust in coal mines. It is, however, necessary to prevent the evaporation
of the aerosol of water by previously dispersing in the water a little cetyl
aleohol. The spray of water drops, each about 12 microns in radius, is
then relatively stable, though without the cetyl alcohol complete evapo-
ration occurs in a few seconds (6). A fuller account of evaporation may
be found in Chapter 7 of reference 1.

Il. Transfer between Gas and Liquid Solvent

If a gas such as ammonia or CO, (phase 1) is absorbing into a liquid
solvent (phase 2), the resistance R; is relatively important in controlling
the rate of adsorption. This is also true of the desorption of a gas from
solution into the gas phase. Usually R, is of the order 102 or 10° sec.
em.— ! though the exact value is a function of the hydrodynamics of the
system: consequently various hydrodynamic conditions give a variety of
equations relating R, to the Reynolds number and other physical vari-
ables in the system. For the simplest system where the liquid is infinite
in extent and completely stagnant, one can solve the diffusion equation

dc d%c
3= D (@) (6)
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in which z is the distance from the interface and D the diffusion coeffi-
cient.
Hence, for absorption controlled by R. in a stagnant liquid

1/2
4 - 40— (2 @)
where ¢ is the time for which the surface has been exposed to the gas,
and c refers to concentration. Subscript s refers to the constant (satura-
tion) concentration of the gas at the surface, and subscript « refers to
the concentration of dissolved gas in the liquid far from the surface: ¢,
is usually made zero. By comparison with Egs. (2) and (3) we see that

1 D\2
ky = Ry (ﬂ't) ®)
so that R, is a function of the time of exposure. If, for example, D =
10—% em.2 sec.— 1, R, is about 500 sec. em.—! when ¢ = 1 sec., increasing
to 5000 sec. em.—! after 100 sec. of exposure. For the desorption of a gas
the same equations apply, ¢, usually being zero if the desorbing gas is
rapidly removed, for example, by a stream of inert gas or by evacuation
of the vessel.
The total number of moles that have transferred in a time ¢ is found
by integrating Eq. (7):

(9)

qg=2A(, — c‘,c)(Dt)l/2

™
and it is this quantity ¢ which is often conveniently measured and com-
pared with theory. If the liquid phase is not infinite in extent, the rela-
tions become more complicated (9).

In general, when the system is subject to stirring by mechanical
means or by density or temperature variations during absorption, R, is
difficult to calculate from fundamental principles, and each system has
to be considered separately. Among the complicating factors is sponta-
neous “surface instability” which may reduce R, by as much as five
times; and, before discussing the relation of R, to the external hydro-
dynamics, we shall outline the conditions under which spontaneous sur-
face turbulence may occur during mass transfer.

A. SURFACE INSTABILITY

During the transfer of a surface-active solute across the surface,
unstable surface-tension gradients may occur in the plane of the surface.
A good example is furnished by Langmuir's experiment (10) on the
evaporation of ether from a saturated (5.5%) solution in water: tale
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sprinkled on the surface shows abrupt local movements, caused by dif-
ferences in surface tension in different regions. The mechanism is that
convection currents, either in the air or in the water, cause more ether
to be present at some point in the surface than in neighboring regions.
Consequently, at this point the pressure II of the adsorbed monolayer of
ether is higher, and so this ether film will therefore spread further over
the surface, as shown in Fig. 2. In doing so it will necessarily drag some
of the subjacent liquid with it (Z), so that an eddy of solution as yet
undepleted in either is brought to the point in question. The consequent
local increase in concentration of ether rapidly amplifies the interfacial
movement to visible dimensions. Such “surface turbulence” greatly re-
duces R, and we should therefore expect the ether to evaporate very
rapidly from water, since B; and R; are small. This is confirmed by ex-
periment: the ether escapes sufficiently rapidly to burn actively when

Gas or ol

A

- ‘1;
VAR
AN 7 Ether or other surface-

aQ o— active material dissolved
in water

o

Fia. 2. Ether molecules (symbolically shown as §) spreading from a locally high
concentration in the surface, carry some of the underlying water with them, bringing
up more ether and so amplifying the disturbance.

ignited. A monolayer of oleic acid (or other material—the effect is non-
specific) on the surface is sufficiently viscous in the plane of the surface
and sufficiently resistant to local compression to reduce considerably the
“surface turbulence”; a thicker, unstirred layer of solution immediately
subjacent to the surface is set up as a result of the presence of the mono-
layer. Because of the necessity for the ether to diffuse through this layer,
R, and hence R are increased [cf. Eq. (1)], and the ether no longer
escapes from the surface rapidly enough to burn (10). Stirring with a glass
rod will temporarily offset the effect of the monolayer. A similar effect
was found by Groothuis and Kramers (11) for the absorption of SO,
into n-heptane, The surface of the liquid becomes violently agitated, and
R, is thereby reduced.

Turbulence of this kind depends on the solute transferring across the
surface: if eddies of fluid rich in solute coming to the surface increase
the surface pressure locally, they can cause redistribution by spreading
in the surface before the solute is removed into the other phase. The effect
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must therefore depend (12) both on the distribution coefficient of the
solute and on the sign and magnitude of (dy/dc). This is discussed more
fully below.

In a mathematical treatment of the hydrodynamics of surface and
interfacial turbulence, Sternling and Scriven (13) have discussed the
conditions under which a molecular fluctuation in surface tension during
mass-transfer can build up into a macroscopic eddy. They point out that
their equations predict that surface eddying will be promoted if the so-
lute transfers from the phase of higher viscosity and lower diffusivity, if
there are large differences in D and also in kinematic viscosity v(=»/p)
between the two phases, if there are steep concentration differences near
the interface, if dy/dc is large negatively, if surface-active agents are
absent, and if the interface is large in extent. The heat of transfer can
produce interfacial forces only about 0.1% of those due to concentration
fluctuations. That there is no mention here (13) of the critical concentra-
tion of solute required just to produce surface turbulence, nor of the dis-
tribution coefficient of the solute between the phases, distinguishes this
theory from that of Haydon (12), and shows that neither treatment is
comprehensive in explaining the causative and hydrodynamic behavior
of systems showing spontaneous surface turbulence.

B. TureoreTICAL VALUES OF Ry

In the passage of (say) CO, from water to air, the simple diffusion
theory [Eqgs. (7) and (8)] will apply if the air is completely unstirred:
D for a gas is of the order of 0.2 em.? sec.—! at 1 atm. pressure, so B;
is only about 1% of R», having values of about 4 sec. em.~! when t =1
sec. or 40 sec. cm.—! when ¢ = 100 sec. Usually, however, the air will be
in turbulent motion, and then Ry will depend on the resistance of a layer
of air near the surface; typical values of Rg are 5-80 sec. cm.—1. If pure
gas is absorbing into liquid, and if the gas is not highly soluble in the
liquid, then usually diffusion through the liquid is rate-determining.

C. TuroreTICAL VALUES OF Ry

In a plane static system, Eq. (8) above gives exactly the value of Rs.
In general, however, thermal convection currents or stirring can reduce
R, much below the value calculated from Eq. (8). Lewis and Whitman
(2) proposed that turbulent stirring maintains the composition of the
solute constant within the liquid, up to a distance Ax below the surface,
though within this distance the liquid flow is laminar and parallel to the
surface (see Fig. 1). Through this “laminar sublayer” transfer occurs at
a steady rate as if the layer were stagnant, and is therefore given by
Egs. (2) and (3). For this mechanism R, is thus constant for a given
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value of Ax or, if the rate of stirring is varied, R» can be calculated from
the variation of Az near a solid surface with the Reynolds number char-
acterizing the turbulence in the bulk of the liquid:

Az = constant X (Re)~0- (10)

where Re = NL?/v with N the speed of stirring, L the tip-to-tip length
of the stirrer blades, and v the kinematic viscosity.

Further, if the concentration difference across the laminar sublayer
does not vary appreciably with time, Eqs. (2) to (4) may be integrated
directly to give linear relations between g and ktAc, between k and D,
and between ¢ and Dt(Ac/Az).

In the limit of ertreme turbulence, when eddies of fresh solution are
rapidly swept into the immediate vicinity of the interface, neither the
laminar sublayer nor a stationary surface can exist: the diffusion path
may, according to Kishinevskii, become so short that diffusion is no longer
rate-controlling, and consequently for such liquid-phase transfer (14)

%’ = A-AcT, (11)
where 7, is the mean velocity of the liquid normal to the interface. By
Eq. (2), 7, is equal to ks, and the latter is now independent of D; this
Limit of extreme turbulence is seldom reached in practice.

The steady-state theory of Lewis and Whitman cannot be valid, how-
ever, at short times of contact of the gas with a turbulent liquid, when
diffusion according to Eq. (8) must be important. This condition may
be of practical importance in the flow of a liquid over packing in a gas-
absorption column, when the flow may be laminar for short times as the
liquid runs over each piece of packing, though complete mixing may
occur momentarily as the liquid passes from one piece of packing to the
next. For the absorption of a gas in such a column, Higbie (15) proposed
that moderate liquid movements would have no effect on the diffusion
rate for a very short time of exposure of the liquid surface, and that ac-
cordingly one should use Eqs. (7) and (9). This is confirmed by experi-
mental studies on the absorption of CO; into water with times of ex-
posure ¢t up to 0.12 sec.; ks and g vary closely with t/2. Further, ko
should vary with D/2: this is indeed confirmed by experiments on packed
towers (16). The Higbie theory can, however, be valid only for times of
exposure so short and for turbulence so low that the diffusing gas does
not penetrate into those parts of the liquid which have a velocity appre-
ciably different from that at the surface.

For clean interfaces, it is now generally agreed that turbulence will
sweep fresh liquid from the bulk right into the interface, thus displacing
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the liquid which had previously formed the interface. There is thus no
stagnant layer near a clean interface according to this view. There is,
however, disagreement as to the quantitative interpretation of “surface
renewal,” and to discuss this it is convenient to distinguish by the sub-
seripts D and E the diffusional and eddy-diffusional resistances ex-
pressed by Eqs. (8) and (11), so that

Ryp = (wt/D)112
and
RzE = 1/5,.

If these two resistances act in sertes, i.e., if the physical mechanism
corresponds to an eddy coming right into the surface, then residing there
for a short time ¢ during which the mass transfer oceurs, then the total
effective resistance R, is given by

1/23; 1/2
Ry = Rop + Rop = (xi) %, 4+ D2 Dv;l/z;)'t D

Now the time ¢ that an element of liquid spends in the interface is
related to the fractional rate s of turbulent replacement of elements of
liquid in the surface by t = 1/s; and s must also be related to T, by
dividing the latter by a characteristic projected eddy length [, in the
plane of the surface, as may be understood from Fig. 1, where some eddies
are shown as being deflected along the interface. With these substitutions,
and putting ks = 1/R,, one obtains:

Diagif
ke = 2 + (D/sl)"
In practice I, ~ 0.1 em., D ~ 103 e¢m.2 see.— !, s ~ 1 sec.—?, and so the
term (D/sl?)1/? is of the order 0.03, and may be neglected in compari-
son with #'/2, The expression for k, thus simplifies to

ke = 0.56(Ds)1” (12)
Because the eddy transport and the diffusional process always act in

series, the coefficient ks varies with D'/2, Danckwerts (17) derived an
equation even simpler in form:

k, = (Ds)'® (13)

where the numerical factor is different from that in our simple treatment
[Eq. (12)] above, Danckwerts having made allowance for the different
times of residence of the elements of liquid in the surface. Toor and
Marchello (18) consider that at very low stirring rates the Lewis and
Whitman model should be valid, though at moderate turbulence the rate-
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controlling step should become the replacement of elements of liquid ae-
cording to Eq. (13).

Supposing, on the other hand, that the physical mechanism is that
some elements of fresh liquid are swept into the surface at a velocity 7,
which is so rapid that the diffusion path remains negligibly short, then
the mass-transfer coefficient of such elements of liquid is given by Eq.
(11). At moderate turbulence, other elements of liquid may, however, ap-
proach the surface obliquely, so that the fresh liquid resides for apprecia-
ble times in the surface, and to such elements Eq. (7) applies. The total
resistance to mass transfer is then the sum of the two resistances acting
in parallel, i.e.,

I/Rg = l/RzD + I/Rm
or
ke = (Ds/=)'* + 7, (14)

From this relation (24) it is clear that the apparent over-all variation of
ko with D will depend on the relative importance of /2 and 7,; as the
turbulence is increased, 7, will increase faster than s'/2, and k, will de-
pend less on D, becoming independent of D (i.e., varying as D®) in the
limit of very high turbulence. At very low turbulence, however, k, will
vary with DV/2) and for any narrow range of moderate turbulence the
dependence on D will be to some power between 0 and 0.5. Experiments
to test the mechanism of the surface renewal in a turbulent liquid are
described below.

Whether one would expect the mechanism of mass transfer to be the
same across the plane surface between a gas and a stirred liquid in a
beaker as across the surface of a liquid flowing over packing is still not
clear, Kafarov (19) criticizes Kishinevskii for not distinguishing the two
types of surface, pointing out that the turbulence caused by the stirrers
in a large mass of liquid may be different from that due to wall friction
in a liquid flowing over packing: in particular, the formation of vortices
and the entrainment of drops or bubbles of one phase in the other may
well be important, It therefore seems possible, though the point has not
yet been tested, that the Danckwerts mechanism may apply to absorp-
tion during flow over packing, while the Kishinevskii mechanism may
apply to transfer between stirred liquids in a vessel.

In a hydrodynamic theory of the free, clean, surface of a turbulent
liquid, Levich (19a) postulates that there exists an upper zone of liquid,
of thickness A, in which the turbulent regime is so altered by the surface
tension (which opposes local deformations) that within this zone the
turbulence is severely damped. Right in the plane of the surface (at
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2 =0) the mean eddy length becomes zero, according to Levich. For
mass-transfer, this thickness A is of great importance, and, according to
Levich’s equations (136.24) and (136.25),

ke = DUz lin\-112

where v, is the characteristic eddy velocity (em. sec.—!) in the bulk of
the turbulent liquid. According to this theory, k, should always vary
with D1/2 as in the theory of Danckwerts. One can take the theory a
stage further by estimating the magnitude of A in terms of experimental
quantities, Levich says that if the surface tension vy is the cause of the
damping of turbulence at the free surface, A must be directly propor-
tional to y. In addition, since A can be a function of only eddy velocity
v, and of liquid density p, dimensional analysis gives Levich’s equation
(135.7):
A= yplp, 2

Alternatively, one may consider that the capillary pressure y/A arising
from the deformation compensates for the dynamic thrust pv.?, pre-
venting the eddies from splashing out of the liquid surface.

Hence, on this analysis,

k2 o D3/2vel-5p1/27—1/2 (15)

For film-covered surfaces, the fluctuations in surface pressure II
severely damp out any liquid movement in the plane of the surface.
Talc particles sprinkled on the surface become virtually immobile if the
surface is even slightly contaminated, indicating that the surface film
sets up a considerable resistance to the “clearing” of the surface by eddies
of liquid approaching obliquely (see Fig. 12). For such systems one may
extend the above theory as follows (24).

The resistance r which an eddy encounters as it approaches the surface
will determine the thickness A of the surface zone of damped turbulence.
For clean surfaces, r and A vary directly with y; the eddies, approaching
either normally to the clean surface or obliquely, “dent” the surface and
50 lose energy. But in addition to denting the surface, the oblique eddies
sweep out a certain region of the surface, “renewing” the liquid thereon
(cf. the term s in the Danckwerts theory). It is therefore these oblique
eddies which will encounter an extra resistance to movement near the
surface if IT is nonzero. Quantitatively one may write that the resistances
of the (more or less) normal and oblique eddies are respectively pro-
portional to y [Levich (19a)] and to y + BII [Davies (24)]. If II is not
zero, the “surface clearing” stress fII/A will generally be more important
than the ‘“deformation” stress represented by y/A. For example, the
numerical coefficient 8 may be of the order (24) of 100, from comparison
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with the data of Fig. 11. The present writer is attempting to caleulate
B from hydrodynamic theory. Using now the concept that the different
regions of the surface in intermediate conditions (with eddies approach-
ing at various angles of incidence) may be described by resistances in
parallel (see also above), one obtains for r, the effective resistance of the
film-covered surface to eddies, assuming that the two horizontal and one
vertical velocity components are additive:

1/r=05/y +0.5/(y + g10)
On a more complete theory, one would have to insert other numerical
coeflicients. For the present, however, we follow Levich in omitting them,
except that here it is assumed quite arbitrarily that half the eddies are
more or less normal to the surface and that half approach obliquely. This
is done to make Eq. (16) below tend to Eq. (15) (as it must) in the limit
of IT = 0. From the above equation r is found to be given by:

, = Yy + 8
v+ 0.5 BIL

Hence, since r determines A, we can extend Levich’s equation (135.7) to:

N = {M} o1 v,
v+ 0.5 811

The expression for ky(=D1/2p,1/2)\~1/2) now becomes (24):

v + 0.5 BT V2
v(y + B0)

When IT — 0 (clean surface), Eq. (16) reduces to Eq. (15). In the limit
of BII being large compared with y, k, tends to 0.7 times k; for a clean
surface. In one series of experiments (Fig. 3) the ratio in the limit of
large II is found to be 0.5 and Eq. (16) does correctly give the form of
the curves of kp against I (as in Figs. 3, 9, and 11). In particular, the
curves have the same, nearly hyperbolic shape, not strongly dependent
on the value of the Reynolds number, as is predicted by Eq. (16) if 8 is
a constant. A more detailed analysis (24) shows that 8 should depend on
v, V% if I is small, and v,~! if IT is large. The experimental procedures
and the results of the dependence of ks on D and v, (i.e., on Re) are dis-
cussed below.

k2 —_ D1/21)‘3/2p1/2{ (16)

D. EXPERIMENTS ON Gas-LIQuip SYSTEMS
WITH A PLANE INTERFACE

1. Static Systems

In the rapid absorption of O, and CO, into unstirred, chemically re-
active solutions (20), monolayers of stearyl alcohol may decrease the
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uptake of gas by 30%. In such studies, B, can be made negligibly low
by using pure gases, and R» is fairly small because of the simultaneous
reaction and diffusion, at least in the terms of the few minutes required
for measurements, Hence R; may readily be determined. As in evapora-
tion studies, proteins and cholesterol are ineffective, but the values of
R; for oxygen diffusing through films of the C;3 and Cys alcohols are
much higher than found in evaporation studies, being respectively about
80 and 290 sec. cm.—!; the values for CO. are similar to these figures
(20).

Another technique for studying the absorption of CO; into water uses
an interferometer to obtain the concentration gradients as close as 0.01
cm. to the surface (27): a ciné-camera permits results to be obtained
within 5 see. of the admission of the CO,. Though various corrections are
required, it is elaimed that this method eliminates convection difficulties
and that resistances as low as 0.25 sec. em.—! can be detected. Experi-
mental results for CO, into distilled water show no detectable interfacial
resistance, though, when surface-active agents (Lissapol, Teepol) are
dissolved in the water, the values of R; are about 35 sec. cm.—.

That these figures are higher than the evaporation studies would in-
dicate for such expanded films, suggests that though the blocking effect
of the “head-groups” is again important, a layer of molecules of bound
liquid water is always present around these “head-groups” (which them-
selves oppose evaporation moderately), and this bound water (otherwise
known as “soft ice”) can appreciably retard the transfer of solute mole-
cules. More precise studies of the effects of chain length and of the den-
sity of packing of the “head-groups” would be of great interest. A dis-
cussion on the subject of “soft-ice” will be found on p. 369 of reference 1.

The layer of “soft-ice” adjacent to an interface may be “melted” or
disoriented by adding LiCl. By this means Blank (22) has shown that
the value of R; of a monolayer of octadecanol to the passage of CO;
could be reduced from about 300 sec. em.—?* for pure water to only about
30 sec. em.~! for 8M LiCl solution. Under the latter conditions we be-
lieve that the “soft-ice” is apparently almost completely melted. A small
amount of methanol in the water penetrates and somewhat disrupts the
film of octadecanol, and R; again drops from 300 sec. em.~! to about 30
sec. cm.~?!, though with further increase in the methanol concentration
the resistance increases again to about 500 sec. ecm.—!, presumably due
to the methanol molecules held in or near the surface increasing the vis-
cosity of the “soft-ice” layer. These interpretations of the experimental
data are not those proposed by Blank, and further studies with a “vis-
cous-traction” surface-viscometer (1) should certainly be carried out to
test this “soft-ice” theory.
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Some recent results of Hawke and Alexander (23) indicate that mono-
molecular films have considerable influence on the rate of mass-transfer
of CO. and H.S gases from aqueous solution into nitrogen. However, the
bulk phase resistances are high and unspecified in these experiments, and
may well depend on the damping of convection or vibrational ripples by
the monolayers. It is also significant that if one plots the resistances
quoted by Hawke and Alexander for the diffusion of H.S against the
reciprocal of the concentration of HoS gas originally in the water, one
obtains (24) a curve which, if extrapolated, passes through or below the
origin. This dependence is indicative of the importance of concentration
gradients, and suggests that if the concentration of solute is so high as
to render these gradients no longer rate-controlling, the additional resist-
ance arising from the presence of the monolayer is zero (or apparently
negative). We believe, therefore, that the monolayers act in general by
reducing convection in the apparatus of Hawke and Alexander, and that
the high resistance they obtain (~10* sec. em.—!) can be attribtued to
this cause. That monolayers of protein and other polymers affect the rate
of mass-transport is in accord with this interpretation.

2. Dynamic Systems

In the steady-state absorption of oxygen into water in stirred vessels,
R, may vary between 120 sec. em.—! and 12,000 sec. cm.—?, the lower
figure corresponding to the most rapid mechanical stirring, and the latter
to stirring by convection only (25). Application of Eq. (3) to the ex-
perimental data shows that, since D is of the order 10—3% ¢m.? sec.”?,
Az would be 0.1 em. in water stirred by convection only, 26.6 X 10—3 ¢m.
in water stirred at 50 r.p.m., and 5.8 X 103 em. for stirring at 270 r.p.m.
Comparison of the ratio of these thicknesses with the ratio of the stirring
speeds, gives a power of —0.9 instead of the —0.67 required by Eq. (10):
this may well be due to the interface being able to move, instead of being
static as in the data on which Eq. (10) is based. At the lower stirring
speeds, and with no wind, a monolayer of hexadecanol (effective in re-
ducing evaporation by 25%—see above) does not alter significantly the
rate of oxygen absorption, since R; is relatively low (about 1 sec.
em.—1), and since also R, is unaffected by the presence of the film. At
high stirring rates, however, the monolayer may increase R, fivefold, by
partially damping the eddies of liquid approaching the surface. This hy-
drodynamic effect of the viscosity and incompressibility of a monolayer
is discussed in more detail below. At the lower stirring speeds the mono-
layer is effective only if the hexadecanol monolayer is compressed on
part of the surface by a stream of air; in this way R, may be approxi-
mately doubled. The effect of a monolayer of hexadecanol on the oxygen
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level of a wind-blown reservoir may be found from Eq. (2). Thus, for a
given oxygen demand dq/dt by the living material in the reservoir, halv-
ing k must double Ac, where Ac is the difference between the oxygen
concentrations at the surface (cs: ) and in the bulk of the water (c), i.e.,
it is the oxygen deficit (csat. — ¢). In practice ¢ is about 90% of cgat., 50
that Ac is 10% of cet.; consequently doubling the deficit ¢ will now in-
crease (Csat, — €) 10 20% Of Cyat.; or halving k will reduce ¢ from 90%
to 80% of et This change in oxygen level is not important to the life
in the reservoir.

Quantitative measurements (26) show that at moderate stirring speeds
k varies as D%, With high turbulence, however, Kishinevskii's experi-
ments (27) with Hy, Ny, and O, absorbing into water show no influence
of the diffusion coefficient, though at lower stirring rates molecular diffu-
sion becomes significant,

In all the above experiments it was difficult or impossible to clean the
interface. Since as little as 0.1 mg. of contaminant per square metre of
surface can drastically affect the mass-transfer rate, it is essential to
carry out studies using a thoroughly cleaned liquid surface. Davies and
Kilner (28) have studied the absorption of pure O., COg, and H, into a
vessel containing two contra-rotating stirrers, these being run at rates
such that the liquid surface was stationary on a time average. A little
tale powder dusted on to such a clean surface showed, however, randown
movements, evidently related to localized turbulent eddies entering the
surface. Under such conditions k varies approximately as D%2, in agree-
ment with Eqs. (13) or (15). The dependence of ks on Re is approxi-
mately as Re®$, this rather low power being presumably related to the
fact that most of the turbulence is localized between the contrarotating
stirrers in the water. When a film is spread on the surface, however, these
random movements in the surface are eliminated, mass transfer then
being slower by a factor of about 2 (Fig. 3). No eddies are now entering
the surface, and the rather incompressible surface film produces a stag-
nant layer in the underlying liquid. The mass-transfer coefficient now
varies approximately as D%$, according to preliminary measurements
(28), in reasonable accord with Eq. (16). The dependence of ks on Re is
again as Re’$, and the form of the curve of k; against C;' in Fig. 3 is in
accord with Eq. (16).

Gas adsorption into the liquid falling down a wetted wall column is
of considerable interest. The flow of liquid down the surface of such a
tube is essentially laminar if Re < 1200, where Re is defined as 4u/vl, u
being the volume flow rate of liquid, ! the perimeter of the tube, and v
the kinematic viscosity of the solvent. Under these conditions, if there
are no surface forces acting, the velocity of the air-water surface of the
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falling film is 1.5u/18, where & is the thickness of the falling liquid sheet.
The residence time ¢, of an element of surface in contact with gas is
therefore given by ¢, = hl8/1.5u, if it is in contact with the gas while it
falls through a height 4. If absorption may be regarded as occurring into

2x107% T

1x107%

il (cm.secT!)

0 !
0 | 2

Protein (mg. m:2) —»

Fic. 3. A spread monolayer of protein decreases k. for the absorption of CO,
(from the gas phase at 1 atm. partial pressure) into water (28). The surface is
cleaned thoroughly before the experiment, and the contra-rotating stirrers in the
liquid are running at 437 r.p.m. The surface is nonrotating in all the experiments
described here, and when k: is reduced to 1.1 X 10~ cm. sec.™, all random surface
movements are also eliminated.

a semi-infinite mass of liquid, this calculated value of ¢, may be substi-
tuted into Eq. (7), or, more strictly, this is valid provided that hDy/gs*
< 0.1, where g is the acceleration due to gravity (17). If, however, this
inequality is not satisfied, the liquid cannot be treated as semi-infinite,
nor can the effect of the velocity gradient in the liquid be neglected. To
test the applicability of the use of this value of ¢, in Eq. (8), i.e., of the

expression
1 D 1/2
kz - Rz - (Wt,)

Kramers (29) et al. studied the absorption of SO, into water. This is a
comparatively simple process, R, being negligibly small and any hydroly-
sis reactions between CO; or SO, and water occurring very rapidly rela-
tive to the times of contact involved. At low flow rates agreement with
theory is satisfactory only if a surface-active agent is present in the sys-
tem, though without such an agent the experimental results can be as
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much as 100% too high (29). At high flow rates, the absorption of SO,
is independent of the presence of a surface-active agent. These effects
are due to rippling of the water sheet which occurs in the absence of sur-
face-active agents: a ripple causes a small velocity component normal
to the surface, so facilitating absorption. Such ripples may disappear
when a surface-active agent is added (1, 30) and the rate of absorption
then agrees with theory. A complicating factor in wetted-wall columns,
especially if these are short, is the immobilization of the surface layer:
the spreading back-pressure of the monolayer, acting up the falling lig-
uid surface from the pool of liquid below, may reduce its velocity from
1.5u/18 (quoted above) to practically zero. This effect, clearly visible
with a little talc on the surface, causes gas absorption to be much slower
than otherwise.

If the times of contact are relatively long (i.e., ADv/gs* > 0.1) the
above theory of wetted-wall columns is no longer valid. Instead, one must
use Pigford’s theoretical equation (16), again valid for laminar flow:

kz = 3.41D/6

This assumes that the depth of penetration of the diffusing solute mole-
cules is at least equal to §, i.e, that 3.6(Dt)1/2 > 3. Equation (16) is
based on normal diffusion theory, and is of the general form of Eq. (3).
Again, the ripples formed on the liquid surface may cause results to be
several times greater than calculated by diffusion theory if no surface-
active agent is present. Now R, is at least several hundred sec. em.—1
in typical wetted-wall experiments, and since the surface-active agents
used would not increase R; beyond 30 sec. cm.—! at the most, the effect
of the surface-active agents is entirely hydrodynamic: the ripples when
present decrease R, below the calculated values.

Absorption of a gaseous solute into & moving liquid at short times
can also be conveniently measured using a falling vertical jet of liquid,
formed in such a way that the liquid velocity is uniform across every
section of the jet. Results for CO, absorbing into water and dekalin are
in close agreement with an equation of the form of Eq. (9), modified to
allow for the form of the jet during absorption. This accord shows that
R, is dominant, E; being negligible (31, 32). If surface-active agents are
added, the same effects are found as for short wetted-wall columns, an
immobile monolayer forming on the lower part of the jet. This monolayer
retains powder sprinkled on the surface, and extends to such a distance
up the jet that the spreading tendency (forcing it further up the jet) is
balanced by the shear stress between the monolayer and the moving
liquid of the jet, i.e., AIl = hr, where % is the height the monolayer ex-
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tends up the jet, and r is the calculated mean shear stress. Typical values
(32) for 0.2% Teepol are + =20 dynes cm.—2 and h = 1.4 cm., whence
ATI = 28 dynes cm.—?, a quite reasonable value.

Liquid flowing slowly over the surface of a solid sphere is in essen-
tially laminar flow, except that there must be a radial component due to
the increase of the amount of surface at the “equator” relative to that
at the “poles.” This system, useful as & model of packing in an absorp-
tion column, has been studied mathematically (33, 34). Further, if a
vertical “string” of touching spheres is studied, one finds that this lami-
nar flow is interrupted at each meniscus between the spheres: complete
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F1a. 4. Carbon dioxide absorption rate for 5 spheres at 25°C: o, experimental re-
sults for pure water; e, Lissapol solution (34).

mixing of the liquid occurs at these points, This is confirmed by meas-
urements and calculations of R, for the absorption of CO. (Fig. 4). If
now a surface-active agent is added to the water flowing over the spheres,
the uptake of gas is reduced by about 40%, because the adsorbed mono-
layer reduces ks (by reducing both the eddy mixing at the menisci and
the rippling over the spheres (34). This rippling of the clean surface oc-
curs in the system of Fig. 4 at flow rates greater than 3 ¢m.? sec.~1, and
deviations from the calculated curves at high flow rates are ascribed to
ripples and to inertial effects in the liquid flow, not allowed for in the
calculations (34). There is no evidence that R; is important in any of
these studies.
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Ill. Transfer between Two Liquid Solvents

When a solute such as acetic acid is diffusing from water to benzene,
the sum of the two R terms for the liquid phases is usually much greater
than the interfacial resistance R;. In the simplest, unstirred system, with
both liquids taken as infinite in extent, one must solve the diffusion
equations (35)

ac 9%
ryie Dy (6952) forz >0 an
dc d%c
rTi D, <6_x2> forz <0 (18)

referring respectively to the upper and lower phase (Fig. 5a). The initial
conditions are typically that, at t =0, ¢ = ¢ for £ < 0, and ¢ = 0 for
z > 0. If there is a negligible interfacial resistance Ry, then ¢yy/cor = B

¥y

Phase | | Phase | (eg, oil
z>0 {e.g., oil) T saturated with water)
k‘ Th
220 AN RN L
1,,2 " ~.r-\l,,2
Phase 2
<0
(eg., water) | Phase 2 (eg., water
into which oil is
dissolving)
(o) (b)

Fia. 5. (a) Unstirred cell. (b) Stirred cell. Full arrows show eddies produced di-
rectly by stirrer, broken arrows show eddies induced by momentum transfer across
the turbulent liquid interface.

for all t > 0, where ¢;; and co; are the respective concentrations of the
solute immediately on each side of the interface, and B is the distribu-
tion coefficient. The continuity of mass transfer across the interface re-
quires that at z = 0 the condition D, (de¢,/dx) = Dy(dcy/dz) is always
satisfied, and with these boundary conditions the solutions to the diffu-
sion equations above (if z = 0 and ¢ > 0) are:

G = _______Bco
1 + B(D,/D,)\*
and
Cor = b
1 + B(Dy/Dy)'?

These equations imply that the interfacial concentrations must remain
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constant as long as the diffusing material has not reached the ends of
the cell: for cells which cannot be considered infinite the treatment is
more difficult (9).

The total number of moles ¢ of solute which has diffused across the
interface after any time ¢ is given by f,® ¢; dz, which may be integrated

(36) to
_ 24 Be, Dyt\1”
0= (5o (2) (19)
from which
172
q= 2A611 (“D—l—t) (20)
T
whence the value of k; is given with respeet to ¢;; with these initial con-
ditions by
_ l _ & 1/2
kl_Rl_ (Tt) (21)

If there is an interfacial resistance, the equations become much more
complicated (36, 37), and both ¢ and the ratio ci1/cor are altered.

These equations, referring to completely unstirred systems, are not
usually valid in practice; complications such as spontaneous interfacial
turbulence and spontaneous emulsification often arise during transfer,
while, if external stirring or agitation is applied to decrease R; and R,
the hydrodynamics become complicated and each system must be con-
sidered separately. The testing of the above equations will be discussed
below, after a consideration of overall coefficients and of interfacial tur-
bulence.

In practice, whether the cell is stirred or not, transfer is conveniently
referred to “over-all” rather than interfacial concentrations. The over-all
transfer coefficient K is related to the individual liquid coefficients by the
relations

Zl %—tq = k1<011 - Cl) = k2(c2 - 02[) (22)
and

1d

13 = K —a/B) (23)

implying that the material diffusing into the interface must also diffuse
away from it. They are applicable at any time ¢. The factor B must be
introduced in the latter equation since the transfer rate will be zero at
equilibrium, i.e.,, when ¢; finally reaches c;B. Elimination of the rates
from Eqs. (22) and (23) gives
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+ = (24)

or
R(over-a.ll) = R2 -+ RI/B (25)

If there is also an interfacial resistance, it will be given by the measured
resistance less the R (overan) value calculated by Eq. (25).

A. SroNTANEOUS EMULSIFICATION AND INTERFACIAL INSTABILITY

If the system contains only two components, such as ethyl acetate
and water, the rates of mutual saturation are generally uncomplicated.
If, however, a third component is diffusing across the oil-water interface,
two complicating effects may occur. The first, spontaneous emulsification
(1), is seen when, for example, 1.9 N acetic acid, initially dissolved in
water, is allowed to diffuse into benzene: fine droplets of benzene appear
on the aqueous side of the interface. The mechanism of this spontaneous
emulsification is that of “diffusion and stranding”; some benzene initially
crosses the interface to dissolve in the water, in which it is slightly solu-
ble due to the presence of the acetic acid. But, as more acetic acid leaves
the water to enter the benzene phase, this benzene dissolved in the water
phase can no longer remain in solution: it is precipitated as a fine emul-
sion. No system has yet been found where, under close observation, spon-
taneous emulsion did not form during the transfer of the third compo-
nent (1). Although surface-active agents, including protein monolayers,
may reduce the amount of emulsion by reducing the interfacial turbu-
lence, as discussed below, they never eliminate it completely.

The second complicating factor is interfacial turbulence (1, 12), very
similar to the surface turbulence discussed above. It is readily seen when
a solution of 4% acetone dissolved in toluene is quietly placed in contact
with water: talc particles sprinkled on to the plane oil surface fall to the
interface, where they undergo rapid, jerky movements. This effect is re-
lated to changes in interfacial tension during mass transfer, and depends
quantitatively on the distribution coefficient of the solute (here acetone)
between the oil and the water, on the concentration of the solute, and on
the variation of the interfacial tension with this concentration. Such spon-
taneous interfacial turbulence can increase the mass-transfer rate by 10
times (38).

B. TuroreTicAL VALUES OoF R, AND R, 1N LiQUIDS

For plane, unstirred cells, the theoretical equations are (21) and (25);
and for plane stirred cells there are the theories of Lewis and Whitman,
Kishinevskii, Danckwerts, and Levich, and Eqgs. (14) and (16) of the
present writer. In particular, if Eqs. (7) and (11) represent processes
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oceurring in parallel, ¢ should depend on some power of D between 0.5
and 0 [Eq. (14)], whereas if they apply in series, Eqs. (2) and (13)
should apply.

C. EXPERIMENTS ON LiQuiD-LIQuip SYSTEMS
WITH A PLANE INTERFACE

1. Static Systems

For completely unstirred systems, one may test whether results agree
with theory (assuming no interfacial resistance) in one of two ways.
Firstly, one may find experimentally ¢,y and cy; and test whether their
ratio is B. Secondly, one may find ¢ at different times and compare the
result with Eq. (20). If equilibrium does not prevail across the interface
(i.e., if interfacial concentrations are not in the ratio of B), or if the
experimental q is less than calculated, then an interfacial resistance must
be operative. In systems which are completely unstirred, the amount of
material diffusing across the interface may be followed optically, either
using the Lamm scale method (36, 37, 39, 40) or following the absorp-
tion bands (41). The meniscus at the sides of the cell can be eliminated
by using a silane derivative to make the contact angle very close to 90°.
Measurements can then be made to within 0.1 mm. of the interface.
Radioactive tracers can also be used (42, 43). To minimize convection
currents, accurate control of the temperature to %=0.001°C. is required;
one is also limited to studying systems which maintain at all times an
increasing density towards the bottom of the cell. While unstirred cells
have the advantage of giving results easily comparable with diffusion
theory, they suffer from the disadvantage that the liquid resistances on
each side of the interface are so high that an interfacial resistance R; is
experimentally detectable with the most accurate apparatus (36, 37)
only if it exceeds 1000 sec. em.—! (about 3000 cal. mole—!). Barriers of
this magnitude at the interface might arise either from changes in solva-
tion of the diffusing species in passing between the phases, or from a
polymolecular. adsorbed film.

When acetic acid is diffusing from a 1.9 N solution in water into ben-
zene, spontaneous emulsion forms on the aqueous side of the interface,
accompanied by a little interfacial turbulence. Results can be obtained
with this system, however, if in analysing the refractive index gradient
near the surface a correction is made for the spontaneous emulsion: the
rate of transfer is then in excellent agreement (37) with Eq. (20) (Fig.
6). Consequently there is no appreciable energy barrier due to re-solva-
tion of the acetic acid molecules at the interface, nor does the spontane-
ous emulsion affect the transfer. With a monolayer of sodium lauryl
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sulfate or protein at the interface, spontaneous emulsification is virtually
eliminated, but the monolayer has no effect on the rate of transfer of the
acetic acid (Fig. 6). If, however, a polymolecular “skin” of sorbitan
tetrastearate is allowed to form in the interface by dissolving this agent
in the benzene, the rate of transfer is considerably reduced (37), the
value of R; being 3000-6000 sec. cm.—1. If acetic acid transfers from
water to toluene, spontaneous emulsion and turbulence are again visible
(37), and the amount transferred is slightly faster than calculated, pre-
sumably on account of the latter factor. Propionic acid transfers from
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Fic. 6. Experimental data for system of Fig. 5(a), plotted and compared with
calculation [Eq. (20)] on the basis of no interfacial resistance to the diffusion of
acetic acid from water to benzene (37). Points are: -+, clean interface; o, 0.00125 M
pure sodium dodecylsulfate; A, 0.00250 M pure sodium dodecylsulfate; [, 0.00250 M
pure sodium dodecylsulfate + 2.4% lauryl alcohol; +, spread protein; ®, 5000 p.p.m.
of sorbitan tetrastearate in the benzene. Units are: ¢ in moles; ¢ in moles liter®
and (D¢)2 in cm.

water to toluene in accord with diffusion theory (40, 44), as determined
both by comparing the concentrations on each side of the interface with
the partition coefficient and by considering the total amount transferred.
Butyrie and valeric acids, too, give concentration ratios close to the in-
terface in accord with the normal bulk partition coefficients, showing that
there is no measurable interfacial barrier: the amounts transferring can-
not be determined because of the interfacial turbulence (40).
Diethylamine, transferring from 0.16 M solution in toluene to water,
shows such strong spontaneous emulsification and turbulence that quan-
titative results are precluded (36). If, however, 1.25 mM sodium lauryl
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sulfate is present in the water, the interfacial turbulence is completely
eliminated, and transfer then is calculable, if allowance is made for some
spontaneous emulsion which is still formed, though less heavily than be-
fore. This transfer is in accord with diffusion theory.

The amount of sulfuric acid transferring between water and phenol
shows no interfacial resistance for the first 100 min. (42, 43), though
subsequently the amount transferring is lower than calculated, suggest-
ing an interfacial resistance of about 4 X 10° sec. em.—1. Sulfur trans-
ferring between certain organic liquids also seems abnormally slow. In
view of the long times involved and the possible impurities forming in
the system, further experiments would be desirable. In the binary system
of n-heptane and liquid SO,, interfacial resistances of 25,000-100,000
sec. em.—! are reported (42, 43), though the difficulty of keeping the in-
terface clean in the cells containing rubber gaskets may have been re-
sponsible for these extraordinarily high figures.

The extraction of uranyl nitrate from 1 M aqueous solution into 30%
tributylphosphate in oil is accompanied by an initial interfacial turbu-
lence (41), with more transfer than caleulated, even though re-solvation
of each uranyl ion at the interface must be a relatively complex process.
If the turbulence is suppressed with sorbitan mono-oleate, transfer pro-
ceeds at a rate in excellent agreement with theory.

The conclusions we may draw from these results are that, in general,
interfacial turbulence will occur, and that it will increase the rate of
mass transfer in these otherwise unstirred systems. Monolayers will pre-
vent this turbulence, and theory and experiment are then in good agree-
ment, in spite of spontaneously formed emulsion. There are no interfa-
cial barriers greater than 1000 sec. cm.—! due to the presence of a mono-
layer, though polymolecular films can set up quite considerable barriers.
Usually there are no appreciable barriers due to re-solvation: however, in
the passage of Hg from the liquid metal into water, the change between
the metallic state and the Hgs*+ (aq) ion reduces the transfer rate by
a factor of the order 1000.

Completely unstirred oil-water systems have been only occasionally
studied, however, on account of the high experimental accuracy required
to obtain reliable results. Much early work concerned slightly stirred
systems, studied by direct analysis of samples; again, however, mono-
layers of protein and other material at the interface do not affect the
diffusion rates of solutes which are inappreciably absorbed. These include
various inorganic electrolytes and benzoic acid (46). If the solute is
surface-active, however, the strong spontaneous interfacial turbulence
accompanying transfer greatly increases the rate of transfer relative to
that calculated from diffusion coefficients, especially in the early stages
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of the diffusion. Since this turbulence can be completely eliminated by
surface films, it is not surprising that these reduce the observed high rate
of transfer by as much as four times; typical examples of this are found
in the transfer of propanol or butanol from water to benezene (46), of
phenol from sulfuric acid to water (44), and of acetic acid from CCl, to
water (47).

2. Dynamic Systems

Vigorously stirred cells have liquid-phase resistances much lower than
for unstirred cells, and are therefore useful in investigating interfacial
resistances. In practice, B, and R, can be made quite small; typical
values are 10,000 sec. em.—* to 100 sec. em.™!, depending on the rate of
stirring. Against this advantage must be set the complications of the
turbulent flow: the eddies near the interface are likely to be affected by
the proximity of a monolayer.

As an empirical correlation for clean surfaces, J. B. Lewis (48) found
that his results on systems of the type shown in Fig. 5b obeyed the re-
lation

k2 = 1.13 X 10‘7V2(R€2 + Reml/nz)l-“ -|- 001671!2 (26)
where subscripts 1 and 2 refer to the two liquid phases, where 5 refers
to viscosity, v to kinematic viscosity (= »/p, in em.? sec.—1), and where
Re is the Reynolds number of either phase (defined by L?N /v, L being
the tip-to-tip length of the stirrer blades and N the number of revolutions
of the stirrer per second). A similar equation applies to k; by interchang-
ing the subscripts. Various objections have been raised to Eq. (26):
though numerically satisfactory to =40% as written, it requires a further
length term on the left side for dimensional uniformity. This could easily
be effected using the constant term L. A more piquant criticism (49) is
that, since there are no terms in D,, this is a form of Eq. (11). It is,
however, difficult to see how the eddy diffusion could be completely
dominant at the moderate stirring speeds used in the experimental work.
Further, the implied proportionality of ke and s at low stirring speeds
is physically unrealistic, as is the complete cancellation of the term in
n in Eq. (26). The dependence of k; on Rez® (if p; is low) is in accord
with Eq. (15), which predicts a 1.5 power.

A different empirical correlation of the transfer across a clean inter-
face in a stirred cell comes from the author’s laboratory (Mayers (§0)):

kg = 000316(D2/L) (R62R81)0‘5(‘r)1/n2)1‘9(0.6 + 1]1/?12)_2'4(S02)5/6 (27)
where D, is the diffusion coefficient of the diffusing species in phase 2

and Sc is the Schmidt number, defined as v/D. Consequently ks varies
with D,1/8, this dependence lying between that of the Danckwerts equa-
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tion (13) and that of Eq. (26) of J. B. Lewis. This correlation, which is
accurate in predicting ke to =40% for different systems, suggests that,
when the interface is uncontaminated, the replacement by turbulent flow
of elements of liquid in the surface is indeed very important, and that
molecular diffusion from these elements has then to occur over a very
short distance. Equation (14) can evidently explain the one-sixth power
of Dz.

This continual replacement of liquid is readily visible with tale par-
ticles sprinkled on to the interface: though stationary on the average (if
the stirrers in phases 1 and 2 are contra-rotated at appropriate relative
speeds), they make occasional sudden, apparently random, local move-
ments, which indicate that considerable replacement of the interface is
occurring by liquid impelled into the interface from the bulk. Spontaneous
interfacial turbulence, associated with such processes as the transfer of
acetone from solvent to water, may further increase the rate of transfer
by a factor of two or three times (44, 48, §1). Other systems (48), such
as benzoic acid transferring (in either direction) between water and
toluene, give transfer rates only about 50% of those calculated by Eq.
(26), suggesting either that this equation is not valid or that there is an
interfacial resistance. This point is discussed in detail below.

Another empirical correlation for clean interfaces is that proposed by
McManamey (52):

ky = 6.4 X 107 4,(Sco)03(Rep) 0 [1 + mR—el] (28)
anez

where the numerical factor has the dimensions of em.—, This equation
correlates kp with D3 and the fit to the data of Lewis is somewhat better
than that of Eq. (26). The correlation (28) has the advantage that
it holds down to low turbulence, when, for example, Re; = 0. Fig. 7 shows
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Fic. 7. Experimental data (50) for the solution of ethylacetate into water are

platted according to the correlation of Eq. (28). The correlation holds to zero me-
chanical stirring rate in the oil phase.
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that the data of Davies and Mayers (50) are successfully interpreted by
Eq. (28): the system is stirred ethylacetate (1) overlying stirred water
(2), the latter dissolving some of the ethylacetate at a rate determined
by k.. In the plot the range of Res is from 1120 to 4480.

Figure 8 shows that for the same system over a range of Re; from 0
to 6570, the correlation of ks with Re, is in accord with Eq. (28).

Study in a stirred cell of the transfer of uranyl ions from water to
organic solvents confirms the result for unstirred cells that transfer is
faster than theoretical when interfacial turbulence is visible (53). After
long times, in systems showing no visible turbulence, the transfer coeffi-
cients decrease, becoming less than those calculated from Egs. (25) and
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Fic. 8. As for Fig. 7 showing that Eq. (28) is valid down to low rates of mechani-
cal stirring in the water phase.

(26) ; this retardation is a function of time only and is not due to con-
tamination of the interface. The explanation may lie either in there
being some slight spontaneous interfacial turbulence which initially off-
sets a small error in Eq. (26), or in the slow re-solvation of the uranyl
ions at the interface. For the extraction of various metal nitrates from
water into n-butanol in a stirred cell, there is an interfacial resistance of
the order 400 sec. cm.—?, independent of time (54), but dependent on the
concentration of the metal nitrate. Such a resistance, which may amount
to 50% of the total resistance, is'in accord with the kinetic requirements
of the complexing equation:
M++ + 2N03_ + S— [M(NOa)zS]

The interfacial resistance is thus due to the metal ion forming a chemical
complex with the solvent S (here n-butanol) at the interface, before it
passes completely into the solvent phase. A similar slow step was pos-
tulated earlier by Pratt, as discussed below, in connection with practical
extraction columns.
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For the reverse process of the extraction of the metal salts from
n-butanol to water, there is spontaneous interfacial turbulence which
raises the mass-transfer coefficient to about twice the value expected
from the correlation (54).

A technique for studying extraction after times of 10—3-1 sec. has
been developed (55), though the hydrodynamic conditions are not exactly
known. The laminar jet also constitutes a means of obtaining low values
of the liquid phase resistances, permitting relatively low values of E; to
be detected. The rate of solution of isobutanol into a water jet (over
contact times of 0.05-0.5 sec.) indicates a resistance R; of the order 80
sec. cm.—1, whether or not surface-active agents are present (56).

For surfaces covered with a monolayer (e.g., a protein), the value of
ks is reduced by as much as 80%; the effect of a compressed protein
monolayer at different stirring speeds can be expressed (48) by:

k2 = 1.13 X 10~wRe;® + 0.0167», (29)

This is Eq. (26) with the term in Re, omitted; physically this means
that the momentum of the turbulent eddies of oil near the interface is
damped out by the monolayer, so that the stirring in the oil (phase 1)
can no longer contribute to increasing ko. It is surprising, however, that
making the interface immobile (and thus damping out the eddies ap-
proaching the interface from the stirrer in phase 2) does not reduce kg
below the value given by Eq. (29). Possibly this indicates an inherent
difficulty in the Lewis correlation.

For film-covered interfaces, the mass-transfer rate of ethylacetate
(phase 1) into the water (phase 2) is decreased by a factor of 4.3 to a
limit of 23.4% of the rate, at equal Reynolds numbers, for transfer across
a clean interface (see Fig. 9). The data reported here are those of Davies
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F16. 9. Reduction in k. by spread monolayer of protein, due to prevention of
transfer of momentum from ethylacetate, and to reduction in turbulence in the
aqueous phase near the interface. Experimental data used here are taken from
reference (60).
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and Mayers; Re, lies between 0 and 6570, and Re; lies between 1680 and
4480. The fall in k, with increasing amounts of adsorbed material at the
interface may be caused by either or both of the effects on kas: (i) the
interfacial film damps out in phase 2 the turbulent eddies coming from
the stirrer in phase 2 (water), and (ii) the interfacial film damps out the
momentum transfer across the interface: some of the momentum from
the eddies in phase 1 would, for a clean interface, be transferred across
into phase 2, stirring the latter near the interface. The second effect can
be allowed for by multiplying Re; in Eq. (28) by a transfer coefficient «,
relating to the transfer of momentum across the interface. For a clean
interface « = 1, and Re; enters the correlation as in Eq. (28), while for
an interface apprecially covered with a film, « will tend to zero. Figure
10 shows the effect of « tending to zero: only effect (ii) is then allowed

Clean surface
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F1e. 10. Quantitative interpretation (24) of plot in Fig, 9.

for, but this reduces kg by a factor of 1.9 (i.e., 4.2/2.2). By difference,
factor (i) has reduced ko from 9.4 to 4.2, ie., by a factor of 2.2. These
comparisons of k. imply fixed values of the Reynolds numbers. The form
of the curve for factor (i) is in accord with Eq. (16), though the de-
pendence on Re%’ is less than according to theory.

Gas-absorption rates furnish another test of the magnitude of effect
(i). If the gas is pure (e.g., CO; at a partial pressure of 1 atm.), and is
absorbing into stirred liquid, then the momentum-transfer term » Re, is
always negligible; thus an interfacial film can reduce k. only through
effect (i) above. The results of Davies and Kilner (I, 28) show that for
the absorption of CO; into water, the limiting value of factor (i), by
which the film reduces ko, is 1.9 {i.e., 1.96/1.04). This may be compared
with the figure of 2.2 quoted above for the ethylacetate-water system.

For a three component system, such as the extraction of isopropanol
from benzene to water or vice-versa, one finds the same effects of inter-
facial films. Fig. 11 shows that in the limit, when the interface becomes
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50 resistant to local compression as to be immobile, the mass-transfer
rate is reduced by a factor of 4.3 (i.e., 15.2/3.5). This factor is the same
within experimental limits as that for the two-component systems of
ethylacetate and water described above. That a limit is reached supports
the conclusion that the effect of the surface film is purely hydrodynamic,
i.e., that it increases R, (and, in general, R,), while any true interfacial
resistance R; is negligibly small (e.g., 30 sec. cm.—! at most for a protein
monolayer). Also consistent with this view is the fact that the reduction
in the role of mass-transfer (Fig. 11) is a simple function of Re.
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F1a. 11. Plot of K (ReiRes)™ (in cm. sec. ~*) against C,* (dynes ¢cm.™) for spread
monolayers of bovine plasma albumin, K refers to the over-all mass-transfer co-
efficient for isopropanol transferring from water to benzene, and various stirring
speeds are employed in the apparatus of Fig. 5(b). R refers to the runs using re-
distilled water, H to those using 0.01 N HCIl, N to those using 0.01 NaOH, and T
to those using tap water (50).

The observed rates of transfer are lower than those calculated by the
correlation of Eq. 26 for organic molecules which themselves are surface-
active, without specifically added long-chain molecules: thus in the
transference of (C4Hy)(NI from water to nitrobenzene, of benzoic acid
from toluene to water and the reverse, of diethylamine between butyl
acetate and water, of n-butanol from water to benzene, and of propionic
acid between toluene and water, the rates (44, 48) are of the order one-
quarter to one-half those caleculated by Eqgs. (25) and (26). Since with
these systems the solute itself is interfacially active, and therefore its
monolayers should reduce the transfer of momentum, we interpret these
findings as indicative that R, and R, are increased in this way. This is
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confirmed by the experimental rate of transfer of propionic acid from
water to toluene in the stirred cell being lower than calculated, while in
the unstirred cell there is no interfacial resistance B; which would explain
this. Conversely, sulfuric acid, which is not surface-active, transfers from
water to phenol even faster than calculated (although in the unstirred
cell a resistance, presumably due to an interfacial skin of impurities, is
reported) (42, 44).

The effect of protein and other monolayers on mass-transfer rates de-
pends quantitatively (50) on the surface compressional modulus, C; ' this
is defined as the reciprocal of the compressibility of the “‘contaminating”
surface film, i.e., ;' = —A dII/dA. For films at the oil-water interface
C; ' is often close to TI, the surface pressure, which is equal to the lowering
of the interfacial tension by the film.

The quantity C; ! correlates the effects of monolayers, both spread and
adsorbed, on K, as in Fig. 11. As one may show quantitatively with talc
particles, the eddy velocity at the interface is greatly reduced by the mono-
layer. The latter restrains fresh liquid from being swept along the surface,
i.e., there is less “clearing” of the old surface. If now AIl is the surface
pressure resisting the eddy due to its partly clearing an area (Fig. 12) in
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Fig. 12. Eddy brings fresh liquid surface into the interface, but this is opposed by
the back pressure AII of the spread film.

the interface (and consequently changing the available area per molecule
from A, to A,), then

AL = (g—%)mz — 4

whence, if A;/A,; is defined as j,
Al = C7Yj— 1) (30)

Since the differential spreading pressure AIT will oppose the movement
of the eddy at the interface, it will also oppose surface renewal and hence
mass transfer. Equation (16) explains the form of the plot of I'ig. 11.

Solubility of the film will “short-circuit” the compressional modulus:
a minimum in the transfer coefficient is often observed (50, 67, 68)
(Fig. 13). From this figure it is also clear that, whereas monolayers affect
greatly the stirring near the surface (and so reduce ko and the transfer
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Fic. 13. Comparison of effect of sodium lauryl sulfate on the transfer of acetic
acid from water to benzene at 25°C. in an unstirred (36, 37), and in a stirred
cell (60).

rates in stirred cells) they have no measurable effect in unstirred liquid-
liquid systems.

IV. Drops and Bubbles

The value of R * within a falling drop of liquid is of interest in view
of the applications of spray absorbers. A wind-tunnel (59) for the study
of individual liquid drops, balanced in a stream of gas, has shown (60)
that Ry, for a drop depends on its shape, veloeity, osecillations, and in-
ternal circulation, The drop will remain roughly spherical only if

2
M<0_1
Y

where Ap is the density difference between the drop and the continuous
phase, y is the surface tension, and a is the radius of the drop. In general,
if this inequality is not satisfied, the shape of the drop is a complicated
funetion of the variables. Because of such distortion, liquid drops over
about 2 mm. diameter fall more slowly than would the equivalent solid
sphere. Oscillations of the drop are usually about the equilibrium spheri-
cal shape, which becomes alternately prolate and oblate with a frequency
in accord with the theoretical value of (8y/3ww)!/2, where w is the weight
of the drop. Though oscillation of the drop appears to increase kp, there
is no simple relation between these quantities.

During the first few seconds after the formation of a drop, k., for gas
absorption may be as much as sixty times greater than predicted by diffu-

* Subscript L refers to the liquid phase.
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sion into a static sphere (60, 61): this is related to the high initial rate
of circulation in the drop, caused by the breakaway of the drop from the
nozzle. As this initial rapid circulation dies away, k; falls to about 2.5
times that predicted for a static sphere: this factor of 2.5 is in accord with
calculation (62), assuming that the natural circulation inside the falling
drop is in streamline flow (Fig. 14a).

m+An

(b)

(a)

Fic. 14. Circulation within a falling liquid drop, and opposing effect of surface
pressure gradient.

This natural circulation occurs by a direct transfer of momentum
across the interface, and the presence of a monolayer at the interface will
affect it in two ways. Firstly, the surface viscosity of the monolayer may
cause a dissipation of energy and momentum at the surface, so that the
drop behaves rather more as a solid than as a liquid, i.e., the internal
circulation is reduced. Secondly, momentum transfer across the surface
is reduced by the incompressibility of the film, which the moving stream
of gas will tend to sweep to the rear of the drop (Fig. 14b) whence, by
its back-spreading pressure II, it resists further compression and so damps
the movement of the surface and hence the transfer of momentum into
the drop. This is discussed quantitatively below, where Eq. (32) should
apply equally well to drops of liquid in a gas.

If this natural circulation within the drop is thus reduced by adsorp-
tion at the surface, k;, and the rate of gas absorption fall to the values
calculated for molecular diffusion into a stagnant sphere (60).

Any surface turbulence will greatly increase kz: this is found in the
absorption of SO, into drops of n-heptane, which is ten times faster than
expected, according to Groothuis and Kramers (11).

Transfer of gas from a rising bubble into a liquid is becoming increas-
ingly important: bubble and foam columns are often more efficient than
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are packed towers for gas absorption. Small bubbles (<0.2 em. diameter)
behave as rigid spheres, possibly because they are very sensitive to sur-
face films [see Eq. (36) below]: k; is independent both of the mechanical
agitation and of bubble size. However, k;, does vary linearly with D?/3;
this is all as required by theory (63-65). Surface films reduce the mo-
mentum transfer at the bubble surface and hence the rate of rise (64-66).
Large bubbles no longer behave as rigid spheres, though k;, is still inde-
pendent of the bubble size and of the liquid agitation; the values of kj,
however, are considerably higher than for small bubbles (63-65, 67), and
kz varies with D%8% The movements of the surface of a large rising bub-
ble are very complex and defy exact hydrodynamic analysis. The rate of
absorption of CO, into pure water from large (>1.5 ecm3.) spherical cap
bubbles (67a) is about 50% higher than the rate calculated from the
surface renewal theory: this high mass-transfer rate occurs when the rear
of the bubble is rippling turbulently. Addition of 0.1% n-hexanol to the
water, however, eliminates this turbulent rippling, and k;, is reduced to
a value close to that calculated. If, instead of the n-hexanol, one adds
0.01% “Lissapol” to the water, the mass-transfer rate is lowered to only
about 50% of the theoretical: not only are the turbulent ripples at the
rear of the bubble suppressed, but the surface-active agent is so strongly
adsorbed that the surface renewal over the spherical part of the surface is
now eliminated (67a).

Diffusion from single drops is easily measured: the process of forma-
tion of a drop of organic liquid, containing a solvent to be extracted into
water, induces internal circulation which in turn so promotes transfer
that up to 50% of the extraction may occur during the period of forma-
tion of the drop (68). Even after release of the drop, as it rises freely
through the water, the rate of extraction is often as much as twenty or
forty times higher than that calculated from diffusion alone, suggesting
that the liquid in the drop must still be circulating rapidly (68, 69). In-
deed, this internal circulation, often accompanied by oscillation, may
cause removal of each element of liquid at the interface after a residence
only 10% of the period required for the drop to rise through one diameter:
empirically (57, 58) one finds that K varies as D938, The reason for this
circulation of liquid within the drop lies in the drag exerted along the
surface by the relative motion of the continuous phase: the circulation
patterns (69-71) are shown in Fig. 14.

The effects of interfacial monolayers on the extraction from drops are
particularly striking. Early work showed that traces of either impurity
or surface-active additives can drastically reduce extraction rates: even
plasticiser, in subanalytical quantities dissolved from plastic tubing by
benzene, reduces the mass-transfer rate by about ten times by retarding
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the hydrodynamic renewal of elements of liquid at the interface (72).
Further, more polar solvents are particularly liable to give the high mass-
transfer coefficients associated with circulation (73), presumably because
at their surfaces the energy of adsorption of surface-active impurities is
relatively low. Thus, while oils such as benzene and hexane are very
easily contaminated, drops of butylacetate and isopropylether in water
are much less readily affected by surface-active impurities (74).

When an interfacial film has reduced the circulation within a drop, the
wake vortex becomes more marked, while the extraction rate falls to that
for a stagnant sphere (74). More detailed studies of the hydrodynamics
of naturally moving drops have recently been carried out (75). The mass-
transfer rate in 2-component systems should correlate (76) with Re'/2
Scl/2 if the drops are circulating, but with Rel/2 Sc¢1/3 if the drops are stag-
nant. One practical study (76) gave a dependence on Re!/? S¢%42 indicat-
ing partial eirculation.

The mechanism by which the surface film inhibits internal circulation
is that the fluid flow will drive the adsorbed material towards the rear of
the drop: consequently the surface concentration and surface pressure will
be higher here, and the monolayer will tend to resist further local compres-
sion (Fig. 14b). This resistance to flow in the surface damps down circula-
tion inside the drop by reducing the movement of the interface, and hence
reduces the transfer of momentum across it (and also the rate of rise or
fall of the drop (72), by perhaps 129,). Again, as for stirred liquids separ-
ated by a plane interface, the surface compressional modulus C; ! of the
interfacial film is often the determining quantity, though with a highly
viscous monolayer the interfacial viscosity must also play a part. The
resistance to the circulation of a drop will depend on the drop radius a,
since the smaller the drop the larger will be the surface pressure gradient
between the front and the rear, and the smaller will be the tangential
frictional stress. In terms of a dimensionless group (1), the circulation will be
reduced by some function of (C;'/a?-g-|Ap|) where |Ap| is the difference
in density of the liquids in the drop and in the continuous phase, and g is
the gravitational acceleration. The ratio of the bulk viscosities of the outer
and inner liquids, (nouter/Minner) Must also have an effect on the circulation.
Hence, in general

. . (St
Degree of lation = [n—"m] [——s—] 31
g ciretiation o Ninner X a2g ' IAPI ( )

where ¢; and ¢. are functions to be determined. There is an additional
proviso that the surface film must not be too highly soluble—formic acid
is ineffective, while octyl alcohol reduces circulation greatly. Let us define
the “percentage circulation” in a drop by:
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9, circulation = [9, velocity of circulation][fraction of liquid circulating]
where the first bracket refers to the viscous drag effect, and is given by
100/11 + 1.5%inner/Mouter). The second term corrects for the fact that the
interfacial film, compressed to the rear of the drop, prevents circulation
there. With slight contamination, only the fluid in the rear of the drop will
stop circulating, but with appreciable contamination all the fluid within
the drop will be immobilized. The second bracketed term will thus depend
on the dimensionless group C;'/a%g|Ap|, and will involve a numerical con-
stant. The expression for drop circulation thus becomes:

. . 100 fC!
% circulation = s <mnm> [1 - a2~g|Ap|:| (32)

Nouter

where f is a numerical coefficient. The value of f has been evaluated (24)
by comparison with the experiments on rates of rise and fall of Linton
and Sutherland (69): for their systems it is about 0.6, i.e., the group
C;'/a?-g|Ap| must read 1.5.

This semi-empirical approach may be compared with a calculation
based on the hydrodynamic stress gradient at the equator of a steadily
moving drop with a rigid surface, and for Re < 1. The latter condition is
easily satisfied for small drops. The tangential stress gradient is given
(70, 77) by:

P, = 0.33ga|Ap| sin 6
where 6 is measured from the forward direction of drop movement. If this
stress gradient is just balanced by the surface pressure gradient of an

insoluble film (so that the interface is, in the practical case, immobile),
then

dIl .
e = P, = 0.33galAp| sin 6 (33)
Integration gives
I = —0.33ga?Ap| cos § + IL. (34)

where 1T, is the surface pressure at the equator. The maximum value of II
will oceur at 6 = 180°, when [by Eq. (34)],

Mmax = I, + 0.33ga2|Ap|
and the minimum value of II (at # = 0) is given by:
Mnin = I, — 0.33ga2|Ap)|

When circulation is just prevented all over the drop, II will be zero at
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6 = 0, with the surface pressure over the surface increasing with 8, At
this minimum surface coverage, therefore,

I, = 0.33ag|Ap] (35)
and so all circulation will be just stopped when:

3M,
atg- |Ap]

In practice one cannot measure II, on the moving drop, and it is prefer-
able to use the “mean compressional modulus” of the surface film, defined
by C;!' = —A dll/dA. Yor the drop as a whole this becomes

C;'(mean) = —4ra?-dII/2ra sin § d(ah)

Elimination of dII between this equation and Eq. (33) above gives the
“damping group” requirement for the condition of a totally immobile
interface:

C.,'(mean) > 07 (36)

ag-|Ap|

At Reynolds numbers in the range 10-100, often found in practice, the
symmetrical equation (33) will no longer hold strictly: the stress then
reaches a maximum at a value of 8 which tends towards 57° at high
Reynolds numbers (e.g., Re > 500). Under such conditions P, will be
given by a more complicated expression (69).

If the interface is completely clean (C;! = 0), fluid drops will always
circulate, according to Eq. (32); but it predicts that if the drop is very
small, the circulation should become highly sensitive to small values of C5 .
Thus, for a drop of benzene of a = 0.1 em., a film of C;' = 1.9 dynes em.™!
will completely stop circulation; but a drop of ¢ = 0.01 c¢m. should cease
to circulate when C;' = 2 X 102 dynes cm.™, corresponding to a surface
coverage of about 1 molecule per 105 A? (about 0.02% coverage). Formic
acid is not effective in reducing circulation because, even though C; ! may
be of the order 1 dyne em.™}, the fractional desorption rate is too high:
calculation (24) of (1/n)(—dn/dt) suggests that this is as high as 104 sec.™
for the weakly adsorbed film of formic acid. If this rate is very much
greater than the rate of movement of the bubble or drop through one
diameter, one may expect (24) that an effective build-up of surface-active
material at the rear of the drop or bubble will not be possible. Often this
rate of movement will be of the order 50 sec!.

The rates at which drops and bubbles rise and fall are rather more
sensitive to traces of surface-active materials than are the mass-transfer
coefficients (?7a, 77b). Whereas, for example, the rate of fall of CCl, drops
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reaches a lower limit when 105 M C,;H,S0,~ is present in the water, the
mass-transfer rate does not reach its lower limit until the concentration of
this surface-active agent reaches about 10~¢* M (?7a). The present author
interprets these results as follows. Under the conditions of the experiments
just mentioned (when the aqueous phase contained 2 X 10~3 M citric acid),
one may calculate that a 10-fold increase in concentration of the surface-
active agent will increase the amount of the adsorbed C;;HySO4~ by a
factor of only 103, i.e., by a factor of 2.16. The method of calculation is
that given on pp. 191 and 195 of reference 1. The surface pressure and C,™!
will be affected by the same factor. Now the rate of fall of the CCl, drops
at moderate Re depends principally on the characteristics of the turbulent
wake. In the absence of surface-active material, the mobile surface of the
drop or bubble can behave in such a way that the rear offers somewhat
less resistance to motion than does that of a solid sphere; but if the rear
of the drop or bubble is covered beyond 6 > 135° the velocity of rise or
fall becomes close to that of a solid sphere (77¢). Levich (77d) claims that,
at Re = 300, the turbulent wake of an uncontaminated bubble (mobile
interface) occupies the small solid angle of 8 > 178°, whereas for a body
whose interface is immobile, the turbulent wake occurs at  greater than
about 90°.

Using the value of 8 = 135° one calculates from Eq. (34) that Inax
will be only 159 of the value required for complete coverage. Similarly,
by Eq. (36), the value of the group C,~/a?g|Ap| is reduced to only 0.1 for
the limiting retardation of velocity. If, on the other hand, the entire rear
hemisphere of the drop or bubble must be covered for the limiting velocity
to be reached (77¢), the group C,~!/a%g|Ap| would have to reach the value
0.33, one-half that given in Eq. (36). This could explain the factor of 2.16
caleulated above from the experimental finding of Boye-Christansen and
Terjesen (77a).

It is interesting to note that Il,,y, when calculated by the above equa-
tions, may exceed the maximum surface or interfacial pressure to which
the film can, in practice, be subjected. The absorbed film will then desorb
or crumple, or it may rather suddenly be shed to the rear of the drop as a
filament or, if the interfacial tension is very close to zero, as emulsion.
The drop may thus, on suddenly losing its surface film, accelerate again,
as has indeed been noted (without explanation) by Terjesen. For the
same reason, drops larger than given by some critical radius, may have a
calculated Ty, greater than the adsorbed film can maintain, and hence
will rise or fall with virtually no retardation, though drops below this
critical size will be retarded to the velocity expected for solid spheres (70).

A detailed analysis by Griffith (77f) of the velocity of fall of a clean
fluid drop gives the following equation for the terminal velocity v;:
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Ve = {2azg[ApV9770uter} {(mnner + "Iouter)/("]inner =+ 0-67770\”,@)} (37)
For a solid particle, Stokes’ Law gives the terminal voloeity (v4) as

vy, = 2a2g|Ap|/IMouter (38)

In the presence of surface-active material, however, the measured
terminal velocity v, for a fluid drop approaches vy, the ratio v;/vss de-
pends again on the group IT/a%g|Ap|. Calculation gives a value of 0.08 for
this group if the surface-active material is to cause v; to be halfway
between the values in Eqs. (37) and (38) above. For v; to approach
closely to vy, the group must be 0.25, though v, should become appre-
ciably different from that given by Eq. (37) when the group is as low
as 0.02. Experiments (77f) show that this theory works quite well in
practice: v; is found to be halfway between the values in Eqgs. (37)
and (38) when II/a%g|Ap| is between 0.05 and 0.10 (cf. 0.08 by theory),
for CCly drops in glycerol, in the presence of various surface-active
additives. With “Aerosol O.T.,” however, the corresponding experimental
value of the group is 0.25, ie., 3 times too high, suggesting that an
anomalously high value of IT is required because of the ready solubility
of this material in oils.

Small gas bubbles (a ~ 0.08 em.) rising in water are found to circu-
late less when 4.5 X 10—*M caproic acid is present (65). Here since the
desorption rate (1/n) (—dn/dt) is much lower (~70 sec.™%, i.e., of the
order of the usual reciprocal time for the bubble to rise through one
diameter), the caproic acid film adsorbed from the 4.5 X 10~*M solution
should be able to reduce circulation within the bubble provided that the
damping group C; '/a2.g.|Ap| is large enough. Substitution of the calculated
C;! for the adsorbed film gives a value of about 0.07 for this ratio, in
rough accord with the experimental finding that circulation is inhibited
under these conditions. A few parts per million of octanol will also prevent
bubble circulation: this is consistent with the estimated fractional desorp-
tion rate of only 6 sec.™, and the value of about 0.4 dynes em.~* for C; .
The group C;'/aglAp| then becomes about 0.07. For small bubbles rising
in water, trace contamination always prevents circulation if ¢ < 0.03 c¢m.,
while if ¢ = 0.07 em., 10~¢M sodium lauryl sulfate slightly reduces circu-
lation (78) (and hence the rate of rise). More appreciable reduction in
circulation occurs in solutions of 10—*}M sodium lauryl sulfate: here one
may calculate (24) from the properties of ionized monolayers (7) that II
and C; ! are about 0.2 dyne ecm.™. Though such a small value of II would
be extremely difficult to measure, the group C;'/a%g|Ap| has a value of
about 0.03, which is sufficiently high, we believe, to explain the observed
reduction in circulation. Raising the concentration of sodium lauryl sulfate
to 10~¢M reduces still further the rate of rise of the bubbles, the ratio then
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being ealculated (24) to approach unity. Further addition of sodium
lauryl sulfate is found to have little effect. Similar effects are found with
iso-amylalcohol as the surface-active agent: a concentration of 2 X 10-3M
greatly reduces circulation (78), and the damping group is calculated (24)
to be about 0.3.

The rate of mass-transfer, unlike the terminal velocity, may reach
its lower limit only when the whole surface of the drop or bubble is
covered by the adsorbed film. In the absence of surface-active material,
the freshly exposed interface at the front of the moving drop (due to
circulation here) could well be responsible for as much mass transfer
as occurs in the turbulent wake of the drop. The results of Baird and
Davidson (67a) on mass transfer from spherical-cap bubbles are not
inconsistent with this idea, and further experiments on smaller drops
are in progress in the author’s laboratory. In general, if these ideas are
correct, while the rear half of the drop is noncirculating (and the
terminal velocity has reached the limit of that for a solid sphere), the
mass transfer at the front half of the drop may still be much higher,
due to the circulation, than for a stagnant drop. Only when sufficient
surface-active material is present to cover the whole of the surface and
eliminate all circulation will the rate of mass-transfer approach its lower
limit,

If the concentration of added surface-active agent is varied, one often
finds that the extraction rate passes through a shallow minimum (between
30% and 40% of the value with no additive) (72). Where this occurs, the
concentration of surface-active agent is usually of the order 10—3mM to
1mM. This may be related to the similar maximum found for wave-damp-
ing at a certain concentration of surface-active agent (I, 30).

Many commercial solvents, particularly those which are nonpolar, are
very liable to have poor circulation, due to traces of strongly adsorbed
impurities: the commercial polar oils form cireulating drops because the
impurities are less strongly adsorbed, and so C,~?! is low. Further, ac-
cording to the theory above, the smaller the drop the more sensitive it
should become to traces of surface-active impurity, as is confirmed by
Linton and Sutherland’s experiments (69). These show that 1 mm. ben-
zene drops can be made to circulate only by rigorous attention to the
removal of adventitious impurities; even large drops of commercial ben-
zene are always stagnant. Protein in concentrations as low as 0.0005%
will reduce the circulation of drops (5 mm. in diameter) of oils of inter-
facial tension greater than 30 dynes em.~1,

One can displace the film of impurity from the interface by adding a
sufficient amount of a short-chain aleohol. The films of short-chain
aleohols, are, however, so readily desorbed that they do not greatly in-
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hibit the circulation of the liquid, though they may produce other circula-
tion patterns due to the spontaneous interfacial turbulence associated
with their redistribution. In this way the reduction (by a surface film) of
k;, for any component being extracted can be offset by the addition of a
few per cent of short-chain aleohol or acetic acid to the oil drop (71, 72):
this increases the extraction efficiency as much as ten times, bringing it
back to the value for a circulating drop (71). In the absence of a surface
film the spontaneous interfacial turbulence, on the addition of a little
alcohol or otherwise, increases k; still further (51). Since interfacial
turbulence is reduced or nullified by strongly adsorbed monolayers, it is
likely that only the effects of rather weakly adsorbed surface films can be
offset by the addition of a short-chain aleohol.

Mechanically imposed oscillations at frequencies of 5-50 cycles sec.—!
cause increases of up to 4 times in the rates of extraction of acetic acid
from drops of CCl, into water (79). The increase is due to the periodie
deformation of the drops causing fluid circulation inside and outside,
particularly at certain “resonant” frequencies.

V. Practical Extraction

In liquid-liquid extraction using wetted-wall columns, analysis is pos-
sible only by dimensionless groups (73) : for the core fluid, flowing up inside
the tube, k, varies as approximately D> and for the fluid falling down the
inner walls, k., varies as D93, Systems studied include phenol-kerosene-
water, acetic acid-methylisobutylketone-water, and uranyl nitrate between
water and organic solvents (73, 80-82) ; interfacial resistances of the order
100 sec.cm.™! are observed in the last system. These resistances are inter-
preted as being caused by a rather slow third-order interfacial exchange of
of solvent molecules (S) coordinated about each UOS * ion:

U0:2(NOs)s-6H0 4 28 — UO,(NO3)z-28-4H,0 4 2H,0

The square of the uranyl nitrate concentration is required in the kinetic
analysis. Mass transfer with chemical reaction (16, 83) is, however, too
specialized a subject to be discussed fully here.

Study of the efficiency of packed columns in liquid-liquid extraction
has shown that spontaneous interfacial turbulence or emulsification can
increase mass-transfer rates by as much as three times when, for example,
acetone is extracted from water to an organic solvent (84, 85). Another
factor which may be important for flow over packing has been studied by
Ratcliff and Reid (86). In the transfer of benzene into water, studied with
a laminar spherical film of water flowing over a single sphere immersed
in benzene, they found that in experiments where the interface was clean
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there was agreement with caleulation, assuming that the stresses were
freely transmitted across the interface. Under these circumstances, the
calculated variation of the mass-transfer rate with the flow-rate u of the
benzene and the diffusion coefficient D for benzene in water is as u*/2 D1/2,

If, however, trace impurities are present to an extent at which there is
a stagnant film over the liquid-liquid interface, calculation shows that
the mass-transfer rate should vary as u'/® D?/3, with a numerical reduc-
tion (compared with mobile interfaces) of up to 64% in the rate. Experi-
ments (86) showed reductions of the order of 50%.

Fluctuations of interfacial tension may alter the coalescence rate: if
between two adjacent drops of the phase into which extraction is oc-
curring, there arrives an eddy of undepleted continuous phase, the drops
must “kick” towards each other (for summary, see reference 1) this proe-
ess assisting coalescence. This increase in the coalescence rate will occur
if (as is usual) the fluid component being extracted causes an appreciable
decrease in interfacial tension. An alternative explanation (85) of the
more ready coalescence under certain conditions is that, when transfer is
oceurring from the drops to the continuous phase, the region between the
drops is more concentrated in solute than is a region away from the line
of approach of the drops, and adsorption of the solute is therefore en-
hanced between the drops. This adsorption in turn leads to spreading of
the surface film away from this region, some of the intervening bulk
liquid also being carried away with the surface film: this is termed the
Marangoni effect (1). The film of liquid separating the drops is thus
thinned, and coalescence of the drops is consequently promoted. However,
the “kicking” mechanism leads to the same conclusion, namely that the
drops are brought into close proximity if the liquid between them is more
concentrated in solute; and so far the two explanations have not been sub-
jected to rigorous experimental tests. The important experimental differ-
ence is that in the former explanation a local thinning of the liquid film
between the drops is responsible (leading presumably to protuberances
on the surfaces of the drops), whereas in the latter it is the excess pres-
sure inside the drops, far from the point of approach, that deforms the
whole drops, driving them together. Possibly high-speed ciné-photog-
raphy or variations in the viscosity of the phases might lead to a clarifica-
tion of the mechanism. For “kicking” drops approaching a plane inter-
face, the thinning appears to be dependent only on the Marangoni effect,
though the “kicking” produces considerable lateral movements of the
drop (87).

If, in laminar flow, transfer is oceurring into drops, the region between
two of the latter becomes preferentially depleted in solute. The lowered
adsorption in this region then causes spreading of the surface film and
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associated liquid into this region (or possibly the drops “kick” away
from each other), and coalescence becomes unlikely. As pointed out
above, however, if an eddy of the undepleted solution happens to be swept
between the drops, this will favor coalescence.

In practical plants for liquid-liquid extraction the effect of surface-
active agents is usually to increase the rate of extraction: presumably
the smaller droplet sizes associated with the lower interfacial tension
more than compensate for the reduction in the stirring by momentum
transfer at the interface. Thus in a column packed with Raschig rings, the
rate of extraction increases linearly (to about 509) with the decrease in
interfacial tension (88), though at higher concentrations of surface-active
additive the rate passes through a maximum, due either to adsorption of
rather impermeable multilayers or to the back-mixing associated with
very small drop sizes. In a rotating-disc contractor, addition of 0.01%
Teepol similarly increases the extraction efficiency (89). Further, if the
column is operated with oil as the continuous phase, the dispersed drops
of water coalesce on, and subsequently run down, the glass and metal
surfaces. This reduces the efficiency of extraction by a “bypassing” effect,
which can be avoided by rendering these surface hydrophobic with sili-
cones.

V1. Distillation

When the diffusion of a component from a vapor bubble to the liquid
is measured, one finds that the mass-transfer coefficient is larger when
the surface tension is increased by the mass transfer (90-93) : this is due
to spontaneous interfacial turbulence. Further, when the surface tension
of the liquid in a distillation column is higher towards the bottom of the
column, the plate efficiencies are relatively high (70-80%) because thin
sheets of liquid, such as stabilize slightly the bubbles of vapor, are fairly
stable, leading to a longer time of contact of vapor and liquid on each
plate. With a surface tension decreasing down the column, however, the
bubbles are highly unstable, and the plate efficiency is lowered to perhaps
60%. The appearance of Oldershaw perforated plates (94) with liquid
chosen so that the surface tension increases down the column (as with the
ethanol-water system) is shown in Fig. 15, in which Vj denotes the vapor
velocity relative to the velocity just sufficient to prevent seepage of liquid.
For acetic acid-water mixtures, in which the surface tension decreases
down the column, the appearance is as shown in Fig. 16.

The foaming ability of a liquid mixture depends on the magnitude of
the variation of surface-tension with concentration, but not on its sign
(95). In practice, however, the effect of surface tension on plate efficiency
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Vg<1O Vg= 1Ll VR= 13 Vr>14

Fic. 15. Interfacial structure for systems in which the surface tension increases
towards the bottom of the column (94).

depends on the sign of the surface-tension gradient, but not on its magni-
tude (96). One explanation (97) of the results is that drops of liquid
formed as spray on the plate by the upward vapor flow can sometimes
break a lamella by being blown on to its underside: if the surface tension
is decreasing down the column, spray blown on to the lamella from below
will cause spreading and consequent destabilization (98). But if the
surface tension is increasing down the column, the drops would have a
higher surface tension than the liquid in the lamella (which is assumed to
have reached equilibrium with the vapor above the plate), and so would
not destabilize the lamella by spreading across it if they impinge. Another
explanation (99) involves the mass-transfer process directly: the thin
region of any lamella will lose the M.V.C. fastest, so that if the M.V.C.
has a lower surface tension, the surface tension will rise locally on the
lamella, and fresh liquid will spread in along the surface (Marangoni
effect), so stabilizing the lamella. This system again corresponds to an
increasing surface tension down the column. Conversely, if the M.V.C.
is of higher surface tension, the surface tension on the lamella will be
lowered by the relatively rapid local evaporation, and liquid will spread
away from the lamella, so destabilizing it.

These effects may be less pronounced in industrial sieve-plate col-
umns, because the higher vapor velocities shorten the life of any froth on
the trays; the material on the tray is in the form of a spray of droplets

VR 15 Fiooding

F1a. 16. Interfacial structure for systems in which the surface tension decreases
towards the bottom of the column (94).
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(100). Because of the operation of up to three factors (interfacial turbu-
lence, impingement of drops on foam and the Marangoni effect on foam)
the behavior of columns containing plate-contacting devices should be
more sensitive to surface tension effects than packed columns, in which
only interfacial turbulence should affect the rate of mass-transfer. Ex-
periments on packed columns should therefore show the relative impor-
tance of the effect of interfacial turbulence, but the results available (101,
102) are unfortunately not decisive, and much further work remains to
be carried out before the relative importance of the different factors is
established. Recent experiments at Birmingham (108), however, support
the contention that Vigreux and Kintmesh columns show surface-tension
effects very similar to those found in small sieve-tray columns, suggesting
that surface turbulence is the dominant factor. The present author be-
lieves that some of the discrepancies in the literature arise from varying
local vapor velocities, and that the relative importance of turbulence thus
mechanically induced to the spontaneous surface turbulence should be
investigated.
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Nomenclature

Schmidt number
temperature

radius of drop [cm.]
concentration {moles em.

area [em®]

distribution coefficient

surface compressional modulus, de-’
fined by —AdIl/dA [dynes cm. ~*]

-]

Qmﬁﬁ’ﬂg)

diffusion coefficient [em.? sec.™] numerical factor of Eq. (32)
over-all transfer coefficient gravitational acceleration

length of stirrer blade [em.] [em. sec.”®]

molecular weight h height [em.]

gas constant k mass-transfer coefficient

resistance to mass-transfer in phase [em. sec.]

1 [sec. em.™] I perimeter [cm.]

resistance to mass-transfer in l. projected eddy length along sur-
interface [sec. cm.™] face [em.)

Reynolds number n number of adsorbed molecules per

em.?
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saturation vapor pressure [dynes
cm.™?]

moles of material transferring
resistance to eddy reaching free
surface

fractional rate of turbulent replace-
ment of elements of liquid in sur-~
face [sec.”]

time [sec.]

volume flow rate [ecm? sec.™]
linear velocity [em. sec.”*]
characteristic eddy velocity in bulk
of liquid

mean velocity normal to the inter-
face [em. sec.™]

weight [gm.]

I,

=2 o

distance normal to interface [cm.]
thickness of liquid at surface in
which eddies are damped

surface pressure of film, i.e., lower-
ing of surface or interfacial tension
by film [dynes em.?]

surface pressure at equator of drop
= 3.14,
surface or
[dynes em.1
thickness of sheet of liquid [em.]
viscosity [gm. em.™ sec.™]

angle measured from forward di-
rection of drop movement
kinematic viscosity [ecm.? sec.”]
density [gm. cm.™]

interfacial tension,



IL

IIL.

Iv.

VI.

VIIL

VIIL

IX.

DROP PHENOMENA AFFECTING LIQUID EXTRACTION

R. C. Kintner

Department of Chemical Engineering
Hlinois Institute of Technolegy, Chicago, illinois

CIntroduction ... e e

A. The Extraction Cycle ..........c oo
B. Single-Drop Analysis ..........c.oiiitiriiiiii e
Dispersion into Drop Form ................ o i
A. Slow Formation at Nozzles ......... ... .. .o i
B. Fast Formation at Nozzles ............... ..ot
C. Rayleigh Jet ... .. . e
D. Turbulent DISpersers .............oeiiiiiirireiiionneriiiiininans
Shape of Forming Drops . ......c.vieeriieiireiiiiiiiii s
A . True Shape ... e e
B. Other Models for the Shape ........... ... .. ... il
Velocities of Moving Drops ... ..ottt
A. Navier-Stokes Equations ............ ... ... .ot
B. Hadamard-Rybhezinski Model ... ... .. ... .. ... . . ... il
C. Boussinesg Model ......... ... . i e
D, DA . e e e
E. Wall Effects .. ... .. e e e

. Internal Circulation ............ ... .. ... .o i [,

A. Rigid vs. Fluid Spheres ...
B. Indirect Evidence .............oiiiiiiiiiiiiiiii i
C. Direct Evidence .......... .. .. i e
Shapes of Moving Drops ...t
A, Low Reynolds Numbers ............. ...,
B. High Reynolds Numbers ..............cooiiiiiiiiiiiiiiiiinen..
Oscillations of Drops ... ...oovtii i
A. Axially Symmetric Type ...... ..o
B. Random Waobbling ........ ..o
C. Surface Indentations ..............coiiiieiiiniiriiiiiiiiees
D. Amplitude and Rupture ...
E. Interfacial Turbulence ........ ... ... ... . iiiiiiiiiiiiiiiiaens
Boundary Layers . ... ...
A. Flow Around a Sphere ...t
B. Nonoscillating Drops . .........ouenritiie i iiiianas
C. Oscillating Drops ... ..ot i e
Effects of Surfactants . ....... ... ... .
A. Evaluation of Existing Data ............. . ... i it
B. Damping of Oscillations .............. ...,
C. Increased Drag ........ ... . . it



52 R. C. KINTNER

D. Internal Circulation ......... ... . ... ... ... ... .. ... .. ... . ... 83

X. Field-Fluid Currents .............. ... . . . . . 84
XI. Flocculation and Coalescence .............. ... ... cciiiiiiii i o.. 85
A. Flocculation and Liquid-Liquid Foams ............................. 85

B. Coalescence of Drops .......... ... . i 86
XIT SUMMATY .. . 90
Nomenelature ........... . . . 91
References ....... ... o 92

l. Introduction

The importance of moving fluid phenomena in liquid-liquid contact-
ing operations has been recognized ever since the two-film mass transfer
theory was first proposed. If a unidirectional rate of mass transfer through
a fluid field from one location to a second one is visualized as being equal
to the product of a transfer coeflicient, an interfacial area and a con-

centration gradient
dN Ac
( dt )1,2 - KA‘ (A$)1,2 (1)

any hydrodynamic factor affecting any one of the four right-member
variables will be reflected in the transfer rate. Thus K should be affected
by temperature, since field viscosity, diffusivity, and density are involved.
It is also dependent upon concentration level. The area may be constant
and static or it may be in a state of dynamic renewal. As will be shown
in a later paragraph, the concentration gradient (Ac/Azx) may vary
enormously over short time increments. It is with the fluid factors influ-
encing these variables that this chapter is concerned.

A. THE EXTRACTION CYCLE

A liquid-liquid mass-transfer operation proceeds in several distinguish-
able steps, whatever may be the particular type of equipment chosen to
carry it out. Dispersion of one phase into the other creates a large inter-
facial area. It may be accomplished by mixing impellers, nozzles, orifices,
perforated plates, drip points or edges, tower packings, eductors, cen-
trifugal pumps, or by the turbulence created when the two phases are
forced at high speed through a pipeline. Time for dispersion is of the
order of fractions of a second.

A holding time of several seconds must be maintained for mass trans-
fer to proceed to a satisfactory stage. The dispersed droplets must then
undergo a settling operation to attain separation and recovery. This usu-
ally requires many minutes. The total area remains practically constant,
but is being continuously renewed by local creation and destruction. The
holding and settling zones are often the same and the time duration of
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both may be identical. It is sometimes erroneously designated as the
residence time or contact time. The settled droplets will collect in a floc-
culation zone near the main phase interface.

Under certain conditions drops of phase A, surrounded by a film of
phase B, and the whole moving in a field of phase A, can come together
to form a layer which can best be described as a liquid-liquid foam.

\\\\\\\(‘l/// /,///
— DISPERSION £
P

HOLDING

]
1
]
[}
t
' SETTLING

! Fia. 1. Extraction cycle.
]

! FLOCCULATION

'

‘

t

COALESCENCE

PHASE
SEPARATION

Drops combine in this flocculation zone, and then join the main drop
phase pool by extremely fast coalescence. Drops may remain in the floe-
culation zone for many seconds or minutes, but combine into the main
pool phase in a small fraction of a second.

The phases must be finally separated and recovered by mechanical
devices. The entire cycle of operations is shown in Fig. 1.

B. SinGLE-DRrOP ANALYSIS

The complex situation involving untold billions of tiny droplets mov-
ing in a highly mobile liquid field does not lend itself to fundamental in-
vestigation. Simplifications necessary to set up a model upon which to base
mathematical analyses are numerous and often unrealistic. To gain knowl-
edge that will lead to better models, many investigators have invested a
considerable effort in examining the phenomena pertinent to single moving
drops. It is not immediately obvious that knowledge gained from observa-
tions on the performance of individual large drops can be directly applied
to complex extraction operations. However, if even a little progress can
be made by way of this approach, the extensive research devoted to it
will have been worth while.

It is in this light that we shall examine the phenomena exhibited by
large single moving drops.
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. Dispersion into Drop Form

Two effects are of predominant importance during drop formation.
The primary goal of dispersing one phase into the other is to create a
large interfacial area available for mass transfer. Subdivision into mieron-
size droplets will create enormous interfacial area. But one must also be
concerned with the recovery of pure phases, and there is therefore an
optimum drop size below which dispersion becomes undesirable.

The second important goal is to achieve a very high rate of mass
transfer per unit of interfacial area, which has been observed by many
experimenters for the drop-formation period. As new area is formed, the
concentrations in the main streams are momentarily adjacent to each
other. The distance (Az) can have an extremely small value at the same
instant of time. In terms of Eq. (1), the gradient {(Ac/Az) over a small
but macroscopic distance is momentarily of a very high order, perhaps
approaching infinity. A similar situation arises from the stretching of a
surface during oscillation of the drop about a spherical norm. The result-
ing transfer rates are many times those for unrenewed interfacial area
in the same system. Hence, it is quite possible that drop formation is the
major feature affecting mass transfer in highly turbulent fields which
break up the dispersed phase into very small droplets.

Dispersions may be classified into two types, based upon size range
of the droplets formed. Turbulence creators (mixing impellers, mixing
valves, eductors, orifice plates) will produce fine emulsions of micron-size
droplets. Nozzles, perforated plates, bubble caps, tower packings, ete.,
can form discrete drops of relatively large size which will quickly settle
through the continuous phase.

A. SLow ForMATION AT NozZLES

The slow formation of a drop at a submerged circular orifice or nozzle
will result in a drop size, predicted by equations for determining inter-
facial tension by the drop-weight method. At the instant a slowly forming
drop breaks away from a nozzle, the force balance may be written

=Dy = "2 (85)(4/00 @

A set of correction factors y(Dy/Dp) is necessary for exact quantitative
results. The model is of course a false one, in that the drop does not
break from the nozzle. There is an elongation of a neck of drop fluid
connecting the main portion of the drop with that part which is adhering
to the nozzle (N1). Rupture is across this neck, often with the formation
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of one or more tiny satellite droplets which follow the large one. Called
“Plateau’s spherules,” they may be a source of contamination in many
instances. With the correction factors, the method is accurate for drop-
size prediction (H6), and is the starting point for analysis of the fast
formation of drops at such nozzles (HS).

B. Fast ForMaATION AT NOZZLES

For nozzle velocities above the slow-formation range but less than
30 cm. /sec., Hayworth and Treybal (H8) accounted for the kinetic energy
due to nozzle velocity. Their force balance (written in the form of an
equivalent-volume balance) stated that the total volume (Vy) would be
equal to the volume (V,) necessary to overcome interfacial tension, plus
the volume (V,) necessary to produce a rising velocity at least equal to
the nozzle velocity, plus a negative volume (Vx) equivalent of the kinetic
energy supplied by the stream from the nozzle, thus

Ve=Vet+Vo— Vi (3)
From the corrected form of Eq. (2), above
_ 7Dyo Q_v)

Vv = Ap g (‘p DD (4)

Bond’s (B5) equation for terminal velocity yielded

ISKUNM,,:IS/E

Ve = 0.5236 [————— 5
Ap g (5)

in which vy replaces Uy, the terminal velocity of a freely rising (or fall-
ing) drop of volume V.
The volume due to the kinetic energy supplied to the drop was

_ Vrppva?
Substitution of these values into Eq. (3) yielded

0.403pp1)1v 'n'DNa DN 18K1)1v}£c 8/2
\4 Vs ( ) = - (——) 0.5236 (———-—) 7
T + 1/ g Ap g Ap lb -DD + g Ap ( )

which reduced to Eq. (4) with the correction factor at vy = 0.

This was further simplified by assuming an average value of 0.655
for y(Dy/Dp), with the following experimentally established expression
for K

4.05D0'747
K== o (8)

the result being
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Vr + 4.11(10-9) V¥ (M) _ 21(10_4)(@>

Ap Ap
0.747,0.365 0.186713/2
I'o

+ 1.069(10—2)[95—%‘)&

The equation was considered accurate to within seven per cent for de-
termination of drop volume.

Null and Johnson (N1) suggested that a drop adhering to a nozzle,
at the moment of breaking away as shown in Fig. 2, will be composed of
a hemisphere A, surmounted by a truncated cone B, which in turn is
surmounted by a second truncated cone C. The larger end of the last

AR
AN

Fia. 2. Drop shape at formation; Null and Johnson
model (N1).

(]

section is visualized as adhering either to the edge of the nozzle tip or to
the inner surface of the tube leading to the tip. Energy balances, includ-
ing kinetic energy due to velocity of the liquid in the tube, permit the
determination of drop size. A set of experimentally determined correla-
tion factors is necessary.

C. RAYLEIGH JET

Tf the nozzle velocity is quite high, or if (Ap) is small enough that
the forming drops do not move away from the nozzle sufficiently fast,
coalescence of two or more successively formed drops will oceur which
is not accounted for in any available equation. At still higher nozzle
velocities, a Rayleigh jet will form. A node will form in the flowing jet,
pass along it and form a drop at the end. This may be several inches
from the nozzle. Lamb (L2) derives an expression giving the wavelength
for maximum instability, in a cylindrical thread of liquid issuing from a
nozzle or orifice at velocities above that for formation of discrete drops.
Its direct application to shower-head and multiple-nozzle drop formation
in an extraction unit is tenuous. Such jets create turbulence in the sur-
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rounding continuous phase, and & cloud of drops with a spectrum of drop
diameters will result. A photograph of such action is given by Hayworth
and Treybal (HS).

D. TUurBULENT DISPERSERS

As this chapter is primarily concerned with single-drop performance,
it seems best to omit consideration of drop sizes in highly turbulent
liquid fields. The work of Shinnar and Ghureh (87), utilizing Kolmogo-
roff’s hypothesis of local isotropy, seems to bear excellent promise from
a fundamental viewpoint. Correlating equations for predieting drop size
in stirred tanks and mixers have been given by Treybal (T3).

lll. Shape of Forming Drops

Equations which predict the volume or equivalent spherical diameter
of a formed drop are not sufficient for extraction calculations, in the
light of the very high rate of mass transfer during drop formation. It is
desirable that the equation also lend itself to mathematical manipula-
tion for the caleulation of instantaneous interfacial area. To do this, the
shape of the drop throughout the formation period must be defined.

A. TRUE SHAPE

The shape of a drop forming slowly at a submerged orifice is the
basis for the hanging-drop (pendant-drop) method for determining inter-

Fia. 3. True shape of hanging drop (B1).

¢~ Jxiz)

3

9]

facial tension. The correct equation for the shape, shown in Fig. 3, is
(A2, B1, J1, P1)
1 sine 2 Bz

s T “ote (10)

in which p and z/sin ¢ are the two principal radii of curvature at (z:2),
b is the radius of curvature at 0, and
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_ Bg(ap)
o

B (11)
This equation does not lend itself to easy mathematical manipulation.

B. Oryer MODELS FOR THE SHAPE

Garner and Hale (G1l) assumed hanging drops to be spherieal, to
facilitate caleulation of an average area during formation. The approxi-
mate nature of this model was well known to them. During the early
stages of formation, the portion of the sphere covered by the orifice is
large. During the later stages, the combination of elongation, necking
down and abandonment of a portion behind the neck cause deviations of
some magnitude. In spite of these shortcomings, the model served rather
well.

Poutanen and Johnson (P1) show that the equation of a lituus
(r20 = 1) resembled the true shape of a gas bubble forming at a sub-
merged nozzle. They varied this geometry by using 9 =1, to describe
such shapes quite accurately. Their method for caleulating area involves
a shape factor similar to that of Andreas et al. (A2), with a series of
auxiliary graphs. Area becomes

" sin @ 1
A= A 7 ‘/1 + o de (12)

" sin? 0 1
V= —1r/;‘ i (1 +n8tan 0>d0 (13)

Using a digital computer, they established tables of A and V for vari-
ous values of 8 and n. The method should be equally applicable to liquid

The volume is

(r,0)

NG
drops. With some modification and simplification, it should aid in the

calculation of mass-transfer area during formation. The lituus model is
illustrated in Fig. 4.

F16. 4. Shape of hanging drop; lituus model (P1).
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IV. Velocities of Moving Drops

Three kinds of velocities are important for moving drops. True vec-
torial velocities are necessary when considering point conditions in a field.
They can not be measured directly, but may be obtained from streamline
plots by a process of graphical differentiation. Semivectorial velocities
can be estimated by trace-photography methods (K2). A very useful
velocity for determining residence times for drops is called the gross
terminal velocity. It is defined as a long vertical distance of travel di-
vided by the corresponding elapsed time. The distance and time must be
large enough that all cyclic phenomena such as helical paths or oscilla-
tions will have been repeated many times.

A. NAVIER-STOKES EQUATIONS

Any hydrodynamic consideration of a drop moving in a liquid field
starts with the Navier-Stokes equations of motion, as given in representa-
tive books on fluid mechamics (L2, S11). Using vector notation to con-
serve space, these equations may be written (B3, B4)

Dy

? Dt

One can apply these equations and the continuity equations only after

some simplification. The divergence term can be dropped for our incom-
pressible liquid-liquid systems, leaving

= —Vp + uV(V-v) + uV + pg (14)

"Fltj = —Vp + uV + og (15)
The equations of continuity are
Viv=0 (16)

The velocity of the fluid at the surface of a rigid sphere, held in an
infinite expanse of a fluid moving in laminar motion past it, must be zero.
Using spherical coordinates, the solutions then become (B4, 12, S11)

vn=U |:1 - g (§> + % (%)a] cos 6 (17)
v=-U [1 - %(?) - i(?)s] sin 6 (18)
D~ D= —%% (gy cos @ (19)

Utilization of Eq. (16) and the sum of the resistance forces over the sur-
face of the sphere (B4) leads to an expression for the form drag
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F, = 2xuRU (20)

Addition of the shear forces over the surface of the sphere, with use of
Eqgs. (17) and (18), leads to an expression for the viscous drag

F, = 4muyRU (21)
These two, when added, give the total drag,
Fp = 6muRU (22)

which is Stokes’ law of settling, applicable at Reynolds numbers of 0.2 or
less. Note that the total drag is composed of two-thirds skin friction and
one-third form drag.

B. HapaMmarp-RyBczinski MobpEL

For a spherical liquid drop moving in a liquid field, the boundary is
not rigid. Instead, it moves over the surface of the sphere in axial sym-
metry from a front stagnation point to a rear stagnation point. New area
is being continuously created in the forward regions and an equivalent
area is being destroyed in the rear portion of the drop. Utilizing this
idealized internal-flow pattern and the resulting boundary conditions
(H3), we find that

(1) ve=vs;

(2) stresses through the interface are continuous;

(3) wve is continuous through interface;

(4) there is no movement of fluid across the interface;
(5) the interfacial tension is zero.

Hadamard (H3), and independently Rybezinski (R5), carried out similar
analyses. Carrying the solution only to the first approximation, one ar-
rives at a Stokes-law correction factor

3[-"0 -+ 2#«:)
= 6y, OHD T L 2
F = 6mu.RU (3;»13 o (23)
which simply states that
_ (3up + 3uc>
Vs = (3up +2u) U (24

For a liquid drop falling in air or for a very viscous drop in a low
viscosity field liquid, the correction term reduces to unity, and Eq. (23)
becomes equivalent to Stokes’ law. For a gas bubble rising through a
liquid or a low viscosity drop moving in a very viscous liquid field, the
limiting correction factor of 1.5 may be realized for a fully circulating
drop. These two limiting values have been confirmed by many experi-
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menters. If the viscosities of the two fluids are equal, the correction factor
is 1.20.

C. BoussiNneEsqQ MODEL

Surface-tension forces act in a direction tangent to the interface.
Boussinesq (B6) assumed, for a surface undergoing ‘“dilatation,” that
there must also be another force acting normal to the interface. Utilizing
the same assumptions as Hadamard, he arrived at a Stokes-law correc-
tion factor of

_[e+ ro(3up + 3Mc):|
Ui = [e Fro(3u0 + 200 ] U (25)

in which ¢ is “the dynamic increment to the normal surface tension.” It
is often labelled a “surface viscosity” and used to rationalize data for a
partially cireulating drop into effective data for an equivalent fully circu-
lating drop. It can only be evaluated from experimental data, and is used
to explain a drag curve intermediate between those of rigid and fully
circulating fluid spheres.

The derivations of Hadamard and of Boussinesq are based on a model
involving laminar flow of both drop and field fluids. Inertial forces are
deemed negligible, and viscous forces dominant. The upper limit for the
application of such equations is generally thought of as Re = 1. We are
here considering only the gross effect on the terminal velocity of a drop
in a medium of infinite extent. The internal circulation will be discussed
in a subsequent section.

D. Dgrac

Most drop situations in extraction are far above the upper limit of ap-
plication of the preceding equations. A drop moving through a liquid at
a velocity such that the viscous forces could be termed negligible ean not
exist. It will break up into two or more smaller droplets (H10, K5). Most
real situations involve both viscous and inertial terms, and the Navier-
Stokes equations can not then be solved.

Consider the velocity vs. drop size curve shown in Fig. 5. Several
modern papers (E1, H7, H10, J1, K1, K3, K4, L3, 14, S8, 812, W1) re-
port carefully taken data upon a wide variety of liquid-liquid systems.
Small drops in region A will be spherical in shape, will not circulate in-
ternally, and act like rigid spheres. Their ultimate velocity will generally
be that of a rigid sphere of equal size and density moving in the same
continuous phase. In region B the drops will be increasingly distorted
into a spheroidal (ellipsoidal) shape with the minor axis oriented along
the direction of movement. As drop size is increased the ultimate velocity
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passes through a maximum, or peak, velocity. Larger drops will travel at
about the same speed, independent of size. Finally at some maximum size,
drops can not exist as single entities but will break up into two or more

smaller ones.
30
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F16. 5. Generalized terminal-velocity curve.

Correlations have been developed to relate terminal velocity, drop
size, peak size, peak velocity, and maximum drop size to the physical
properties of the system (E1, H10, K5). Some of the accumulated in-
formation in these areas is given below.

1. Force Balance on a Falling Drop

At steady-state terminal velocity, the acceleration term in the force
balance (B9) on a moving submerged body is zero, and the balance may
be written so that gravity forces are balanced by the sum of buoyancy
and resistance forces.

Vgep — Vgp. = Cod "—2(]—2 (26)

In this equation the right-hand member is Newton’s resistance force, with
4 equal to the projected frontal area. The equation serves to define the
drag coefficient (Cp).

For a sphere the equation becomes

D? CpnD?, U?
T d(ap) = EEobe (27)
and
4 Ap gD
Cp = 3 _p£ . 9(72 (28)

in which D is the diameter of the sphere.
For an oblate ellipsoidal drop with the major axis Dy in a horizontal
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plane and the minor axis Dy in the vertical direction, the equations be-
come

§ (Dx*Dy)g() = Co - g (Dut)pcU? (29)
and
4 Ap gD
Co=73- p_P . QU_ZV (30)

from which it may be noted that the minor axis of the ellipsoid is the
more reasonable length term to be used in the drag coefficient (G2). A
similar treatment for a prolate ellipsoidal drop yields the major axis as
the proper length. In either case it is the axis parallel to the line of
motion which would be involved in Cp.

The utilization of such a length term requires a knowledge of the
eccentricity of the droplet as a function of drop size. This item is re-
viewed below. The length term usually used is the very convenient
equivalent spherical diameter (D,), defined as the diameter of a sphere
having the same volume as that possessed by the drop, regardless of the
actual shape of the latter,

Cornish (C4) has discussed seven length terms which may be useful
in mass- and heat-transfer correlations.

2. Low-Viscosity Liquid Fields

A plot of the terminal velocity of a drop moving in an infinite medium
vs. drop size will show the features shown in Fig. 5. To exhibit all of
these features, both drop and field liquids must be of very high purity.
Using the pertinent fluid properties, a plot of Cp vs. Re will appear as in
Fig. 6. In this plot the length term used is the very convenient D,, in
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F1a. 6. Drag curve for liquid drops.
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both Cp and Re. Many such curves are available in the current litera-
ture (K5), but they must be carefully evaluated as to purity of materials
and the size of the container in which the work was carried out.

The prediction of such a curve for a specific system has defied mathe-
matical analysis, except in the region of low inertial effects. Recourse
must be made to the time-honored method of graphical empirical correla-
tion. Klee and Treybal (K3) arrived at two equations, one for the region
below the peak diameter and one for that above the peak. They warn
that these are simply good approximations, and that their dimensionless-
group equations describe their data and those of other authors fairly ac-
curately. The field liquid in all systems used was one of low viscosity.

Hu and Kintner (H10) observed that a plot of Cp-We as ordinate
against Re as abscissa resulted in a uniquely parallel set of curves with
a characteristic break point corresponding to peak values of D, and Ul,.
The use of dimensionless physical-property group

3
g
P= [& L 4:| (31)
Ap  gu
permitted the establishment of the curve shown in Fig. 7, from which the
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(H10) (Courtesy A.I.Ch.E. Journal).
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entire relationship could be predicted for a liquid drop falling (or rising)
through a field liquid of ordinary viscosity (up to 5 ¢p.). The physical-
property group is the cube of the reciprocal of the Sd group of Hughes
and Gilliland (H11) and is a more general case of the group (gu*/p.s®)
used by Schmidt (S4), Grimley (G9), Rosenberg (R4) and Haberman
and Morton (H1) for gas-bubble correlations. In a more recent paper
(K5) containing a very large storehouse of data, a similar correlation
but with slightly differing exponents was presented.

3. High-Viscosity Fields

Calderbank and Korchinski (C1) showed that the correlations de-
seribed above are limited in applicability to systems in which the viscos-
ity of the continuous phase is lower than 5 c¢p. Johnson and Braida (J1)
used an additional parameter in the ordinate of Fig. 7 to extend its range
to continuous-phase viscosities of 20 c¢p. The parameter was (po/
pwater) ~ %1% Data on systems involving field viscosities up to 400 cp.
(W1) showed that the best correlation would be that of Boussinesq, using
an experimental value of .

Two papers (F1, M3) described the shapes of very large drops mov-
ing in non-Newtonian liquid fields of the pseudoplastic variety. The em-
ployment of a Reynolds number based on the power-function relationship
permitted a good description of the variation of terminal veloeity vs. drop
size.

Weaver et al. (W2) determined the velocities of multidrop systems in
a spray tower. By plotting volumetric holdup against slip-velocity ratio,
they found that drop size could be used as a third parameter. The aver-
age field-phase velocity was obtained by dividing volumetric flow rate
by column cross-section (first corrected for dispersed-phase holdup).
Average drop velocity was determined from dispersed-phase volumetric
flow rate divided by volumetric holdup to get the mean residence time;
this was then divided into the fall height to give the velocity. These two
were then combined into a slip velocity. The resulting correlations appear
excellent.

Such average velocities are useful in estimating residence times. But
a knowledge of the velocity distribution of both drop and continuous
phases seems desirable in order to obtain their relative velocities. Am-
berkar (Al) obtained data on large drops falling through stationary
water in a 4-in. tower. Although the data points exhibited a very high
degree of scatter, the total indicated a parabolic distribution of drop
velocities across the tower. Bendre (B2), using a better technique, also
found such a distribution. McAvoy (M1), working with small droplets of
about 1 mm. diameter falling in a 2-in. tower, found the velocity distribu-
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tion to be uniform. This would indicate that an additional parameter
(Dp/Dy) is needed to describe the system better. At present, however,
the correlations of Weaver et al., are the best available.

E. WaLL ErFEcTS

Many of the data on the gross terminal velocity of drops have been
taken in vertical cylindrical glass tubes of limited size. To interpret such
data in terms of a drop moving in an infinite medium, a wall correction
factor is necessary.

A number of authors from Ladenburg (L1) to Happel and Byrne
(H4) have derived such correction factors for the movement of a fluid
past a rigid sphere held on the axis of symmetry of the cylindrical con-
tainer. In a recent article, Brenner (B8) has generalized the usual method
of reflections. The Navier-Stokes equations of motion around a rigid
sphere, with use of an added reflection flow, gives an approximate solu-
tion for the ratio of sphere velocity in an infinite space to that in a tower
of diameter Dy:

1 — 0.759(Dp/Dr)"
1 — 2.105(Dp/Dr) + 2.087(Dp/Dr)?

The stream function satisfying the fourth-order differential equation,
used by Haberman and Sayre (H2) is

9 1 —cos?d ik
[672 * 72 " 9(cos 0)2] v=0 (33)
Their solution, involving Gegenbauer functions, resulted in a wall cor-
rection factor for rigid spheres which is the same as the full expression
corresponding to Eq. (32).

Using a similar attack for a fully circulating fluid sphere in a sta-
tionary field but using only n = 2 due to inconsistency of the equations
for higher order functions, their wall correction factor was

1—0.759(1_’)»*

U

Ku= ;’“ ir (34)
in which
_1_ 1-4r _1_)
¥ 1 2.105(1+T))\+2.807<1+r A8
1—4r 1—7r
_ 1.707(1+r))\5+0.726(1 +r)”
r = pe/up

A = Dp/Dr
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Haberman and Sayre also derived correction factors for a fluid sphere
moving along the axis of a cylinder in which the field fluid was also in
axial motion;

1 1—r
1'%(1+%r>”_0'2°2<1+§r)”

Ky, = v (35)
These factors were to be used in the equation
2
F = 6miR (11—+_|—_l:>(UK,,,1 — vuKor) (36)

in which v,, is the maximum velocity in the parabolic velocity distribu-
tion of the moving field phase. The correction was found applicable for A
values of 0.5 or less.

The above equations are limited to the creeping-flow range. For large
drops moving under conditions such that inertial terms are not negligible,
an empirical equation equation based on experimental data (S12) is

U 1 Ds 2.48

- -(3)] 37
This relation has proved useful for systems in which the field fluid was
stationary.

V. Internal Circulation

A. Ricip vs. FLuip SpHERES

The essential differences between a rigid and a fluid sphere are the
internal circulation and mobile interface of the latter. Total interfacial
area for mass transfer from a rigid sphere to the surrounding fluid phase
remains constant except for slight changes due to sublimation or dissolu-
tion. But interfacial area is being continuously created on the upstream
half of a circulating fluid sphere and continuously destroyed on the down-
stream hemisphere. It is commonly stated that the area is created at the
front stagnation point and destroyed at the rear stagnation point. In ultra
pure systems it should be stated that these things occur near the stagna-
tion points. In systems of lesser purity the destruction of area must oceur
at some distance from the axis of symmetry. It is therefore a stagnation
ring. This means that lines of motion must leave the interface and enter
the drop at the point of area reduction. Some of them must also come
from the drop interior to the interface at a location near the forward cen-
ter of symmetry.
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B. InpIRECT EVIDENCE

Most of the evidence for the existence of internal eirculation within
drops was, until recent years, circumstantial in character. Hadamard’s
development for conditions at low Reynolds numbers became the basis
for comparison of fluid vs. rigid sphere performance. It predicted, for the
limiting case of a low viscosity drop moving in a highly viscous field, an
increase of 50% in the terminal velocity as compared to that of an
equivalent rigid sphere. Much experimental evidence has confirmed the
theory. The resulting calculated drag coefficients, dependent enly on
velocity for a specific drop size and chemical system, were observed to
be low by the proper magnitude. Most observers were able to observe
visually that internal circulation existed, and the observed patterns were
very much like those predicted for the creeping-flow range even though
the observed drop Reynolds numbers were too large for Hadamard’s
model to be strictly satisfied.

If the equations of motion, the continuity relationship, and the proper
stream function are properly combined, equations result which enable
one to plot the flow lines for both internal and external motion. The
stream function for an infinite extent of continuous phase around a single
drop is (B7, H2)

=Ll [@.____“D 13 <3MD+2#0>]
Gt e Rl Crarnr e | BENCD)

and for the drop phase (H2)

2 2
There is, of course, symmetry about the axis of flight of the sphere.

The streamlines are plotted in the left half of the circle in Fig. 8. It
has been noted (H11) that a ring of zero velocity occurs inside the drop
on the equatorial plane of symmetry at the distance of 0.707R from the
center of the sphere. Several articles in the literature erroneously show
the stagnation ring to be at some other location. Hughes and Gilliland
also defined the amount of circulation as the flow through this ring (and
through the annulus between the ring and the surface)

a5 aDupb
32 (1 + pe/wp)  32(up + uo)

Q= (40)

C. Direct EvIDENCE

Equations are based upon simplifying assumptions. Observations re-
ported in words do not always accurately describe a scientific situation.
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Fic. 8. Equatorial plane velocities and Hadamard streamlines for fluid sphere (H2).

Measurable items should be measured and visual items should be pho-
tographed for a convineing report.

1. Qualitative Reports

Photographs of the internal circulation pattern were made by Spells
(S9) who took advantage of the photoviscosity effect exhibited by high-
concentration glycerine. Savic (52, K2), using powdered aluminum in
water drops falling through castor oil, and employing a flat beam of light,
obtained excellent photographs of the internal circulation pattern. Figure
9 shows such a pattern. All such photographs provide a somewhat errone-
ous impression due to the bending of the light beam as it leaves the drop
and enters the surrounding liquid (G6). Only if both drop and continuous
phases have the same refractive index (G2) is there no distortion.

In order to cope with this light-distortion problem, the above-men-
tioned traces must be transposed from their apparent position to a true
one. A method (K2) which lends itself to the processing of large amounts
of data combines six equations expressing the geometry of the drop,
Snell’s Law of refractive light bending, and the angles involved, into
a single pair of equations. The two equations, though voluminous, can
be easily and rapidly processed on a digital computer. They express the
true coordinates (2/, ¥’) of a point in terms of the apparent ones (z, y),
the vertical half-axis of the assumed ellipse, the index of refraction of the
field fluid {(3;), and the index of refraction of the drop fluid (). The
horizontal half-axis is assumed to be unity for convenience. The equa-
tions are:
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T1a. 9. Flow pattern in drop held in tapered tube (H9).
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in which

K = n¢/np = "11/112

Although the greatest displacement will be in the outermost regions of
the drop due to the high interfacial surface angles, there will be no
change in the drop outline since the light beams from the extreme edges
do not pass through a bending surface.

2. Work of Garner and Haycock

Garner and Haycock (G2) made quantitative measurements of the
velocity pattern in drops falling through glycerine solutions, using a
motion picture technique in which the camera fell with the drop. The re-
fractive indices of their drop and field fluids were identical. There is no
distortion due to bending of light beams in such cases. They found that
no circulation was possible until the fall velocity exceeded 0.5 cm./sec.

3. Tapered-Tube Method

Horton (H9, K2), using a tapered tube, was able to match the veloc-
ity of fall of the drop with the velocity of the rising field and thereby
observe the behavior of the system for an hour or more. Using a dark
field trace photography technique, the semi-vectorial velocities were
recorded. In every case the internal circulation was slowly damped out
as the interface changed its character and became more contaminated.

VI. Shapes of Moving Drops

The shape of a liquid drop moving in a liquid field is dependent upon
the balance between the hydrodynamic pressure exerted because of the
relative velocities of drop and field and the surface forces which tend to
make the drop a sphere (H7).

A. Low Rrey~NorLps NUMBERS

In region A of Fig. 5, the drops are either perfect spheres or are dis-
torted to such a small degree that their eccentricity is not observable.
They travel at such a speed that the Reynolds number (DpUpy/p,) is
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quite small. Small Reynolds numbers can be attained in either of two
ways. For field liquids of ordinary viscosity (= 1 c¢p) the drop must be
very small. But if the viscosity of the field liquid is 300 to 2000 ep., the
drop can be quite large. In either case the drop shape will be a sphere
(F1).

B. Hica ReynoLps NUMBERS

At higher Reynolds numbers, the inertial forces become increasingly
predominant and the drop will be distorted from the spherical shape.

1. Low-Viscosity Fields

Most of the data in the literature deals with drops of organie chemi-
cals rising or falling in a field of water at room temperature. Economic
aspects of filling large tanks with other liquids, as well as health and fire
hazards if large glass vessels are filled with organic liquids, have con-
tributed to this situation. As shown in Fig. 10a, drops moving in water

O
O

Fig. 10. Shapes of moving drops.
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will first be distorted to a generally oblate ellipsoidal shape. This corre-
sponds to region B of Fig. 5. The eccentricity of the nonoscillating ellip-
soidal drop will increase with drop size. The area of such nonoscillating
drops can be closely estimated from (G7)

DVDH

——[DH _|_ 1 (E+\/E'2—1)] (43)

The ratio of the area of an ellipsoid to that of a sphere of equal volume

is (G7)
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The horizontal planar symmetry will be lost as the peak drop diameter
is approached. Oscillation will set in and become more and more violent
as the drop size is increased (H10, L3). Finally at some large size the
drop will rupture (H10, K5).

In order to allow for a variation of interfacial area from that of an
equivalent sphere, the eccentricity of the ellipsoidal drop must be taken
into account. The area ratio of Eq. (44) does not exceed unity by a seri-
ous amount until an eccentricity of 1.5 is attained. An experimental plot
of eccentricity as ordinate vs. equivalent spherical drop diameter as
abscissa may result in a straight line (G7, K1, K3, S12). A parameter is
yet to be developed by which the lines can be predicted without recourse
to experiment. Eccentricity is not an accurate shape description of vio-
lently oscillating drops and should therefore be used only for drop size
below the peak diameter (region B of Fig. 5).

In(E + VE — 1)] (44)

2. High-Viscosity Field

If a drop of low viscosity moves through a field of corn syrup of
viscosity of about 300 c.p., the series of shape changes shown in Fig. 10b
will oceur, The succession is spherical, ovate, spherical, symmetrical
oblate ellipsoidal, nonsymmetrical ellipsoidal and, finally, inverted mush-
room-like shapes with an indented rear surface (F1).

3. Non-Newtonian Fields

Large drops moving through non-Newtonian liquid fields exhibit the
same shape changes as those moving in high viscosity Newtonian liquids
(F1, M3). A trailing filament will accompany all shapes except the
sphere. The classical teardrop shape has only been reported for drops
moving in such liquids.

4. Prolate Shape

Saito (S1) showed that the prolate form is possible if the drop density
is very large and the ratio of drop viscosity to field viscosity is so small
as to become negligible. His criterion, obtained by considering the second-
order velocity terms in Hadamard’s model, is

rg(e2) a3 RS +5E) @

If E’ > 0, the distortion is prolate. If E’ < 0, the distortion is oblate.
It is obvious that, for the first term to be dominant, the drop density
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must be at least 3.33, a condition satisfied by liquid metal drops such as
mercury. Hughes and Gilliland (H11) relate such an observation by Wil-
liams (W4) for mercury drops in air. If the field viscosity is very high,
Saito’s equation will also predict the prolate shape for mercury drops.
This has been confirmed for mercury drops falling through corn syrup
(1 = 2000 cp), the eccentricity, E = Du/Dvy, being 12/13. The equation
predicts oblate distortion for all other conditions, but such shapes can
occur for the conditions reported above (F1, M3).

Haberman and Sayre (H2) report the prolate shape for drops of a
glycerine-water mixture and of Dow-Corning “200” Silicone {falling
through castor oil in tubes of 1.24-in. and 2.74-in. I.D. Their ratio of
Dvy/Dg was shown to be dependent on the ratio of drop diameter to tube
diameter and the viscosity ratio y. Values of Dy/Dy as high as 1.6 were
observed when drop diameter reached 0.70 tube diameter. It is be-
lieved that these prolate shapes were largely due to the effect of a nearby
cylindrical boundary, and that some of their drops would have exhibited
a spherical or oblate spheroidal shape if falling in larger vessels.

Vil Oscillations of Drops

A. Axnarry SymMmeTrRIC TYPE

As the drop size in a given system is increased above the laminar-flow
region, a size is reached at which the drop flattens and assumes a gen-
erally oblate ellipsoidal shape. Such a shape is unstable in fields of low
viscosity, and the drop begins to oscillate. The oscillatory action may be
triggered by the shedding of vortices into the wake (E1, H11). The term
“oscillation” is used here to denote the axially symmetric periodic change
from an oblate ellipsoid to a prolate form and back to oblate again. As
may be observed in Fig. 11, the shape descriptions are only approximate
and become progressively less accurate as the amplitude of the oscilla-
tions approaches the rupture value.

B. Ranoom WoBBLING

Large drops (D, =1 e¢m) of chlorobenzene will fall through water
with a somewhat erratic oscillatory motion (L3). The drop pitches and
rolls. The flight is not vertical but is erratically helical in nature. A series
of oscillations, accompanied by waves moving over the interface, can
cause the drop to drift several inches in a horizontal direction in a range
of a foot or two of fall. Such drops can not oscillate violently as described
above, due to the damping action of such movement by the sliding side-
wise motion of the wobble. Motion pictures indicate that internal circula-
tion is also considerably damped out by this type of oscillation. Rate of
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mass transfer is, however, increased over that of a noncirculating drop
due to surface deformation. This type of oscillation is indicated in Fig. 12.

C. SURFACE INDENTATIONS

A third type of surface disturbance is like that envisioned by Bous-
sinesq (B6). Fluttering surface instabilities of a very local nature may
be observed. A small area of the drop surface can dilate and recede in a
periodic fashion much like that observed on the front of large air bubbles
rising through liquids. Interference from other types of oscillations
quickly compel a change in frequency and location of these surface in-
stabilities.

With all three types of oscillations superimposed, the final result has
a random appearance. Since a sphere has the smallest area per unit
volume, all oscillatory movements cause an alternate creation and de-
struction of interfacial area. The rate of mass transfer is thereby en-
hanced for oscillating drops. Since surface stretch due to oscillations is
not uniformly distributed, all such oscillations produce interfacial turbu-
lence (see Section VII, E),

D. AMPLITUDE AND RUPTURE

Little quantitative work has been published on drop oscillations in
liquid-liquid systems. Lamb (L2) reviews two methods for the analysis
of a spherical mass of liquid. Elzinga and Banchero (E1) use the primary
mode of oscillation

[ 192, \©
= ((3» ¥ zp,)D:> (46)

in which f is in radians per second. If the natural frequency of the drop
matches the frequency of vortex discharge to the wake, it is deemed pos-
sible that the amplitude of osecillation could be sufficient to cause drop
rupture.

Violent oscillations of the axially symmetric type can be induced in
single drops formed at a nozzle. Drops of chlorobenzene (D, = 0.985 cm)
were so formed, and allowed to fall in water. At about five inches below
the nozzle two types of rupture were observed. A small droplet was formed
at the front and hurled ahead of the drop by the next oscillation. A
second mode of formation caused a droplet to be formed by inertial pinch
at the rear of the oscillating drop. This rear-formed droplet was always
larger than the very small one formed in front. There were, on occasion,
two successive pinch-formed droplets from the rear. In a few instances
both front and rear formation occurred, as shown in Fig. 13 in selected
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Fic. 11. Axially sym- Fic. 12. Random wob- Fic. 13. Rupture by
metric oscillation. ble oscillation. oscillation.
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frames from motion pictures. It must be borne in mind that these rup-
tures are not the same as those treated by Elzinga and Banchero.

E. INTERFACIAL TURBULENCE

The various kinds of small flows generated at the interface and in the
immediately adjacent layers are usually grouped together as interfacial
turbulence. A description of the various kinds of such disturbances and
their amazing effects have been summarized in several recent publica-
tions (D2, 01, 86, S10). Spontaneous emulsification, localized stirring
with rippling and twitching of the interface, slowly moving streamers of
one phase moving into the other, drop formation from the tips of such
slowly moving streams, local eruptions at the interface, violent and
erratic pulsations in drops and unsteady flow along the interface have all
been observed and recorded. The action is three-dimensional and the
interface must be regarded as including the immediately adjacent sub-
layers on either side of the bulk phase separation plane.

All of these disturbances cause a many-fold increase in the rate of
transfer of solute across the interface. If a chemical or thermal difference
along an interface causes an interfacial tension gradient, violent flow in
the direction of low ¢ will result. This action is usually termed the
Marangoni effect.

Sternling and Seriven (810) analyzed the hydrodynamic aspects of
interfacial turbulence by means of a greatly simplified two-dimensional
roll cell model. Their analysis suggests that interfacial tension is usually
promoted by solute transfer into the phase of lower viscosity, solute
transfer toward the phase of higher diffusivity, large viscosity and
diffusivity differences between the phases, large concentration gradients
near the interface and low order of viscosities and diffusivities. It is in-
hibited and damped by the presence of surfactants and by nearly rigid
boundaries.

While the model of Sternling and Scriven is a radically simplified one,
it serves remarkably well to prediet the creation, propagation, and damp-
ing of turbulence. Orell and Westwater (O1) used Schlieren photographic
methods to produce excellent pictures of three dimensional convection
cells, including polygonal cell clusters, stripes, and ripples. Their poly-
gonal cell clusters exhibited a size one order of magnitude larger than
the dominant wave length for roll cells as predicted by the Sternling and
Scriven development.

An excellent discussion of the phenomenon of spontaneous emulsion
has been included in a recent book by Davies and Rideal (D2). Inter-
facial turbulence has been advanced (D2, O1) as a possible cause but has
been eliminated in at least one case (DD2). Diffusion and stranding seems
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to be a much more plausible mechanism for the ethanol-toluene-water
system. Alcohol, diffusing into the water phase, carries some toluene with
it. Upon dilution in the aqueous phase, the toluene is left stranded as tiny
droplets to form an emulsion. A third mechanism (D2) postulates a
locally negative interfacial tension which causes the area to increase
spontaneously, More than one of these mechanisms may be operating
simultaneously.

Viil, Boundary Layers

Any consideration of mass transfer to or from drops must eventually
refer to conditions in the layers (usually thin) of each phase adjacent to
the interface. These boundary layers are envisioned as extending away
from the interface to a location such that the velocity gradient normal to
the general flow direction is substantially zero. In the model shown in
Fig. 8, the continuous-phase equatorial boundary layer extends to infin-
ity, but the drop-phase layer stops at the stagnation ring. At drop veloci-
ties well above the creeping flow region there is a thin laminar sublayer
adjacent to the interface and a thicker turbulent boundary layer between
this and the main body of the continuous phase.

A. FLow AROUND A SPHERE

Many authors (B4, G3, H2, L2, S11) have considered the flow pattern
and wakes involved in the flow of a fluid past a rigid sphere. Nearly every
book on fluid mechanics contains a chapter on flow around submerged
shapes. Flow around fluid shapes is only touched upon by a few advanced
treatises such as that by Lamb (L2).

B. NONOSCILLATING DRops

Very small drops travelling at low speeds in low viscosity liquid fields
will exhibit a flow pattern similar to that shown in Fig,. 8. Large spherical
drops moving in fields of higher viscosity will show the same type of
flow pattern. The field fluid will separate on the front portion of the drop,
move over the forward surface in accelerating fashion, then over the rear
surface under deceleration and finally converge near the down stream line
of symmetry. There is a laminar sublayer and a very thick laminar
transition layer. The sublayer is created near the front stagnation point
and vanishes near the rear one. The laminar sublayer on the drop side
will also be created and destroyed in like fashion. If a dye is placed in the
drop liquid and allowed to be transferred to the continuous phase, it will
stream from the rear of the drop as a thin thread along the axis of sym-
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metry. It must be dispersed throughout the main continuous phase by
diffusion or slow convection. There is no wake except the thin thread.

As the range of Reynolds numbers (DpUp,/p.) is increased well above
the creeping-flow range, a pattern like that shown in Fig. 14 will be seen
(G7). A boundary separation will be observed as a ring on the rear sur-
face of the drop. There is a wake enclosed within the boundary layer and
this wake travels with the drop. The boundary-layer material converges
behind the wake into a thin thread which trails behind the whole. Within
the wake there is a ring of rotating liquid which gradually shears off into

F1c. 14. Wake behind nonoscillating drop.

the threadlike trail. Most of the mass transfer from drop to field occurs
into the boundary layer forward of the separation ring and travels in
this layer around the wake to the trailing filament. There is some transfer
from the rear drop surface into the wake. Only when the solute con-
centration has increased in this portion to such a level that it is greater
than that in the enveloping boundary layer can mass transfer occur from
wake to field. When transfer from drop to wake through the surface en-
closed in the boundary separation ring equals that from the enclosed
wake to the surrounding continuous phase, steady state will have been
attained.
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Elzinga and Banchero (E1) use Meksyn’s boundary layer equation
(M2) for flow around a rigid sphere, with the boundary condition that
the interfacial velocity is not zero, to calculate a shift in the boundary-
separation ring from an equivalent rigid-sphere location. Their calculated
positions are slightly less than their observed shifts but confirm the
thesis that these shifts are due to internal circulation. Similar quantita-
tive results are reported by Garner and Tayeban (G7).

C. OsciLraTING Drops

At still higher Reynolds numbers the drop will oscillate. Unsteady-
state cyclic conditions are set up in both boundary layer and wake. The
general pattern is indicated in Fig. 15; somewhat similar photographs
have been published by others (E1, G7). “Still” photographs, however,
do not properly present the action. The boundary-separation ring shifts
violently as the oscillating drop moves through the liquid field. The
liquid within and behind the ring is a highly disturbed region with
turbulent conditions predominant. Forward of the ring one observes that
smooth mass transfer is oceurring into the relatively undisturbed bound-
ary layer. The diffusing material moves within this layer around to the
separation ring where it is sent into the main stream of the field liquid by
turbulent convection. Comparatively little mass transfer occurs in the
wildly gyrating wake, which does not travel with the drop as for a non-
oscillating one.

IX. Effects of Surfactants

Much of the experimental data on droplet behavior reported in the
literature is of very doubtful value, due to an absence of complete speci-
fications regarding the purity of and correct physical constants for the
chemicals used. The effects of the presence of minute traces of solid or
liquid impurities on experimental results has been reported by nearly
every author. Some of the work was quantitative. Many unsuspected
impurities in a system can be surface-active. In recirculating systems
(E1, H9) which involve aluminum tanks or piping, or packed pumps and
gaskets, the equipment itself can supply enough to change the results.
Chemicals of dubious purity such as tap water (H1, 88) must be avoided
or carefully labeled for what they are. Much of the data in the literature,
and some of the authors’ conelusions, must be used with caution because
of the suspected presence of a surface-active agent. The curve of Fig. 7
was established with data on drops of somewhat less than the highest
purity.
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F1a. 15. Wake behind oscillating drop.

A. EvarLuaTioN oF Existing Data

Considerable differences exist among various authors on the terminal
velocities of drops for a given system. After due consideration has been
given small temperature differences, and degree of accuracy of instru-
ments and methods, the disagreement is still wide. Figure 16 shows the
data of several authors for the rate of fall of drops of carbon tetrachloride
through water, It will be noted that there is substantial agreement among
the data for very small spherical drops and for very large drops. But in
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the intermediate region, which includes the sizes of most interest, the
disagreement is greatest. The intangible usually blamed is the presence
of surface-active agents of a type that can segregate near the interface.
In doing so they are said to cause “some sort of surface viscosity” which
inhibits circulation and causes the drops to act more like rigid bodies. If
one wishes to use data from the literature to make process calculations,
he must take this phenomenon into account. The dynamic surface tension
factor, ¢, in the Boussinesq development can be used to more accurately
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Fic. 16. Gross terminal velocity of carbon tetrachloride drops falling through
water.

describe the curve below the peak diameter. It must be evaluated experi-
mentally and is essentially a coefficient of convenience.

The amount of surface-active agent present may be so small that no
measurable change in any physical property, including interfacial tension,
can be detected. This is particularly true if the agent is a finely divided
solid (E1). Lindland and Terjesen (1L4) showed that, after a definite but
small concentration of surfactant had been used, further additions caused
but little change in terminal velocity.

At the same time a definite, radical lowering of the frequency and
amplitude of the oscillations was noted. Such reduction in oscillation
reduces mass-transfer rates.

B. DampPiNG oF OSCILLATIONS

The surface rigidity and lowering of interfacial tension of a drop-
soluble surfactant will cause a smaller drop to be formed from a specific
size of nozzle. The terminal velocity is lowered in a manner independent
of drop size. Figure 17 shows the results of experiments with drops of
chlorobenzene in water. Formed from a nozzle made of a piece of g-in.
brass pipe, the drop of high-purity chlorobenzene fell at 13.1 cm./sec. Ten
cm.3 of TMN (trimethyl nonyl ether of polyethylene glycol; supplied by
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Fic. 17. Reduction of drop size and terminal velocity due to surfactant.
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Union Carbide Chemicals Co.) in the 1.5 gal. of distilled water resulted
in a smaller drop size (which should have had a higher U, in pure water)
and a 23% lowering of terminal velocity.

C. IncreEasED DRaAG

The “surface viscosity” effect on terminal velocity results in a calcu-
lated drag curve that is closer to the one for rigid spheres (K5). The deep
dip exhibited by the drag curve for drops in pure liquid fields is replaced
by a smooth transition without a deep valley. The damping of internal
circulation reduces the rate of mass transfer. Even a few parts per million
of the surfactant are sometimes sufficient to cause a very radical change.

D. INTERNAL CIRCULATION

The effect of slow accumulation of surface-active materials is indi-
cated in Fig. 18, which is a series of photographs of drops suspended in a
tapered tube (H9). Tiny amounts of fine solids of colloidal dimensions,
as desceribed by Elzinga and Banchero (E1), gradually collected at the
interface and were swept around to the rear of the drop. Circulation was
progressively hindered until it was nearly stopped. Yet no measurable
change could be detected in any physical property, including interfacial
tension of the separated phases.

Not until the above effects can be mathematically related can we
expect to progress beyond the experimental stage. To prediet such items
as size of drop formed at a nozzle, terminal velocity, drag curves, changes
of oscillations, and speed of internal circulation, one must possess experi-
mental data on the specific agent in the specific system under considera-
tion. Davies (D1, D2) proposes the use of the equation

100 320!

1+ 15 (@) " ng Bp il
He

9%, Circulation =



84 R. C. KINTNER

in which the “surface compressional modulus” C,—1 is a factor expressing
the degree of reduction from full Hadamard circulation due to surfactants.
For clean surfaces (C,~!'=0) circulation should occur in any drop
regardless of size. But small drops would be more sensitive to cireulation

8 min. 12 min.

Fia. 18. Damping of circulation due to surfactant (H9).

damping than large. The criterion is experimental, of course, but the
equation does satisfy all trends.

A recent paper by Schechter and Farley (83) presented a modification
of the Hadamard approach to relate circulation and mass transfer rates
to interfacial tension gradients. Limited to creeping flow regimes, their
approach appears to be the best to date.

X. Field-Fluid Currents

As has been previously shown in this chapter, the velocity field
around a submerged shape can be mathematically predicted in some cases
and experimentally demonstrated in all. Such a field is shown in Fig. 9.
But as a large drop moves through a stationary liquid field, it will carry
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an envelope of the latter with it. The vortices which are generated behind
the large drop will also follow it a short distance before being damped out.
There is also a lateral movement in such a case. Since some field fluid is
carried downward by a falling drop there must be, in a closed container
of finite size, an upward movement of the continuous phase near the
container wall. A circulation pattern can be set up in a plate or spray
tower by which field liquid will, in a countercurrent flow regime, be
carried backward in the vessel. As noted by Treybal (T2) this constitutes
a form of backmixing. It is another case in which residence time and
valid contact time may not be the same. The vortices behind large drops
also produce lateral dispersion. Data taken in tubes of small diameter
(less than 4 in.) must account for such backward and lateral dispersions
(T2).

XI. Flocculation and Coalescence

After mass transfer in a highly dispersed and intimately mixed sys-
tem has proceeded to a satisfactory degree, the two phases must be in-
dividually recovered. These operations have been described in detail by
Treybal (T1). Each phase must carry the smallest possible amount of
the other, which now is to be avoided as a containment. If the dispersion
operation reduced the droplet size too far, recovery may be expensive.
Small amounts of surface active materials can cause a permanent emul-
sion, 1.e., one which cannot be broken by simple settling. Temporary
emulsions produced by turbulence creators such as mixing impellers will
settle in seconds to a clear line of demarkation between phases. This is
the primary break. One or both layers may, at this time, be fogged with
an extremely fine dispersion of micron sized droplets of the opposite
phase. These are termed secondary emulsions and require a long time
(minutes, hours, or days) to clarify by simple settling. Modern practice
in the petroleum industry utilizes electrostatic means to aid in the coales-
cence of these fine droplets into large ones which can settle out.

A. FroccuraTioNn AND Liquip-Liquip Foams

As drops of this dispersed phase collect near the separation interface,
they will flocculate into a closely packed mass which can best be de-
seribed by the term “liquid-liquid foam.” Each drop is surrounded by a
thin film of the continuous phase. The film between two adjacent drops
can rupture and the two combine by coalescence in the foam layer. Only
those drops near the general phase boundary can coalesce into the general
drop phase layer. The residence time in the flocculation zone can be many
minutes, and considerable mass transfer may oceur there.
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B. CoaLESCENCE OF Drors

If a large drop falls (as in a spray tower) to a pool at the bottom of
the equipment, it will rest on the interface for a time and then coalesce in
an instant with the main body of the heavier phase. If two drops of phase
A are pushed together by an externally applied force, they will remain in
apparent contact for a short time before combining by coalescence into a
single larger drop. In either of these cases, the significant stages of the
operation may be listed as approach, film thinning, film rupture, hole
expansion, and surface contraction.

1. Film Thinning and Rest Time

Consider a large drop of water to be formed at a nozzle submerged in
a continuous phase of benzene contained in a beaker. Let there be a layer
of water under the benzene. The drop of water will fall through the
benzene, rest for a time upon the interface between the layers and coa-
lesce into the main pool of water. If the phases are very pure, the time
of residence of the drop at the interface (rest time) before coalescence
will be reproducible within a small percentage variation. It is affected by
such variables as viscosity (of continuous phase), electrostatic charges,
mass transfer (G10), interfacial tension, density difference between
phases, drop diameter, and purity of materials. If all other factors are
held constant, the rest time is a nearly quantitative measure of the
amount of impurities present. The condition of the experiment, including
the geometry of the apparatus, must be carefully adhered to if reproduci-
ble results are to be attained. Even with these precautions, a Gaussian
distribution of the rest time will result.

The rate of film thinning as a sphere approaches a plane surface has
been analyzed by assuming a slow squeezing-out process. The reduction
of volume of the liquid between the surfaces is equal to that which flows
radially outward through the cylindrical surface connecting the two. The
resulting equation for the time for approach of the sphere from h, to ha
distance of separation has been presented by a number of authors (C2,
G8, H5):

T h
fy = ‘iig,— n (48)

2. Rupture

The rest time is measurable evidence of the rate of thinning of the
benzene film which separates the drop from the main pool of water. It
has been postulated that when this film has been reduced to some definite
“critical” film thickness, rupture will occur. But several authors have
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reported that the critical film thickness was not a constant value for a
given system in a set of carefully controlled experiments (S4).

3. Partial Coalescence

When a drop (water) falls to a flat interface (benzene-water) the
entire drop does not always join the pool (water). Sometimes a small
droplet is left behind and the entire process, called partial coalescence,
is repeated. This can happen several times in succession. High-speed
motion pictures, taken at about 2000 frames per second, have revealed
the details of the action (W3). The film (benzene) ruptures at the
critical film thickness and the hole expands rapidly. Surface and gravita-
tional forces then tend to drag the drop into the main pool (water). But
the inertia of the high column of incompressible liquid above the drop
tends to resist this pull. The result is a horizontal contraction of the drop
into a pillar of liquid above the interface. Further pull will cause the
column to be pinched through, leaving a small droplet behind. Charles
and Mason (C2) have observed that two pinches and two droplets oc-
curred in a few cases. The entire series of events required about 0.20 sec.
for aniline drops at an aniline-water interface (C2, W3).

What happens to the drop liquid after coalescence? If the drop is dyed
before release, the progress of that particular portion can be followed in
the main pool. As the neck of the column is pinched through, surface
forces acting along the raised interface cause the drop liquid to be hurled
into the main body with sufficient force to form a vortex ring which looks
very analogous to a smoke ring in air. Such vortex rings have been ob-
served to penetrate as much as 4 in. from the interface.

4. Two-Drop Coalescence

‘When two large drops are forced together in a liquid field, the same
succession of events will oceur as for a drop at a flat interface. Selected
frames from high-speed (3000 frames per second) motion pictures of the
process are shown in Fig. 19. The drops were of n-butyl benzoate in a
field of distilled water. One of the drops was dyed, and it was observed
that no mixing occurred during the one-twelfth-second sequence. Some
mixing by slow convection currents did occur after coalescence was com-
plete. Excellent photographs of coalescence of two drops adhering to
nozzles were presented by Groothuis and Zuiderweg (G10). They showed
that mass transfer from drops to liquid promoted immediate coalescence.

5. Fibrous-Bed Phenomena

If two liquids of only slight mutual solubility are dispersed by high-
turbulence devices in the absence of a surfactant or emulsifying agent, a
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Fia. 19. Stages of coalescence of two equal sized
drops.
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temporary emulsion will form. The primary settling break will occur in
seconds. If one or both of the two liquids involved be of a polar nature,
one or both of the two layers which result from the settling operation will
be clouded with a fine mist or fog of extremely fine droplets of the oppo-
site layer (B10). Such fogged layers (secondary emulsions) consist of
untold billions of droplets of submicron size suspended in a field of the
opposite phase. These secondary emulsions can not be settled clear for
many minutes or hours. Such an emulsion of benzyl aleohol in water has
been observed to persist for weeks. Coalescence of these tiny droplets into
big ones is necessary if separation by settling is to be completed in rea-
sonable time,

Passage of an emulsion through a fibrous or porous bed will often
cause coalescence and facilitate separation (B10, J2, R2, T1, V2). Such
beds are sometimes dependable and sometimes not. The mechanism of
their operation is shrouded in vagueness and conjecture. No accepted
theory exists on how they accomplish the coalescence of the submicron
droplets into large ones of manageable size. Were one available, it would
facilitate design and aid in selection of materials of construction of such
devices. The following bits of evidence are generally accepted as “facts”:

(a) The fibrous bed must be closely packed and possess a high ratio
of surface area to volume (T1, V2).

(b} The size of the capillary openings must be relatively large (T1).

(¢) The fibers must be preferentially wetted by the dispersed phase
(R2,T1).

(d) The flow rate must be above a certain minimum but below a
certain maximum, Superficial velocities between 0.25 and 1.0 ft./
min. have been recommended for water dispersed in petroleum
fractions (B10, T1, V2). Velocities much higher than these have
been successfully used.

(e) Higher temperatures promote coalescence (B10, T1).

(f) Thin beds will separate coarse emulsions (50-u droplets), but a
bed of several inches is required to coalesce secondary emulsions
of submicron drops (B10). Beds of less than one inch have been
successfully used to remove water from petroleum fractions.

(g) A high-interfacial-tension system is more easily coalesced than
one of low interfacial tension (J2).

(h) Surfactants, dirt, and high viscosity tend to prevent coalescence.

(i) Large drops form and grow on the leading surface (V2).

(j) Large drops “wander” through the bed to the downstream edge,
grow there by accretion of other drops, and break off by a drip-
point formation method.



90 R. C. KINTNER

Several theories have been proposed to explain the action. The fine
droplets are crowded together in the capillaries, where pressure and inter-
drop scraping facilitate film thinning and coalescence. Drops wet the
fiber, stick, and grow by accretion of the other drops, acting as impact
targets for the latter. Electrostatic charges in the fibrous bed cause drop-
lets to combine on the fiber surface with greater ease. Brownian move-
ment of submicron particles causes a greater number of collisions between
them in the crowded capillaries. London-Van der Waals forces can cause
orientation of charged particles and aid in coalescence. It is the present
writer's belief that most of these mechanisms are operative at various
times in various portions of various types of beds. A bed of Teflon fibers
can be made to clarify a secondary emulsion of water in kerosene. The
fibers were very fine (10 p), and Teflon has a unique property of acquir-
ing and holding electrostatic charges although it is not likely to be wetted
by water. A bed of medical cotton will coalesce benzene fog from water
if the cotton is first soaked in benzene. Wettability here seems paramount.
The impact mechanism seems unlikely, as the drop phase should be
heavier than the field phase for successful contact. Submicron particles
should follow streamlines around the target. Capillary crowding and
rubbing against the benzene film on the fibers seems indicated. Observa-
tion through the microscope at about 100X showed fine droplets ap-
proaching a 50-u drop held on fine fibers (8 p diam.) of glass but not
continuing onward. This would tend to confirm the impact theory for
this system (water in n-butanol).

Xll. Summary

Much has been accomplished during the past fifteen years to define
and describe quantitatively the action of single drops in a liquid environ-
ment. Much has also been done to understand more clearly the complex
action present when two liquids are mixed in a highly turbulent field. Let
us examine our needs.

(1) The work by Shinnar and Church (S7) on the use of the concept
of local isotropy should be pursued and extended.

(2) The applicability of the modified lituus equation suggested by
Poutanen and Johnson (P1), to liquid-liquid systems for area during
formation looks promising.

(3) Rates of coalescence in pipelines and other turbulent field ap-
paratus should be studied.

(4) A good model is needed for mass transfer during the formation
of new area, whether this area be created by circulation, oscillations,
formation streteh, interfacial turbulence, or any other mechanism.
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(5) Little is known of liquid-liquid foam zones and the mode of
mass transfer within such zones.

(6) Action occurring in the continuous phase should be investigated
more thoroughly. Both axial and lateral dispersion should be pinpointed
more accurately.

(7) The role of normal impurities in liquid-liquid systems in the
light of surfactants should be clarified and made quantitative. A goal
worth attaining would consist of setting up equations which, with use of
experimentally determined constants, would permit accurate prediction
of terminal velocity, amplitude and frequency of oscillations, and their
combined effect on mass transfer.

(8) Coalescence must occur through the rupture of a separating film
at a “critical film thickness.” Why can we not predict this thickness more
accurately?

(9) What is the mechanism which results in rapid coalescence if
mass transfer occurs from the drops but slow or no coalescence if both
phases are mutually saturated? Interfacial turbulence caused by local
gradients in interfacial tension looks promising.

(10) We have excellent hydrodynamic equations in the creeping-flow
region, and some very good relations for very large drops; but nearly all
important situations must deal with the intermediate range between these
regions. Fundamentally defensible relationships must soon be developed
to replace our present multitude of empirical equations.

(11) Ten thousand partially unknown details of the birth, life, and
death of liquid droplets in a liquid environment are needed. They may
not be dignified with an “analytical” pedigree at once, but they can help
the hydrodynamicist go about his business more soundly.
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Nomenclature

A Area, cm/ g Gravitational acceleration,
a,b Coefficient cm./sect

C Coefficient; Cp is drag coeffi- g. Units conversion constant

cient (unity in dyne c.gs. system)

¢ Concentration, gm. mols/cm? K Mass transfer coefficient; also
D Diameter any coefficient

E  Eccentricity of drop; Du/Dv N Number of moles

E’  Eccentricity of drop; Da/D. p Pressure, dynes/cm.”

F Force, dynes Q Quantity of flow, cm.?/sec.

f Frequency, sec.™ R Radius of sphere, cm.
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r Radius, em. U, T, W Average velocities, cm./sec.
t Time, sec. V  Volume, cm?
U Gross terminal velocity, ecm./sec. z Distance, cm.

u, v, w Velocities, cm./sec. z, Y,z Coordinate axes

GREEK LETTERS

a, 0, ¢ Angles » 3.1416

g Function [Eq. (11)] Density, gm./cm?

v Viscosity ratio, uc/pe Ap Density difference, gm./cm.®

¢ Boussinesq’s “dynamic surface Interfacial tension, dynes/cm.
tension,” gm./sec. Parameter in Eqgs. (41)-(42)

-]

<X 9

¢t Parameter in Eqs. (41)-(42) Function; if a stream function,
7 Refractive index cm.?/sec.

N Diameter ratio, Dp/Dw w Parameter in Eqs. (41)-(42)
x  Viscosity, poise

SUBSCRIPTS

C Continuous phase p Pressure
D Drop phase r Radial

¢ Equivalent sphere S Surface; also solid
H Horizontal T Total; also tank

1 Interfacial V Vertical

L Liquid W Wall
m  Midpoint u Viscous
N Nozzle ¢ Tangential

O Orifice 0 In infinite medium
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I. Introduction
A. Scorr

Fluid is passed through process equipment so that it may be modified
one way or other. It may be heated or cooled, it may gain or lose material
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by mass transfer with an adjoining phase (either solid or fluid), or it may
react chemically.

To prediet the performance of equipment we must know: (a) the
rate at which fluid is modified as a function of the pertinent variables,
and (b) the way fluid passes through the equipment.

Of all possible flow patterns two idealized patterns, plug flow and
backmix flow, are of particular interest. Plug flow assumes that fluid
moves through the vessel “in single file” with no overtaking or mixing
with earlier or later entering fluid. Backmix flow assumes that the fluid in
the equipment is perfectly mixed and uniform in composition throughout
the vessel. Design methods based on these ideal flow patterns are rela-
tively simple and have been developed for heat and mass transfer equip-
ment as well as for chemical reactors.

All patterns of flow other than plug and backmix flow may be called
nonideal flow patterns because for these the design methods are not
nearly as straightforward as those for the two ideal flow patterns. The
methods of treating nonideal patterns either have only recently been
developed or are yet to be developed.

In real vessels flow is usually approximated by plug or backmix flow;
however, for proper design, the departure of actual flow from these
idealizations should be accounted for. Here we intend to consider these
nonideal flow patterns; to characterize them, to measure them and to
use this information in design.

The treatment of these nonideal flow patterns divides naturally into
two parts.

(1) Flow of Single Fluids. The major application here is the design
of chemical reactors (homogeneous and solid-catalyzed fluid systems
using tubular, packed bed or fluidized bed reactors). Of relatively minor
importance is the application to heat transfer from a single flowing fluid
and contamination of fluids flowing successively in pipelines.

(2) Flow of Two Fluids. The major applications are in absorption,
extraction, and distillation, with and without reaction. Other applica-
tions, also quite important, are for shell-and-tube or double-pipe heat
exchangers, and noncatalytic fluid-solid reactors (blast furnace and ore-
reduction processes).

This paper deals with the nonideal flow of single fluids through
process equipment.

B. Typres or FLow

Names have been associated with different types of flow patterns of
fluid in vessels. First of all, we have the two previously mentioned ideal
flow patterns, plug flow and backmix flow. Flow in tubular vessels ap-
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proximates the ideal conditions of plug flow, while flow in agitated or
stirred tanks often closely approximates backmix flow.

Descriptive terms, not mutually execlusive, such as channeling, re-
cycling, eddying, existence of stagnant pockets, etc., are used in connec-
tion with various forms of nonideal flow. In channeling, large elements
of fluid pass through the vessel faster than others do; however, all fluid
does move through the vessel. Channeling may be found in flow through
poorly packed vessels or through vessels having small length-to-diameter
ratios. Stagnant pockets of fluid may occur in headers, at the base of

Stagnant regions

Extreme short-circuiting
and bypassing; a result
of poor design

hanneling; especially
serious in countercurrent
two-phase operations

Fia. 1. Nonideal flow patterns which may exist in process equipment (L13).

pressure gages, and in odd-shaped corners, and cause bypassing of these
regions. By-passing serves to cut down the effective or useful volume of
the equipment, is not desirable, and is an indication of poor design.
In recycling, a certain amount of fluid is recirculated or returned to the
vessel inlet. This type of flow may be desirable, for example, in auto-
catalytic or autothermal reactions, and can be promoted by suitable
baffling arrangements or by proper vessel design. These various types of
nonideal flow are illustrated in Fig. 1.

In most cases nonideal flow is not desired, and by proper design its
gross aspects can be eliminated. However, even with proper design, some
extent of nonideal flow remains due both to molecular and turbulent
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diffusion and to the visecous characteristics of real fluids which result in
velocity distributions. Hence nonideal flow must be accounted for, prefer-
ably in such a manner that quantitative predictions of performance of
real equipment can be made.

C. STiMULUs-RESPONSE METHODS OF CHARACTERIZING FLow

To be able to account exactly for nonideal flow requires knowledge
of the complete flow pattern of the fluid within the vessel. Because of the
practical difficulties connected with obtaining and interpreting such
information, an alternate approach is used requiring knowledge only of
how long different elements of fluid remain in the vessel. This partial
information, not sufficient to completely define the nonideal flow within
the vessel, is relatively simple to obtain experimentally, can be easily
interpreted, and, either with or without the use of flow models, yields
information which is sufficient in many cases to allow a satisfactory
accounting of the actual existing flow pattern.

The experimental technique used for finding this desired distribution
of residence times of fluid in the vessel is a stimulus-response technique
using tracer material in the flowing fluid. The stimulus or input signal is
simply tracer introduced in a known manner into the fluid stream enter-

Tracer Tracer

input ~ output

signal S . signal
(stimulus) —’1 v'”"= ~ gx b ['_> (response)

Random tracer Cyclic tracer
% input signal input signal
g Output signal / /_\
IRaRsaEA o
£ signal
Step tracer Pulse tracer
§ input signal input signal
g Output
signal
:
Time Time

F1e. 2. Stimulus response techniques commonly used in the study of the behavior
of flow systems (L.13).
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ing the vessel. This input signal may be of any type; a random signal, a
cyclic signal, a step or jump signal, a pulse or discontinuous signal or
any arbitrary input signal. The response or output signal is then the
recording of tracer leaving the vessel (see Fig. 2).

We will restrict this treatment to steady-state flow with one entering
stream and one leaving stream of a single fluid of constant density.
Before proceeding further let us define a number of terms used in con-
nection with the nonideal flow of fluids.

1. Open and Closed Vessels

We shall define a closed vessel to be one for which fluid moves in
and out by bulk flow alone. Plug flow exists in the entering and leaving
streams. In a closed vessel diffusion and dispersion are absent at entrance
and exit so that we do not, for example, have material moving upstream
and out of the vessel entrance by swirls and eddies.

An open vessel is one where neither the entering nor leaving fluid
streams satisfy the plug flow requirements of the closed vessel. When
only the input or only the output fluid stream satisfies the closed vessel
requirements we have a closed-open or open-closed vessel.

2. Mean Residence Time of Fluid in a Vessel

The mean residence time of fluid in a vessel is defined as:

volume of vessel
[ available for flow - I;/' (1)

volumetric flow rate
of fluid through vessel

3. Reduced Time

It is frequently convenient to measure time in terms of the mean
residence time of fluid in the vessel. This measure, called the reduced
time, is dimensionless and is given by

f =

ST

(2)

4. I and 1(t)—The Internal Age Distribution of a Fluid in a Closed
Vessel

Taking the age of an element of fluid in a vessel to be the time it
has spent in the vessel, it is evident that the vessel contains fluid of
varying ages. Let the function I be the measure of the distribution of
ages of fluid elements in the vessel and let it be defined in such a way
that I d6 is the fraction of fluid of ages between 6 and 9 + d6 in the vessel.
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Since the sum of all these fractions of fluid is unity (the total vessel
contents) we have

ﬁ) “1do =1 3)
The fraction of vessel contents younger than age 8 is
J1ae
(i

The fraction older than 4 is

[0”1d0'=1—£’1d0'

Where time rather than reduced time is used let the internal age
distribution function be I(¢). Then

I=110) 4)

and the relationships corresponding to those using reduced time follow
(see Fig. 3).

Fraction of vessel contents o
younger than 8, Age distribution of fluid
in exit stream; total area

under curve is unity

internal age distribution; E
slope is never positive, total i i
area under curve is unity Fraction of exit stream

older than 6,
8 [}
¢ ]
Fre. 3. Typical internal age distri- Fic. 4. Typical distribution of resi-
bution of vessel contents (113). dence times of fluid flowing through

a vessel (L13).

5. E and E(t)—The Restdence-time Distribution of Fluid in a Closed
Vessel or the Age Distribution of Exit Stream

In a manner similar to the internal age distribution function, let E be
the measure of the distribution of ages of all elements of the fluid stream
leaving a vessel. Thus E is a measure of the distribution of residence
times of the fluid within the vessel. Again the age is measured from the
time that the fluid elements enter the vessel. Let E be defined in such a
way that E d# is the fraction of material in the exit stream which has an
age between 6 and 6 4+ dd. Referring to Fig. 4, the area under the E vs. 8
curve is

L”Eda=1
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The fraction of material in the exit stream younger than age 6 is
/ "Edo’
0

while the fraction of material older than 6, the shaded area of Fig. 4, is
* v __ 1 _ e ’
[ Edr =1 [Edo

Where time rather than reduced time is used let the residence time
distribution be designated by E(¢). Then

E = tE() (6)

and the relationships corresponding to those using reduced time follow.

6. F Curve—The Response to a Step Tracer Input

With no tracer initially present, let a step funection (in time) of tracer
be introduced into the fluid entering a vessel. Then the concentration-
time curve for tracer in the fluid steam leaving the vessel, measured in
terms of tracer concentration in the entering stream Cy and with time in
reduced units, is called the F curve. As shown in Fig. 5, the F curve
rises from 0 to 1.

Step function
tracer input signal

Tracer output
signal or
F curve

F = C/Co

I

|

|

|
N S

f

|

F1a. 5. Typical downstream response to an upstream step input; in the dimension-
less form shown here this response is called the F curve (L13).

7. C Curve—The Response to an Instantaneous Pulse Tracer Input

The curve which describes the concentration-time function of tracer
in the exit stream of any vessel in response to an idealized instantaneous
or pulse tracer injection is called the C curve. Such an input is often
called a delta-function input. As with the F curve, dimensionless co-
ordinates are chosen. Concentrations are measured in terms of the initial
concentration of injected tracer if evenly distributed throughout the
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vessel, C?, while time is measured in reduced units. With this choice the
area under the C curve always is unity, or

0 wC
A0d0=£00d9_1 )

C°=/(; Cdo = /Cdt

A typieal C curve is shown in Fig. 6.
The terms F, C, I and E were introduced by Danckwerts (D4, D8).

or

Deita-function or pulse
tracer input signal
Q T
Q .
Area = | Tracer output signal
g i I or C curve
|
|
|
|
|
0 R
|
]
0 1

Fic. 6. Typical downstream response to an upstream delta function input; in the
dimensionless form shown here this response is called the C curve (L13).

8. Relationship between Tracer Curves, Age Distribution, and Residence-
Time Distribution of Fluids Passing through Closed Vessels

By material balance, the experimental response curves F and C can
be related to the I and E distributions. Thus, at any time ¢ or 6, we have
from Danckwerts (D4) or Levenspiel (L13),

F=1-I=1-{I¢)= ["Ed¢ = ['E@)d = ['Cde’ (8)
0 0 ]

or

c-e=igp=-F- 2_ _pdl) ©)

Equation (9) is a special case of the easily proven fact that for a linear
system, if input 2 is the derivative of input 1, then output 2 is also the
derivative of output 1.

These relationships show that the F curve is related in a simple way
to the age distribution of material in the vessel, while the C curve gives
directly the distribution of residence times of material in the vessel. In
addition, the C and E curves represent the slopes of the corresponding
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F and I curves, while the F and I curves at a given time represent the
area under the corresponding C and E curves up to that time.

Thus we see that the stimulus-response technique using a step or pulse
input function provides a convenient experimental technique for finding
the age distribution of the contents and the residence-time distribution of
material passing through a closed vessel.

Plug flow Backmix flow Arbitrary flow

—_ ) g

T

@

Il 1 1 Maximum
! siope
A=l |
i
Aea = | Area = |
J 0 L o — o
6 =05 1 6y=1 | 1
|
|
1 1 1 I
d i
Maximum
1=t I sope
2 | P f | o
1 i 1 | 1
!
|
V:l;:(l)} |, Maximum value
E=aC ! |
|
|
Au =] | A m] 0
1 i Ig=1 " [

Fia. 7. Properties of the F, C, I, B curves for particular patterns of flow (dead-
water regions and bypassing flow absent) in closed vessels (L13).

Figure 7 shows the shapes of these curves for various types of flow.
It is interesting to relate the mean of the E curve

!0” 9E do -
~ = / 0E do (10)
L Eds Jo

to the mean residence time of fluid in the vessel, #= 1 or 7. By material
balance we find

e =

1 SO

E =
E

For other than closed vessels, this does not hold. This fact, probably

7 = 1} only for closed vessels.

o
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somewhat strange to the intuition, was first shown by Levenspiel and
Smith (L.16) and was proved in a general manner by Spaulding (821).

D. Ways oF UsiNg TRACER INFORMATION

Suppose we are given two separate pieces of information, the resi-
dence time distribution for plain unchanging fluid passing through the
vessel and the kinetics! for a change which is to be effected in the vessel.
Can we prediet what will be the performance of the vessel when this
change is occurring in the vessel? The answer depends on the type of
change occurring. If this is simply a linear function of an intensive
property of the fluid, then the performance can be predicted, or

tracer rate information performance
information for a process of equipment
for flowing +  with rate linear —  when this
unchanging in an intensive process Is
fluid fluid property oceurring

As illustrations, consider the following three cases. (a) Isothermal
reactor for first order reaction. Knowledge of the rate constants for the
reaction and of response characteristics for the vessel suffices to predict
how the vessel will perform as a reactor. (b) Nonisothermal reactor. 1f
the temperature, hence, the rate, is a function of position as well as
concentration, then tracer plus rate information is insufficient to prediet
performance. (c) Heat transfer to a fluid flowing in a heat exchanger.
Since the heat-transfer rate depends not only on the temperature of fluid
and of the vessel walls but also on the contacting pattern, the perform-
ance of the vessel as a heat exchanger cannot be predicted by having only
the tracer information and the heat transfer coefficient. Applications will
be treated in more detail later.

If the linear requirements on the kinetics of change are not satisfied,
then the performance of equipment cannot be predicted from these
separate pieces of information. In this case the actual flow pattern of
fluid through the vessel must be known before performance predictions
can bhe made.

As mentioned earlier, obtaining and interpreting the actual experi-
mental flow pattern is usually impractical. Hence, the approach taken is
to postulate a flow model which reasonably approximates real flow,
and then use this flow model for predictive purposes. Naturally, if a flow
model closely reflects a real situation, its predicted response curves will
closely match the tracer-response curve of the real vessel; this is one
of the requirements in selecting a satisfactory model.

! Kinetics is used here to mean any type of rate process.
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This is a fruitful approach, and much of what follows concerns the
development and use of such flow models. The parameters of these models
are correlatable with physical properties of the fluid, vessel geometry,
and flow rate; once such correlations are found for all types of fluid
processing, performance predictions can be obtained without resort to
experimentation.

Many types of models can be used to characterize nonideal flow
patterns within vessels, Some draw on the analogy between mixing in
actual flow and a diffusional process. These are called dispersion models.
Others visualize various flow regions connected in series or parallel.
When backmix flow occurs in all these flow regions we have the tanks-in-
series, mizing-cell, or backmiz models. When different types of flow
regimes are interconnected, we have combined models. Some models are
useful in accounting for the deviation of real systems (such as tubular
vessels or packed beds) from plug flow, others for describing the devia-
tion of real stirred tanks from the ideal of backmix flow.

Models vary in complexity. One-parameter models seem adequate to
represent packed beds or tubular vessels. On the other hand models in-
volving up to six parameters have been proposed to represent fluidized
beds.

We shall first discuss the dispersion and backmixing models which
adequately characterize flow in tubular and packed-bed systems; then
we shall consider combined models which are used for more complex
situations. In connection with the various applications, the direct use
of the age-distribution function for linear kinetics will also be illustrated.

Il. Dispersion Models

A. GENERAL DESCRIPTION

Dispersion models, as just stated, are useful mainly to represent flow
in empty tubes and packed beds, which is much closer to the ideal case of
plug flow than to the opposite extreme of backmix flow. In empty tubes,
the mixing is caused by molecular diffusion and turbulent diffusion,
superposed on the velocity-profile effect. In packed beds, mixing is caused
both by “splitting” of the fluid streams as they flow around the particles
and by the variations in velocity across the bed.

When flow is turbulent the resulting concentration? fluctuations are
rapid, numerous, and also small with respect to vessel size. They might be
considered to be random, which would lead to a diffusion-type equation.

In actual fact, the fluctuations are not independent, and correlations

2 Concentration is used here in a general way. It could also represent tempera-
ture, etc.



TABLE I

DispPERSION MoODELs®

Simplifying assumptions
or restrictions in addition
to those for the model Parameters of
Name of model above model Defining differential equation

General dispersion: . aC
;léglclgiss (;lrllt(einucal Constant density D, u o +u-VC =V-(D-VC) + 8 41, -1
source terms

General dispersion Bulk flow in axial ac R ¢ 3 D R ﬁ
in cylindrical direction only. Dr(R), Dy(R), w(R) o7 T B 5% = L(R)
co-ordinates Radial symmetry
+ Tz 673 RDR(R) = + S+r (I-2)
Uniform dispersion Dispersion coefficients , 9*C | D'pm aC
independent of position D'rmy D'1m, u(R) aT +u(R) 75 aX = D'im Im X2 + % R 51} R4 3R
hence constant
+8+r. (I-3)
Dispersed plug flow Fluid flowing at mean Dg, D1, u aC aC 3*C  Drd
velocity, hence plug flow ar teox = Dy axt T RoR R 673 +8+r (I4)
Axial dispersed No variation in properties Dy, u ,
plug flow in the radial direction ’ T +uss a =Dy Ly Xz + N (I-5)

* From Bischof and Levenspiel (B14.)
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exist between them. Unfortunately, the inclusion of such correlations into
the analysis would greatly complicate it; instead of a partial differential
equation of the diffusion type, we would obtain an integro-differential
equation. Moreover, the detailed theories of turbulence are not yet suf-
ficiently developed to justify their use to describe mixing (especially in
such complicated systems as packed beds). Hence, we shall not discuss
them deeply; a thorough treatment is given by Hinze (H9).

As the alternative, a phenomenological description of turbulent mix-
ing gives good results for many situations. An apparent diffusivity is
defined so that a diffusion-type equation may be used, and the magnitude
of this parameter is then found from experiment. The dispersion models
lend themselves to relatively simple mathematical formulations, analo-
gous to the classical methods for heat conduction and diffusion.

The only real test of such an assumption is its success in representing
real systems. In general such models seems to work well for both empty
tubes and packed beds; however, recent work has shown limits on the
accuracy with which the mixing may be represented by these models
(B4, R3).

The remainder of this section will be devoted to describing the
methods for measuring dispersion coefficients and the resulting correla-
tions of the data.

B. MATHEMATICAL DESCRIPTIONS

Table I lists the equations corresponding to the various dispersion
models ranging from the most general to the most restricted.

1. General Dispersion Model

Equation (I-1) is the general representation of the dispersion model.
The dispersion coefficient is a function of both the fluid properties and the
flow situation; the former have a major effect at low flow rates, but
almost none at high rates. In this general representation, the dispersion
coefficient and the fluid velocity are all functions of position. The disper-
sion coefficient, D, is also in general nonisotropie. In other words, it has
different values in different directions. Thus, the coefficient may be
represented by a second-order tensor, and if the principal axes are taken
to correspond with the coordinate system, the tensor will consist of only
diagonal elements.

2. General Dispersion Model for Symmetrical Pipe Flow

The first simplification of importance is for the frequently encoun-
tered situation of symmetrical axial flow in cylindrical vessels. For this
particular geometry, the dispersion coefficient tensor reduces to (HS8),
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Di(R) 0 0
D= 0 Dr(R) 0 (11)
0 0 Dz(R)

and Eq. (I-1) reduces to Eq. (I-2). With the dispersion coefficients in the
axial and radial directions, D;(R) and Dz(R), and the fluid velocity,
u(R), all functions of radial position, analytical solutions of this equa-
tion are impossible. This makes evaluation of dispersion extremely dif-
ficult; hence further simplifications are needed to permit analytical solu-
tions to the differential equation.

3. Uniform Dispersion Model

If the axial and radial dispersion coefficients are each taken to be
independent of position, we get Eq. (I-3) for which an analytical solution
will sometimes be possible. We shall call the coefficients of this model the
uniform dispersion coefficients; thus the parameters of this model are
Dz’ D/ and u(R).

4, Dispersed Plug-Flow Model

Even with constant dispersion coefficients, accounting for the velocity
profile still creates difficulties in the solution of the partial differential
equation. Therefore it is common to take the velocity to be constant at
its mean value u. With all the coefficients constant, analytical solution
of the partial differential equation is readily obtainable for various situa-
tions. This model with flat velocity profile and constant values for the
dispersion coefficients is called the dispersed plug-flow model, and is
characterized mathematically by Eq. (I-4). The parameters of this model
are Dp, Dy, and u.

In this model, the effect of the veloecity profile is “lumped” into the
dispersion coefficients, as will be discussed later. In comparison, the
coefficients calculated from the uniform dispersion model, or the general
dispersion model, are more basic in the sense that they do not have two
effects combined into one coefficient.

5. Azial-Dispersed Plug-Flow Model

When there is no radial variation in composition in the fluid flowing
in the eylindrical vessel, the only observable dispersion takes place in
the direction of fluid flow. In this situation Eq. (I-4) reduces to Eq. (I-5),
and we get the axial-dispersed plug-flow model with parameters D’
and u.

With this model the mathematical problems are greatly simplified
since the radial variable is eliminated completely, decreasing the number
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of independent variables by one. Because of this simplification it is con-
venient to use this form whenever possible. The justification and limita-
tions of this model will be discussed later.

C. MEASUREMENT OF DisPERsIoON COEFFICIENTS

1. Tracer Injection

As has been discussed, the usual method of finding the dispersion
coefficients is to inject a tracer of some sort into the system. The tracer
concentration is then measured downstream, and the dispersion coeffi-
cients may be found from an analysis of the concentration data. For
these tracer experiments there are no chemical reactions, and so r, = 0.
Also the source term is given by

= 15X = Xf(R) (12)

where
I = injection rate of tracer,
§(X — X;) = Dirac delta function (820), simply indicating that tracer is
introduced at position zo.
f(R) = 1/E* R L E,
=0,E <R<R,
E = injector-tube radius.

If Eq. (12) is substituted into Eq. (I-2), it becomes,

50+ ulk) 22 = Du(R) S5 + T = RDa(B) O

aX* ' R aR
+Lax - xorm) (13)

Equation (13) is the starting point for the detailed discussion of meas-
urement techniques to follow.

2. Azial-Dispersed Plug-Flow Model

a. Preliminary. Three methods are commonly used to find the effec-
tive axial dispersion coefficient, all involving unsteady injection of a
tracer either in the form of a pulse or delta function, a step function,
or a periodic function such as a sine wave, over a plane normal to the
direction of flow. The tracer concentration is then measured downstream
from the injection point. The modification of this input signal by the
system can then be related to the dispersion coefficient which character-
izes the intensity of axial mixing in the system.

The same information can be found from all methods. The periodic
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methods present advantages in situations with extremely rapid response;
however, the nonperiodic methods, especially the pulse methods, are
often preferable from the point of view of simplicity of experimental
equipment and ease of mathematical analysis. For this reason, our discus-
sion will therefore be centered about the pulse methods.

If a pulse of tracer is injected into a flowing stream, this discontinuity
spreads out as it moves with the fluid past a downstream measurement
point. For a fixed distance between the injection point and measurement
point, the amount of spreading depends on the intensity of dispersion
in the system, and this spread can be used to characterize quantitatively
the dispersion phenomenon. Levenspiel and Smith (L16) first showed
that the variance, or second moment, of the tracer curve conveniently
relates this spread to the dispersion coefficient.

In general, all moments are needed to characterize any arbitrary
tracer curve, the first moment about the origin locating the center of
gravity of the tracer curve with respect to the origin, the second moment
about this mean measuring the spread of the curve, the third moment
measuring “skewness,” the fourth measuring “peakedness,” etc. However,
under the assumptions of the dispersion model, the tracer curve is gener-
ated by a random process, so only two moments need be considered
independent and the rest are functions of these. For convenience, we
choose the first two moments, the mean and variance, as independent.

The next problem is to find the functional relationship between the
variance of the tracer curve and the dispersion coefficient. This is done
by solving the partial differential equation for the concentration, with
the dispersion coeflicient as a parameter, and finding the variance of this
theoretical expression for the boundary conditions corresponding to any
given experimental setup. The dispersion coefficient for the system can
then be calculated from the above function and the experimentally found
variance.

b. Perfect Pulse Injection. We shall first put Eq. (13) into the form
needed for mathematical solution, and then briefly discuss the boundary
conditions used by previous workers. In Eq. (13) set the radial terms
equal to zero, make the velocity constant, and substitute Dy’ for Dy (R).
This gives

aC aC . ,8C | I

at T X D, Xt ' &
The function f(R) becomes 1/R,2, since injection is uniform over the
entire plane. The rate of tracer injection, I, is now a function of time.
If we define Cl,. as the concentration of injected tracer if evenly dis-
tributed throughout the vessel, for a perfect pulse input, we have

5(X — Xo) 1—310—2 (14)
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I = Cz;veva(t) (15)
It is convenient to change the variables to dimensionless form:
6 =ut/L =vt/V
x = X/L
P = uL/D/
L = length of test section
C' = C/C;ve

Equation (14) then becomes,

ac’  ac 1 9%
% <+ % = Pog + 8(x — x0)8(8) (16)

The mean and variance of the tracer curve are defined as
o= /; * 8¢’ d§ = mean about 8 origin

= first moment about § origin (17)

o = ﬁ) * (8 — m)*’ do = second moment about the mean (18)

As shown by van der Laan (V4) and Aris (A7), if Laplace transforms
are used to solve Eq. (16), the mean and variance may be easily found
from the relations

My = “‘1’13(1) 5‘5 (19)
.o
ot <2°>

and in general,

Uy = ‘/; * gn¢’ d9 = nth moment about 8 origin

. one
= (—=1)r1 21
(=1 lim =2 (21)
where
p = Laplace transform variable,
EI

= Laplace transform of ¢'.

The only difference now in various treatments comes from the boundary
conditions used to solve Eq. (16).

The simplest type of boundary conditions to use in solving Eq. (16)
are the so-called “infinite pipe” conditions. With these conditions, the
vessel is assumed to extend from—oo to + . Physically this means that
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the changes in flow at the ends of the vessel are neglected. Usually the
flowing fluid is led into the vessel in which the dispersion is to be meas-
ured through a pipe that has dispersion characteristics different from that
of the vessel. Likewise, the exit pipe will generally have different charac-
teristics than the vessel. These end effects will affect the measurement of
the dispersion in the main vessel and should be taken into account. It is

TABLE II

ExPERIMENTAL ScHEMES Usep IN RELATION TO THE AXIAL-
DispersEp Prue-FLow MobEL

Experimental scheme

Expression for finding
the dispersion coefficient

Where first derived

(a)

Levenspiel and

77
oo +00/ o4 L
ol A// (/) ; Gé-l+ $£2.23) | gnith [Lig]
= %5 + B .Ea 24
& function output
input
© X=0 X=X, w, £q.(28)
X=Xq / X=Xm
4 | van der Loan [V4]
f— |
& function o2, Eq.(29)

(c)

<00
7

5
=

A ]
N

Aps pe, 4, =1 £q.(40)
2
Agk al-ol= §Ea(4n

Aris (A8)

Bischoff {(BI1)

L W -

any input‘

any input
(d X=Xq Ap,Eq.(38) Aris (A8)
_2- X=X, X=xnﬂ
A 4 !
r—L-—d _
any input Au? Eq.(39) Bischoff (BI1)
(e) X0 X=X, see reference (BI4) Bischoff and
Levenspiel {B14)
X=X X=X
) L il
r’— L “’l
any input
) X=0 X=X, see reference (B14) Bischoff and

Levenspiel {(Bi4)
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found, if tracer is injected and measured far enough from the ends of
the vessel, that the end effects are negligible; the distances from the ends
that are necessary in order that this be true for various cases will be
discussed later.

Levenspiel and Smith (L.16) dealt with this simplest of cases which
is shown in the first sketch of Table II. Using the open vessel assumption
and a perfect delta-function input, they found that the concentration
evaluated at x = 1 was given by

¢ = % <7%>1/2 exp [—P(%““;a)z:l (22)

From this equation (or from its Laplace transform) the first and second
moments are found to be,

2
pre = 1 4 5 (23)
2
=3+ (24)

Van der Laan (V4) extended this for much more general boundary
conditions that took into account the different dispersion in the entrance
and exit sections. These boundary conditions were originally introduced
by Wehner and Wilhelm (W4). They assumed that the total system could
be divided into three sections: an entrance section from X = —o to
X =0 (designated by subscript a), the test section from X =0 to
X = X, (having no subseript), and the exit section from X= X, to +o
(designated by subscript b), each section having different dispersion
characteristies. This is illustrated in the second sketch in Table I1.

The boundary-value problem then had the form:

dcs | dc’ 1 9%

6 T ox " Baw 0 x<0 (258)

o9 L 00 L& _ 5y x)sl) 0<x<x,  (25b)

20 &‘_EE)F=O X, <x (25¢)
with boundary conditions,
¢ (x,0) = ' (x,0) = ¢c(x,0) =0 (26a)
¢’ (—=, 6) = finite (26b)
¢/ (0-, 8) = ¢'(0,0) (26¢)
¢/(0-,8) — 1 "c“ = (0,6) = ¢(0%,6) - 1—9-"- 0+, 6) (26d)
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rg— gy — L8 _Llda o

c (xs ) 0) Pax (X, ,0) = Cp (xe+; 0) P, ox (X, ye) (263)
d(x,-, 6) = ¢’ (x.%, 6) (26f)
¢’ (4, ) = finite (26g)

The physical significance of these boundary conditions is as follows.
Equation (26a) represents the fact that just before the tracer is injected
into the system the concentration is everywhere zero. Equations (26b)
and (26g) are obvious since a finite amount of tracer is injected. Equa-
tions (26d) and (26e) follow from conservation of mass at the boundaries
between the sections (W4); the total mass flux entering the boundary
must equal that leaving. Equations (26¢) and (26f) are based on the
physieally intuitive argument that concentration should be continuous
in the neighborhood of any point. These boundary conditions will be used
extensively in the subsequent derivations.

Van der Laan (V4) solved the above system by Laplace transforms,
and obtained the following result for the transform of the concentration
evaluated at x = %, (%0 < X < Xo) !

(@ + ¢.)(q + @) + (9 — go)(q — gp)e~2aPx-D

ot o €V27OP 4 (g = gJ)(q + que 2P + (q + o)(q = Qoo 2Pk
" 2q @+ 0@+ ©) — (@ — 9)(q — go)e—2ePx

(27)

It can be seen, from the complexity of Eq. (27), that to find the
inverse Laplace transform in the general case would be exceedingly
difficult, if not impossible. Yagi and Miyauchi (Y1) have presented a
solution for the special case where D, = Dy = 0. Fortunately, the mo-
ments can be found in general from Eq. (27) without evaluating the
inverse transform, They are,

m=1+pM2— (1= aePe— (1 = hePa—s)] ()

#=2+ L8420~ a0 - pere

— (1 — @)e"P=[4x,P + 4(1 + a) + (1 — a)e~Px]

— (1 = b)e=Pm-I[4(x, — x,)P + 4(1 + b) + (1 — be-Pw—2)]}
(29)

where a = P/P, and b = P/P,. Van der Laan (V4) shows how these
equations reduce to simpler forms for many cases. In particular, they
reduce to Eq. (23) and (24) for the open vessel where a =1, b=1.

¢. I'mperfect Pulse Injection. Both Levenspiel and Smith's and van
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der Laan’s work depended on being able to represent the tracer injection
by a delta function, a mathematical idealization which physically can
only be approximated since it requires that a finite amount of tracer
be injected in zero time. The closer a physical injection process approxi-
mates a perfect delta function, the greater must be the amount of tracer
suddenly injected. However, since we are trying to measure the proper-
ties of the system, we would like to disturb the system as little as possible
with the injection experiment. Thus we should inject slowly from this
standpoint. Unfortunately, these two requirements are in opposite direc-
tions. To satisfy the mathematical delta function we must inject very
rapidly, but in order to not disturb the system we must inject slowly.

Aris (A8), Bischoff (B11), and Bischoff and Levenspiel (B14) have
utilized a method that does not require a perfect delta-function input.
The method involves taking concentration measurements at two points,
both within the test section, rather than at only one as was previously
done. The remaining sketches in Table II show the systems considered.
The variances of the experimental concentration curves at the two points
are calculated, and the difference between them found. This difference
can be related to the parameter and thus to the dispersion coeflicient.
It does not matter where the tracer is injected into the system as long
as it is upstream of the two measurement points. The injection may be
any type of pulse input, not necessarily a delta function, although this
special case is also covered by the method.

Since the injection point is not important, it is convenient to base
the dimensionless quantities on the length between measurement points.
Therefore, we will here call X, the first measurement point rather than
the injection point as in Levenspiel and Smith’s or van der Laan’s work.
The position X,, will be taken as the second measurement point. The
injection point need only be located upstream from X,. Equation (16)
is again the basis of the mathematical development. With the test sec-
tion running from X = 0 to X = X, we shall measure first at X, < 0 and
then at X,, > 0 where the second measurement point can be either within
the test section, X,, < X,, or in the exit section, X,, = X,. Tracer is in-
jected at X < X,. The boundary-value problem that must be solved is
somewhat similar to that of van der Laan:

aa, aal 1024'

RS S 5 SUNEEEEUC
’ ’ 27

g_; g—i—%%=0 0<x<x, (31)
' ! 2, 7

goy’ | doy _ 1 8% _ x> X, (32)

o8 ox P, 9x?
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with boundary conditions:

e’ (%,0) = ' (x,0) = ¢/ (x,0) = 0 (33a)
¢’ (Xo, ) = ¢ (0) (33b)
(0 8) — "c“ = (0, 6) = (0%, 6) 1—"—9 06  (330)
¢'(0-,8) = ¢ (0+, 6) (33d)
(%, 6) = o' (xF, 6) (33¢)
¢ 0) — B0 (5, 0) = /x4, 0) — 3 S (xh0) (33
¢/ (+oo, 0) = finite (33g)

There are no source terms in Eg. (31), since the injection point is
upstream from the sections over which the equations are to be used. The
boundary conditions are of the same type used by van der Laan (V4),
except for Eq. (33b). This merely states that we are going to measure
the concentration at X = X,, which we call ¢y”. The solution of Egs.
(30), (31), (32), and (33) is again accomplished by the use of Laplace
transforms following the same scheme as given in (A8, B11, B14). The
Laplace transform of the concentration at x = x,, is

!

& — 2 (g 0 exp [ + OPxn — %]
+ @+ q)exp [ — QOPxn ~ x)]}, xn<x (34)
= Mo [ - QP ~x)], T2 X (35)
where

A= (q+ q){(q — q») exp [(F + Qu)PuXo — (3 + QPx(]
+ (¢ + @) exp [3 — ¢)Pixo — (3 — QPx.]}
—(q — @) {(q — q») exp [(F — ¢o)Paxo — (3 + Q)Px.]
+ (q + q») exp [(§ + @)Paxo — (3 — QPx.]}

Notice that the right-hand side of Eq. (34) is equal to the ratio of the
transformed concentration at the second measurement point to the trans-
formed concentration at the first measurement point, In the terminology
of control engineering, this quantity is the transfer function of the
system between X, and X,. The Laplace-transform method is possible
because the diffusion equation is a linear differential equation. Thus,
the right-hand side of Eq. (34) could in prineciple be used in a control-
system analysis of an axial-dispersion process.
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The mean and variance can be found from Eqgs. (34) and (35) by
use of van der Laan’s method, Eq. (21). The results are of the form

Aﬂ'l = Mim T M0 & 'pl(P; Pa; Pb} Xg, X, xa) (36)
Ad? = 0,2 — o = (P, P,, Py, X0, X, Xe) (37)

where y; and ys are cumbersome functions given by Bischoff and Leven-
spiel (B14). In order to use this method, the tracer concentration is
measured at two points X, and X, and the variances calculated. The
difference in variances can be found, and this number is then used in
Eq. (37) along with the physical dimensions of the experimental ap-
paratus to calculate P, hence D’;.

An interesting simplification of these general expressions oceurs when
we take both measurements within the test section. In this case Eqgs. (36)
and (37) become

1= (| _ exp [=P]) exp [P(xn — x.)] (38)

By = 1= =5~

80t = 5+ 152 exp [P(xn — x)1{4(1 + D)(exp [~P] — 1)

+ 4P(x,, — x.) + (1 — b)(exp [—2P] — 1) exp [P(xn — X.)]
+ 4P(x, — xo) exp [—P]} (39)

as found by Aris (A8) and Bischoff (B11).
These expressions reduce even further to particularly simple forms for
the case of an infinite tube or where b = 1. Thus letting subseript oo

refer to the infinite tube, or open vessel, case we find as shown in the
third sketch of Table IT

Al‘lw =1 (40)
Ao = %—, (41)

As far as the actual use of these expressions in their most general
form, Eqgs. (36) and (37), probably the only case which need be con-
sidered is that represented by the bottom sketch of Table II. Here meas-
urements are taken only on either side of the test section. This type of
measurement could be used to find the dispersion characteristics of a
process vessel in a plant where no means are available for inserting a
probe inside the vessel. With these equations, measurements need be
taken only on either side of the text section.

When the probes can be inserted within the test section, then Eqs. (38)
to (41) can be used. Comparing these expressions we see that it is highly
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desirable to make measurements far enough away from the ends of the
vessels so that end effects become negligible, in which case the extremely
simple expressions, Eqs. (40) and (41), can properly be used. Another
even more important reason for using the infinite tube expressions is that
the end effects cannot be exactly accounted for in real systems because
of the complex flow patterns at these locations. Thus Egs. (38) and
(39) at best only give approximate end corrections,

However, there is one important use for Eqs. (38) and (39): to esti-
mate the magnitude of the end effects as represented by the second term
in Eq. (39). This will let us know how far in from the ends of the vessel
the probes must be placed so that end effects can be neglected and the
simpler equation used. Bischoff and Levenspiel (B14) present design
charts which allow making such an estimation. As an example in a typi-
cal packed bed (d:;/d, = 15) followed by an empty tube these charts
show that the measurement points should be placed at least eight particle
diameters into the packed section for less than one percent error. For
more details see (B14).

d. Perfect Step Injection. For a perfect step input, the injection rate,
I, in Eq. (14) will be represented by the unit step function, U(t). The
equation in dimensionless form then becomes:

’ ’ 9 7
R 1R L0 (42)
As an example of the solution of Eq. (42), Lapidus and Amundson (I.3)
and Robinson (R4) considered the closed-open (semi-infinite) system
and obtained the solution:

, 1 1—¢ 140 ]
—F = Lferfe—t=t— 4 pumgpfe—nLtl | (43
© 2[e oo T T e Y

Since the step response (F curve) is the time integral of the pulse
response (C curve), the Laplace transform of the step response for the
general boundary conditions as used by van der Laan will be given by
dividing equation (27) by the transform variable, p,

Em[Egp. (27)] (44)

—/
Cm,step =

Thus, many other solutions could be generated from Eq. (44) if the in-
verse transforms could be found. As mentioned previously, however, this
would be exceedingly difficult in most cases.

The usual method of relating the dispersion coefficient to the experi-
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mental response has been to compare the theoretical and experimental
slopes at § = 1. This immediately leads to some problems, however. In
order to have a formula for the slope, the solution in the time domain of
Eq. (42) must be available. Since this solution for general boundary
conditions is not known, and estimation of end effect error is not possible.
Taking the derivative of experimental data is usually very inaccurate,
leading to further errors. Also, only a small part of the experimental
information, that around 6 = 1, is used. It is not an “efficient” method.

A better data analysis method, as yet unused, might be to use the
area under the step response curve. It can be shown that the moments are
related to the step response by

_ ? . C6)
yn—n/; 6 IC(O)do

for a “down-step” or purge run, and

(i} C(e)

for an “up-step” or feed run. Thus the entire range of data could be
used, as is done in the pulse method. The general expressions for the mo-
ments as given by Egs. (28) and (29) can again be used for calculating
the dispersion coefficients. Hyman and Corson (H17) have devised an on
stream analog computer to perform these calculations.

e. Imperfect Step Injection. In principle, by injecting an imperfect
step function and then measuring twice, the dispersion coefficient could
be calculated. This is so because when solving Eqgs. (30), (31), (32), and
(33) no assumptions were made about the form of the response at the
first measuring point. Thus, Cy’() could have any form, including im-
perfect pulses and steps. This is also obvious from Eq. (34) which is
merely the transfer function, or the ratio of the Laplace transforms of
the concentrations at the two measurement points. The method of using
slopes could not be used, though, because the time domain rather than
the Laplace transformed solution would be necessary.

However, the moment method could again be used to give differences
in the moments. This information could then be used with Eqs. (36)
and (37) to find the dispersion coefficient.

f. Comparison of Pulse and Step Methods. A brief summary of the
advantages of the pulse and step injections methods is given below.

(1) Experimental Problems. It is usually easier to approximate a
perfect step than a perfect pulse. However, this is not important when
two measurements are taken. Also, the imperfect pulse might be prefer-
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able for commercial testing since the system would not be disturbed
for as long a time as with the step input.

(2) Characterization of Data. The use of the moments for either
pulse or step data would seem to be best since the data is integrated and,
thus, a smoothed “mean square” fit is obtained. Other methods use only
the data from a narrow region such as at the pulse maximum or the slope
of the step response at a given location.

(3) Computation Errors in Analyzing the Data. Probably the most
serious drawback in using moments is that the tail end of the recorded
curve plays too strong a role and slight errors here are magnified. How-
ever, taking the slope of the step response data is usually a rather inac-
curate process also.

(4) Comparison With Model. Use of moments enables the general
expressions with any desired boundary conditions to be utilized. Other
methods require time domain solutions to be known which can be found
only for limited circumstances.

g. Periodic Injection. The sinusoidal input method has been discussed
by Rosen and Winsche (R5), Kramers and Alberda (K14), Deissler and
Wilhelm (D13), Ebach and White (E1), and McHenry and Wilhelm
(M4).

The output may be found from Eq. (14) by assuming a periodic solu-
tion of the form

A(x)e—ws

where w is a dimensionless frequency, @ = wL/u. A simpler and more
general method would be to recall from Laplace transform theory that
the response to a sinusoidal forcing function for a system can be found
by replacing the transform variable, p, by +tw. (This method is used
very widely in automatic-control theory, where the frequency response
is found by replacing the transform variable s in the transfer function
(impulse response) by +iw.) With this substitution, the amplitude ratio
can be found from the absolute value of the complex transfer function,
and the phase lag from the argument of the complex transfer function.

Thus the response to a periodic injection for very general boundary
conditions can be found by substituting p = +iw into Eq. (34). The
results for the general case would be very complicated; so, as an illustra-
tion of the form of the periodic response, we will consider only the
simplest case: a doubly infinite system. For such a system, D;,/ = D}’
= Dy, and Eq. (34) reduces to

e~ exp [ (5 - 0P ] (45)

The transform variable, p, appears only in q,
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Therefore, the response is given by
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~
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The amplitude ratio is

Cn’

= ¢(P/2)QA—p)

&’
and the phase lag is
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(46)

(47)

(48)

(49)

These equations were used, for example, by Ebach and White (E1). The
periodic response for more general boundary conditions could be found
from Eq. (34) by the same method, but the results would of course be

much more complicated.

h. Ezperimental Findings. Literature data on axial dispersion of
numerous investigators are presented in Figs. 8, 9, and 10. One of the
problems in bringing the data together in a generalized manner is the
choice of a characteristic length which will account for both particle
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Fia. 8. Axial dispersion in packed beds, dispersed plug flow model (L13).
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F1a. 9. Axial dispersion in pipes, dispersed plug flow model (L13).

size and tube size, and allow for comparison of packed bed data with
empty tube data. For this purpose the hydraulic diameter used by Mott
{(M12), Wilhelm (W10), and Cairns and Prausnitz (C5) was used. This
length is defined similarly to the hydraulic diameter as used for friction
factors in pipes (B10):

4(free volume of fluid)
dg =
wetted area

or
_ 4(x/4)d e _ ed, (50)
(6/dp)(x/4)dE(1 — &) + 7d:  §(de/dp)(1 —€) + 1

We notice that, for empty tubes, e = 1 and d, = d;. Therefore d, retains
its significance for empty tubes. The results for each type of system will

now be discussed.
i. Packed Beds. The use of the effective diameter, Eq. (50), requires
the specification of the particle diameter, d,. It was found that for non-

d.
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spherical packing the equivalent spherical diameter as given by Carman
(C10), which is the diameter of a sphere with the same volume as the
particle, could be used. This gave a simple parameter that correlated all
of the data relatively well.

The experimental data was obtained by the investigators through use
of several of the above measuring techniques. Data on liquid systems
have been obtained using pulse inputs with a single measurement point
by Carberry and Bretton (C9) and Ebach and White (E1). No investi-
gators have yet used the method of two measurement points discussed in
Section II, C,2,c. Step inputs have been used by Ampilogov, Kharin, and
Kurochkina (A4}, Cairns and Prausnitz (C5), Danckwerts (D4), Jacques
and Vermeulen (J1), Klinkenberg and Sjenitzer (K11) and von Rosen-
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Fie. 10. Axial dispersion in laminar flow in pipes, dispersed plug flow model.
Adapted from (B13).

berg (V7). Frequency response methods have been used by Ebach and
White (E1), Liles and Geankoplis (1.18), Kramers and Alberda (K14),
and Strang and Geankoplis (S24).

Gas data have been obtained using pulse inputs by Carberry and
Bretton (C9), step inputs by Blackwell ef al. (B17) and Robinson (R4),
and frequency response by McHenry and Wilhelm (M4).

Inspection of Fig. 8 shows that there is considerable scatter in the
data. Part of this may be due to the fact that we are attempting to repre-
sent a complex phenomenon with a single parameter, the dispersion co-
efficient, Errors would also be caused by the common practice of taking
measurements at or beyond the exit of the packed section. This neglect
of end conditions could lead to large errors in the calculated dispersion
coefficients, as pointed out by Bischoff and Levenspiel (B14). Also, all
the analyses were based on the assumption of having a perfect pulse, step,
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or sinusoidal input. These assumptions can now be relaxed with the two-
measuring-point method. Thus, even though there is much reported data,
it would seem that further experimental work is needed in which all
possible experimental errors are minimized.

The length parameter used in this correlation to represent the different
types of packing may also contribute to the scatter. The use of the ef-
fective diameter may not be the best way to bring the data together,
and several of the investigators found that they could correlate their
own data quite well by using certain arbitrary functions of the void
fraction, e. However, it was found by Bishchoff (B13) that the effective
diameter was the most satisfactory size parameter when all of the data
were considered.

A further problem in plotting the data is that the fluid viscosity has
very little effect on the dispersion (E1). Therefore, the Reynolds num-
ber might not be appropriate as a plotting variable (C5). However, no
other dimensionless group has yet been proposed, and so the Reynolds
number was retained in Fig. 8.

Figure 8 shows that the group D;’/ud, is roughly constant for all
Reynolds numbers. Jacques and Vermeulen (J1) found, however, that
their data with regular arrangements of the particles showed a definite
break in the values. This seems to be caused by a transition from laminar
to turbulent flow.

Rough estimates for axial dispersion coeflicients can be made using
random walk techniques, and these will be discussed in Section ILE.
Also, a theory can be developed for predicting axial dispersion coefficients
from radial dispersion coefficients which is the source of the dotted line
of Figure 8. This will be discussed in Section II,D. Bischoff (B13), Fro-
ment (F9), and Hofmann (H11) have presented summaries of packed-
bed data.

j. Turbulent Flow in Empty Tubes. Data for axial dispersion co-
efficients in turbulent flow in empty tubes has been collected by Leven-
spiel (L10) and Sjenitzer (S18). Their results are combined in Fig. 9.
The liquid data have been obtained using single measurements of a pulse
input by Allen and Taylor (A3a), Hull and Kent (H15), Kohl and
Newacheck (K13), Lee (L7), Shipley (S15) and Taylor (T4). A step
input was used by Fowler and Brown (F7), Smith and Schultz (S19),
and no one has used a frequency response method. Gas data was obtained
by Davidson et al. (D11) using a pulse technique.

Figure 9 shows considerable scatter because much of the data were
taken in commercial pipelines with valves, elbows, bends, and other
types of flow disturbances. In the transition region of Reynolds num-
bers below 10,000, the dispersion coefficient rises rapidly. This can be



PATTERNS OF FLOW IN CHEMICAL PROCESS VESSELS 125

explained by the build-up of the laminar sublayer at these low Reynolds
numbers with its pronounced effect on the velocity distribution. The
dashed curves are based on a theory to be discussed in Section II,D.

k. Laminar Flow in Empty Tubes. All of the data have been taken
by pulse methods with a single measurement point. The liquid data are
by Blackwell (B15) and Taylor (T2), and the gas data by Bournia et al.
(B19). The dashed lines are again from theory. It is seen that the liquid
data agree quite well with the theory. The gas data, however, do not.
Bournia et al. discussed this and arrived at the conclusion that the axial-
dispersed plug-flow model may not be a good representation of the sys-
tem for this case. Additional experimentation in gases is suggested.
Crookewit, Honig, and Kramers (C23) have given results for flow in an
annular region.

3. Dispersed Plug-Flow Model

a. Preliminary. The experimental methods for measuring radial dis-
persion coefficients again involve injecting tracer into the system and
measuring its concentration at a point downstream from the injection
point. In this case, we do not want to inject over a plane or measure over
a plane. Instead we must use an experimental method where the con-
centration varies with radial position allowing us to study the radial
movement of tracer and thereby giving information on the radial mixing
occurring in the system. Usually the tracer is injected on the axis of the
tube. The axis is chosen so that there will be radial symmetry about the
tube axis, which simplifies the mathematics. As the tracer moves down
the tube, it will spread radially by dispersion, until a long distance down-
stream (theoretically infinite) from the injection point the tracer will be
completely mixed with the flowing fluid. Therefore, the measurement
point must not be too far from the injection point in order to have enough
of a concentration profile to get accurate results. The methods for meas-
uring axial dispersion coefficients all required unsteady-state injection
methods. Now, however, because we are going to inject at a point rather
than over a plane and measure radial concentration profiles, a steady-
state method can be used, which simplifies the analysis. Unsteady state
methods could also be used, but they would just add unnecessary compli-
cations.

The mathematical developments are based on Eq. (13) with all of the
coefficients assumed to be constant,

QQ 9_9_ 92C DR
a tlox=Prgzet R arE

We shall change the variables in Eq. (51) to dimensionless forms which

+ 6(X Xof(R)  (51)
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are different from those used in the previous section on the axial-dis-
persed plug-fiow model. Thus

) ut
] R
.4
X
L _E
B
_ uBy
PL-—DL
p, = Ulo
R

A dimensionless concentration c¢ is defined as follows

= C
_Cave

where C,ve is the mean concentration of tracer far enough downstream
from the point of steady-state tracer injection of rate I. By a mass bal-
ance, then,

(rate of injection) = (rate of flow out of tube)
or
I = TR(]2uCave

With these dimensionless quantities introduced, Eq. (51) becomes

ac 1 9% 11086 dc

5z " Prozt  Papraror 0@ — @) (52)

This equation is used in finding the dispersion coefficients from experi-
mental data.

b. Solutions for Various Measurement Experiments. Most of the meas-
urement techniques have used the same sort of injection: steady flow at
the tube axis. Thus the differences in the various contributions were in
the exact experimental setup used (which determines the boundary con-
ditions), and in the completeness of the mathematical model used to
represent the physical situation. Various simplifying assumptions were
usually made in Eq. (52) or in the boundary conditions. These are shown
in Table III. Bischoff and Levenspiel (B14) presented a general solution
that used no assumptions beyond those inherent in Eq. (52). We will
discuss this solution first, since all other cases are special cases of this
general solution.

The method of solution is similar to that used for the axial-dispersed
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TABLE III

ExpPERIMENTAL ScHEME USED IN RELATION TO THE
DispersEp PLue-FLow MOobEL
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plug-flow model. In the present case, however, the method must be modi-
fied in order to keep both axial and radial dispersion in the equations.
It will be recalled that the experimental equipment is supposed to con-
sist of three parts: the upstream section X = —e to X = 0, the test sec-
tion X = 0 to X = X,, and the downstream section X = X, to X = + o,
The injection takes place at Xo(0 < X, < z,) and the measurement is
at X, (Xo < Xp) ; see Table II1.
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Equation  (52) is written for each section, and thus the boundary
value problem to be solved is:

2
1 o 1138 8de 38ea_ z<0 (53a)

13’—1,,,6102 Ppg, ror or or

1 3% 119 60 ac
P 972 Pgror 6r_6x_ —8(z — 2f () 0<z<z (53b)

1 & 110 6cb dcs

PL» e ’P;‘b Tar” ~ 9z 0 2>, (53c)
with boundary conditions:

dco _ dc _ des _ _
ar_ar—ar—o atr=1 (548)
€.(—o, r) = finite (54b)
¢.(0—, 1) = ¢(0t, 1) (b4e)
077 = po g2 (071) = @) — 53204 (5id)
o) = P o (@, 1) = ealay ) — —1—9“—” @) (5te)
c(z=, 1) = ezt 1) (54f)
co{+=, r) = finite (54g)

Equation (54a) means physically that no mass is transferred through
the solid pipe wall, and all of the other boundary conditions have been
discussed previously. The solution evaluated at the measurement point
X=X, is:

Jola:r) Ji(ae)
=1+ 2;0 Totay gae V¢ (55)
where
Jl(ai) =0

q_\/ +PLPR

For measurement, within the test section (x, < z.), also
Ni=exp (G — Q)Prlzn — z0)]

(g—92)(q— qv)exp[ — 2P Lg(xe—Tm+20) ]+ (¢~ ga) (q+qs)exp[ — 2P 7o)
+1(q+¢a) (g—go)expl —2qP1(Te—2m) |+ (g ¢a) (g +¢s)
(q+94)(g+qs) — (¢—9a) (¢ — gv)exp[ — 2Prqz.]

(56)
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For measurement beyond the test section (z, > z.),

Ni=2qexp [} — @)Pr(te — 7o) + 3 ~ ¢)Pr,(@m — 20)]

(¢ + go) + (¢ — ga) exp [—2P1gz0] } 57)
(¢ + ga)(g + ¢) — (¢ — ¢a)(q — g») exp [~2Prgz.]

The solutions of the various investigators as listed in Table I1I can be

found by suitable simplification of Eq. (55) as shown in (B14).

Eq. (85) is impractical to use. Hence it would be valuable to know
under what conditions we are justified in using some of the simpler ex-
pressions based on various assumptions. This information can then be
used to guide the design of experimental equipment so that the mathe-
matical analysis can be made relatively easily.

Bischoff and Levenspiel (B14) considered this problem, and have pre-
sented design charts which allow estimation of errors in the calculated
dispersion coefficients for various conditions. It was found that when the
ratio of injection to tube diameter is less than 20%, or e < 0.2, then the
assumption of a point source, or e —> 0, was good to within 5%. Thus
for many cases, the neglect of the finite size of injection tube is justified.

It was also found that the end-effect error is smaller than for the
measurement of axial dispersion coefficients. Even though the error may
be large for measurement right at the end of the vessel, the error de-
creases very rapidly on moving the probe into the bed. Hence, in most
typical packed beds, taking measurements one or two particle diameters
into the bed is often sufficient to make the end-effect error negligible.

c. Use of Equations in Interpreting Experimental Data. The experi-
mental setup corresponding to the mathematical model used [Egs. (53)
and (54)] would be as follows. A steady stream of tracer is injected from
a tube on the axis of the cylindrical vessel. Then at some point down-
stream from the injection point the tracer concentration is measured, and
Eq. (55) is used to find the dispersion coefficients from the concentration
data. A practical problem that arises in the tracer concentration meas-
urement is that the recording instrument usually has to be calibrated to
give the proper numerical values of concentration. In most instruments,
recalibration is needed from time to time, which is not very convenient.
For this reason, many investigators (B6, D20, F2) have measured the
experimental average stream concentration, C4, at a point far down
stream, in addition to finding the radial concentration distribution at the
measurement point, X,,. Then if the ratioc C/C4 is used, any “drifting”
in the measuring device will automatically eancel. Therefore, concentra-
tion measurements are usually reported as C/C4 (B6).

If our experimental techniques were perfect, the experimental average
concentration C4 would be equal to the integral mean concentration Cgye.
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The extent that they differ from one another can be taken as a “mass
balance” for the system. If Eq. (55) is multiplied through by Cay./Ca
we get:

L _ Cum Cave Jo(ar) Ji(ase) o
Ca Ca +a.'>0 Ca qJOZ(ai) a;e N: (58)

In order to have an estimate of the experimental precision, it is neces-
sary to take several concentration readings. This is most conveniently
done at a number of radial positions for a given axial position in the
vessel. Suppose we write Eq. (58) as:

C/CA = Ko + K;Jo(aﬂ') + KaJo(agr) + s (59)
where
K. = Qﬂ N; ,Jl(aiez (60)

i CA Jo2(a,-) qae

Now if we have data of C/C4 as a function of pipe radius, r, we can
use standard least-squares techniques to estimate K,, K;, Kp, -+ . In
addition, we can find the standard deviations of the estimates of K; by
the least-squares procedure, which gives an indication of the preecision of
the data. The first constant, Ko, should be unity if we have a perfect
mass balance, and the deviation from this value gives an estimate of the
reliability of the data. Knowing the injection tube size, we can find the
N./q from the least squares K; from Eq. (59).

N _Kigp, \_8ie

q - Ko Jo (a‘) Jl(a,'e)
The dispersion coefficients can now be found from the N,/g by a non-
linear caleulation procedure, such as the Newton-Raphson method, utiliz-
ing the expressions for Ny, Eqs. (56) or (57). In the general case, values of
Pri, Ppi, Prs, Ppp, and the physical dimensions of the apparatus are
substituted into Eq. (56) or (57), and then P; and Pg can be found from
the simultaneous (nonlinear) solution of the expressions for N; and N..
The variances of the dispersion coefficients could also be found from the
variances of the K; by standard statistical methods.

Another method has been proposed by Blackwell (B16) and by Hiby
and Schiimmer (H8) that avoids the necessity of measuring the complete
concentration profile. A pipe with a diameter smaller than the system,
thus forming an annular region, is used at the sampling point. A mixed
mean sample from the annular region is now sufficient to enable one to
determine the radial dispersion coefficient. From Eq. (55) this concentra-
tion will be, for an annular region of dimensionless radius a,

(61)
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This is the value for general boundary conditions, and it will reduce to
the equations given by the above authors for each of their special cases.

d. Erperimental Findings. Literature data on radial dispersion of
numerous investigators is presented in Figs. 11 and 12. The data of almost

N; (62)
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Fra. 11. Radial dispersion in packed beds, dispersed plug flow model. Adapted
from (B13).

all the workers were obtained by a steady “point” source injection of
tracer on the axis of the tube, with subsequent use of Eq. (59), (61),
(56), and (57) to calculate the dispersion coefficients. We will discuss the
results for each type of system separately.
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Fie. 12. Radial dispersion in pipes, dispersed plug flow model (B13).
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(1) Packed Beds. Data on liquid systems using a steady point source
of tracer and measurement of a concentration profile have been obtained
by Bernard and Wilhelm (B6), Jacques and Vermeulen (J1), Latinen
(L4), and Prausnitz (P9). Blackwell (B16) used the method of sampling
from an annular region with the use of Eq. (62). Hartman et al. (H6)
used a bed of ion-exchange resin through which a solution of one kind
of ion flowed and another was steadily injected at a point source. After
steady state conditions were attained, the flows were stopped and the
total amount of injected ion determined. The radial dispersion coefficients
can be determined from this information without having to measure de-
tailed concentration profiles.

Data on gas systems, again using a point source, have been obtained
by Bernard and Wilhelm (B6), Dorweiler and Fahien (D20), Fahien and
Smith (F2), and Plautz and Johnstone (P6). Plautz and Johnstone meas-
ured dispersion coefficients under isothermal and nonisothermal condi-
tions and found that there was a difference between the two only for
low Reynolds numbers.

The data were plotted, as shown in Fig. 11, using the effective diame-
ter of Eq. (50) as the characteristic length. For fully turbulent flow,
the liquid and gas data join, although the two types of systems differ
at lower Reynolds numbers. Rough estimates of radial dispersion coef-
ficients from a random-walk theory to be discussed later also agree with
the experimental data. There is not as much scatter in the data as there
was with the axial data. This is probably partly due to the fact that a
steady flow of tracer is quite easy to obtain experimentally, and so there
were no gross injection difficulties as were present with the inputs used
for axial dispersion coefficient measurement. In addition, end-effect er-
rors are much smaller for radial measurements (B14). Thus, more experi-
mentation needs to be done mainly in the range of low flow rates.

(2) Turbulent Flow in Empty Tubes. Figure 12 gives radial dispersion
coefficient data for turbulent flow in empty tubes. The liquid data was
obtained by Flint et al. (F5). Gas data is from Baldwin and Walsh
(B1), Flint et al. (F5), Longwell and Weiss (L19), Mickelson (M11),
Schlinger and Sage (S8), and Towle and Sherwood (T9). All of the
above data was obtained by measuring concentration profiles in systems
with a steady point source of tracer. Keyes (K4a) used a frequency-
response experiment and interpreted his results in terms of a film thick-
ness at the wall. Sherwood and Woertz (S14) and Dhanak (D19) have
reported results for flow in rectangular channels.

The radial dispersion coefficient for this case is, of course, the average
eddy diffusivity as discussed in works on turbulence (H9). If the vari-
ous analogies between momentum, heat, and mass transport are used,
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estimates of the eddy diffusivity can be obtained. However, we only
show the directly measured mass-diffusion data in Fig. 12. There is a
fair amount of scatter in the data which is probably caused by two
main factors. Some of the investigators used large cumbersome injection
systems which might have disturbed the flow, and some of the equip-
ment might not have had an upstream section long enough to insure
fully developed flow.

(3) Laminar Flow in Empty Tubes. As will be discussed in Section 1I,
Dp, the radial coefficient for the dispersed-plug flow model for laminar
flow is merely the molecular diffusivity.

4. General Dispersion Model for Symmetrical Pipe Flow

a. Discussion. As was stated previously, the general dispersion model
is much more difficult to use since analytical solutions are not possible.
Very little work has been done with these models, and it is entirely
possible that the extra accuracy gained with this more complex model
does not justify the great increase in the attendant computational dif-
ficulties. The only answer to this will be to test whether the simpler
dispersion models are sufficient to characterize processing systems.

b. Experimental Findings. For turbulent flow in empty tubes, the
problem is one of finding the radial variation of eddy diffusivity, which
is discussed, for example, by Hinze (H9). Lynn ef al. (L20) have pre-
sented data for air natural-gas systems. They utilized a relation similar
to Eq. (13), but for a compressible fluid. We will illustrate their method
with the steady-state form of the simpler Eq. (I-2) with no axial disper-
sion,

aC d oC
Ru(R) 93X = 3k RDg(R) 3R (63)
If this equation is integrated once with respect to B and rearranged,
[ Ru®)(63C/0X) aRr
DR(R) =
R(8C/4R)
R
(8/0X) [, R'u(R")C dR’
= R(3C/OR) (64)

The quantities in the numerator and denominator were directly calcu-
lated from the experimental concentration profile data. Some results for
Dx(R) are shown in Fig. 13. It is seen that the eddy diffusivity is rela-
tively constant except near the walls. The values seem quite sensitive to
the axial position where the concentration profile was measured; in other
words, the system is not axially homogeneous. These results have been
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discussed in more detail in a previous review by Opfell and Sage (01).

Carrier (C11) has considered the case of a periodic input for laminar
flow in an empty tube.

Fahien and Smith (F2) and Dorweiler and Fahien (D20) have con-
sidered the variation of Dy in packed beds, using a separation-of-vari-
ables technique to solve Eq. (63). The X-dependent part was solved
analytically, and a set of difference equations was used to solve the
R-dependent part. Details are given in (F1). The velocity profile data
of Schwartz and Smith (S11) was used to calculate values of Dx(R) in
the packed column, typical results from Fahien and Smith (F2) being
shown in Fig. 14. Dorweiler and Fahien’s (D20) data, for a lower Rey-
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F16. 13. Radial dispersion in pipes, Fr1a. 14. Radial dispersion in packed
general dispersion model (O1). beds, general dispersion model. Adapted
from (F2).

nolds’ number range, was similar. It is seen that for a sufficiently large
ratio of tube-to-particle diameter, Dz(R) is approximately constant
over the radius. These findings suggest that if the dispersed plug-flow
model does not satisfactorily represent the system and a more accurate
model with varying velocity profile is needed, then the uniform dispersion
model could be used.

D. RreraTioNsHIPS BETWEEN DISPERSION MODELS

1. Preliminary

We have discussed methods for experimentally finding dispersion co-
efficients for the various classes of dispersion models. Although the models
were treated completely separately, there are interrelations between them
such that the simpler plug-flow models may be derived from the more
complicated general models. Naturally, we would like to use the simplest
possible model whenever possible. Conditions will be developed here for
determining when it is justifiable to use a simpler plug-flow model rather
than the more cumbersome general model.
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2. Theoretical Dewviations

Taylor (T2) and Westhaver (W5, W6, W7) have discussed the rela-
tionship between dispersion models. For laminar flow in round empty
tubes, they showed that dispersion due to molecular diffusion and radial
veloeity variations may be represented by flow with a flat velocity pro-
file equal to the actual mean velocity, u, and with an effective axial dis-
persion coefficient Dy’ = R?u?/48D.2 However, in the analysis, Taylor
ignored axial diffusion. Aris (A6) later showed that the true axial effect
is additive and thus, more correctly, Dy’ = D + Ro*u?/48D. Use of D/’
gives the same results as would be obtained from the more rigorous calcu-
lation involving radial and axial diffusion and true velocity profile, Eq.
(I-2). Aris (A6) generalized the entire treatment to include all types of
velocity distribution with any vessel geometry. He showed that the co-
efficient given as 1/48 by Taylor is really a function of tube shape and
velocity profile.

The mathematical method of Aris assumes a doubly infinite pipe (as
does Taylor), with both the velocity distribution and the diffusion co-
efficients constant in the direction of flow. Hence in any real pipe, the
length would have to be long enough so that the buildup of the velocity
profile at the entrance would not invalidate the doubly infinite pipe as-
sumption. Thus there are some practical restrictions on the method used
by Aris.

Taylor (T4, T6), in two other articles, used the dispersed plug-flow
model for turbulent flow, and Aris’s treatment also included this case.
Taylor and Aris both conclude that an effective axial-dispersion coef-
ficient Dy’ can again be used and that this coefficient is now a function of
the well known Fanning friction factor. Tichacek et al. (T8) also con-
sidered turbulent flow, and found that D;’ was quite sensitive to varia-
tions in the velocity profile. Aris further used the method for dispersion
in a two-phase system with transfer between phases (All), for disper-
sion in flow through a tube with stagnant pockets {A10), and for flow
with a pulsating velocity (A12). Hawthorn (H7) considered the tempera-
ture effect of viscosity on dispersion coefficients; he found that they can
be altered by a factor of two in laminar flow, but that there is little effect
for fully developed turbulent flow. Elder (E4) has considered open-chan-
nel flow and diffusion of discrete particles. Bischoff and Levenspiel (B14)
extended Aris’s theory to include a linear rate process, and used the
results to construct comprehensive correlations of dispersion coefficients.

* Actually, Taylor originally suggested using this formula in reverse for obtaining
diffusion coefficients. Dz’ could be found simply from experimental data and then
the formula could be used to obtain the diffusivity, D.
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The most straightforward way of comparing the models would be
to solve the partial differential equations for each case and compare the
solutions. Because we cannot find these solutions in general, we must be
satisfied with a comparison of the moments of the concentration distribu-
tions given by these models. This method is much used in theoretical
statisties, and is useful since most distributions encountered are uniquely
determined by their moments.

If we consider the variation of concentration along the axial direc-
tion as a “distribution” of concentration, we can calculate the moments
for each model in terms of their respective parameters, and then compare
the moments to find the relationship between parameters. Since we shall
consider the concentration as a distribution function along the axis of
the tube, the moments are with respect to axial distance, rather than
with respect to time as used previously. Since flow in cylindrical vessels
is so common, we will discuss only this case in detail. Aris (A6) gives
the more general treatment in vessels of arbitrary cross section.

The moments are defined as:

M) =2 ['rdr [* (o - 0)Cla,r, 0)d(e ~ ) (65)

where subscript k indicates the moment order. Use of the variable (z — ¢}
relates the moments to a coordinate system that is moving with the mean
speed of the flowing fluid. By using Eq. (65) with the mathematical repre-
sentations of the various models, Eqs. (I-2), (I-3), (I-4), and (I-5), one
obtains the following expressions for the moments. For details see Aris
(A6) and Bischoff and Levenspiel (B14).

Azial-Dispersed Plug-Flow M odel

M,=1 (66a)
M, =0 (66b)
26’
M, = Py (66¢)
Dispersed Plug-Flow Model
My=1 (67a)
M, =0 (67b)
20’ ,
M, = 7.t O(exp [—M8'/Pr]) (67c)
For large values of time (the “ultimate” value) M, reduces to
M=% (67d)

P



PATTERNS OF FLOW IN CHEMICAL PROCESS VESSELS 137

Uniform Dispersion Model

My=1 (68a)
M, = constant (68b)

’
My = 25 + 200hPa’ + O(exp [~10'/P3)) (68¢)

Lm

For large values of time M, becomes
20' ,

M, = + 20'h Pra' (68d)

General Dispersion Model

My=1 (69a)
M, = constant (69b)
My = 25 4 90h Pan + Olexp [-20/Pra) (69¢)
For large values of time M, becomes
M, = 35 4 2¢h Prs (69d)

In these equations,

1 dr r , , ’2
h=2'/; ng("'){_/(; rfl(r)dr} (70)

and fi, fo, fa, Dgm, and Dy, are found from w(R) = u(1 + fi(R)),
Dp(R) = Dgnf2(R), and Dir(R) = Dpnfs(R). Also, A; is the smallest
of eigenvalues that arise during the solution of the partial differential
equations for the moments. The various models are now related to each
other by comparing the ultimate moments.

Zeroth Moments. The zeroth moment for each of the models is unity.
From Eq. (65) the zeroth moment is defined as:

My =2 ﬁ) Ly dr f_: Cd(z — 6') (71)

This is merely the volume integral of the concentration over the entire
vessel. Therefore, the value of unity indicates that the total amount of
solute in the system is constant.

Furst Moments. For both of the dispersed plug-flow cases M, =0.
This means that the center of gravity of the solute moves with the mean
speed of the flowing fluid. For the uniform and the general dispersion
models, however, this is not always true. If the solute concentration is
initially uniform over a cross-sectional plane, it can be shown (A6) that
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the constants in Egs. (68b) and (69b) are zero; thus, for this special
case, the center of gravity of solute does move with the mean speed of
flow. If the initial solute concentration is not uniform over a plane,
however, the constants in Equations (68b) and (69b) are not zero,
and the center of gravity of solute does not move with the mean speed
of flow. However, if the initial distribution of solute is fairly uniform
over the cross section, as is true in many practical cases, the constants
in Eqs. (68b) and (69b) are small, and the first moments of the various
models will all be approximately zero.

Second Moment. By equating the second moments of the different
models we get the relationships sought between the parameters.

First, comparing Eqs. (66¢) and (67d), we see that

PP=P, o D/=0D (72)

Thus we may drop the primed notation on the coefficient for the axial-
dispersed plug-flow model and identify this coefficient with the one for

the dispersed plug-flow model.
Next we compare the dispersed plug-flow model with the general
model by equating Eqs. (67d) and (69d). Thus, as found by Aris (A6},
1 huRy?

1
P, = P, + hPrn or Dy =Dp.+ Dom

This equation enables us to calculate the value of P from the velocity
profile using mean values of the coefficients of the general dispersion
model. The constant radial coefficient used in the dispersed plug-flow
model is the same as the mean value of the varying radial coefficient in
the general dispersion model.

Finally by comparing Eqgs. (68d) and (69d), we see that the constant
coefficients of the uniform model are the same as the mean values in
the general model, or

(73)

Dgn' = Dgm (74)
and

Diw' = Dim (75)

Summary. For all models with either constant or varying velocities
we conclude that the constant radial coefficients are all alike and equal to
the mean value of the varying coefficient, or

2 [* 1
) / RDg(R) dR = 2 / rDg(r) dr  (76)

In addition, two distinet axial coefficients exist: those associated with
models using mean velocities (plug-flow models) and those associated
with models using a radial velocity profile. The reason for this difference

DR = DRm’ = DRm =
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is that the plug-flow models incorporate in their dispersion coefficients
the axial mixing resulting from velocity variations. The general model
and the uniform model treat in separate terms the two phenomena
responsible for axial dispersion. The equations (72) to (76) summarize
the interrelationships between the parameters of the various dispersion
models treated in Table I.

The concentration distributions of the dispersed plug-flow models at
any time are “normal” (Gaussian), and Aris (A6) has shown that the
general model with its larger number of parameters also approaches
normality for large time. Hence, matching the first two moments is
sufficient to compare distributions and relate parameters as was done
above. However, the approach to normality in the general model is slow.
Consequently, minor deviations between distributions will persist for
some time even though the distributions are essentially similar.

3. Experimental Verification of the Relationships

Bischoff and Levenspiel (B14) present some calculations using exist-
ing experimental data to check the above predictions about the radial
coefficients. For turbulent flow in empty tubes, the data of Lynn et al.
(L20) were numerically averaged across the tube, and fair agreement
found with the data of Fig. 12. The same was done for the packed-bed
data of Dorweiler and Fahien (D20) using velocity profile data of
Schwartz and Smith (S11), and then comparing with Fig. 11. Unfortu-
nately, the scatter in the data precluded an accurate check of the predic-
tions. In order to prove the relationships conclusively, more precise ex-
perimental work would be needed. Probably the best type of system for
this would be one in laminar flow, since the radial and axial coefficients
for the general dispersion model are definitely known; each is the
molecular diffusivity.

Checks on the relationships between the axial coefficients were
provided in empty tubes with laminar flow by Taylor (T2), Blackwell
(B15), Bournia et al. (B19), and van Deemter, Broeder and Lauwerier
(V3), and for turbulent flow by Taylor (T4) and Tichacek et al. (T8).
The agreement of experiment and theory in all of these cases was satis-
factory, except for the data of Bournia et al.; as discussed previously,
their data indicated that the simple axial-dispersed plug-flow treatment
may not be valid for laminar flow of gases. Tichacek et al. found that the
theoretical calculations were extremely sensitive to the velocity profile.
Converse (C20), and Bischoff and Levenspiel (B14) showed that rough
agreement was also obtained in packed beds. Here, of course, the theo-
retical calculation was very approximate because of the scatter in packed-
bed velocity-profile data.
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4. Uses of the Relationships

The most important use of the relationship among models is in
showing that the dispersed plug-flow models are good representations
of the flow system under certain specified conditions. The relationships
can also be used to predict the dispersed plug-flow coefficients from the
general coefficients. We have shown how this is done for flow in empty
tubes and the predictions are given by the dashed lines on Figs. 8, 10,
and 12.
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For packed beds, the use of these equations for predictions is limited
by inaccuracy in the velocity-profile data. Therefore, Bischoff and
Levenspiel (B14) used the equations in a semiempirical way for inter-
polating between the existing data. The results are shown in Figs. 15
and 16, for both empty tubes and packed beds. The heavy lines show
the regions of experimental data, and the dashed lines, the interpolations.
For sufficiently low flow rates, the curves lead into the reciprocal Schmidt
number (modified by a “tortuosity factor” in packed beds). The data
of Blackwell (B16, B17) at very low flow rates seems to verify this.
At high flow rates, liquids and gases show no differences because of the
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turbulent flow conditions. Figures 15 and 16 give a rather comprehensive
picture of dispersion, and point out the areas in which there is a scarcity
of experimental data.

5. Limitations of the Theory

When we used the “ultimate” values of the moments in Eqs. (67d),
(68d), and (69d), this amounted to assuming that (B14),

O(exp [—N0'/Prm)) < 1 (77)
If a ratio of 10:1 is used in the inequality, and if an estimate is used
for Ay, the limitation is,
tDRm
Ry
If the mean residence time of the fluid in the system, L/u, is used as a
measure of the time, we finally obtain,

L ude
7> 0045t (79)

This is approximately the same as the criterion originally used by Taylor
(T5) in his treatment of laminar flow. Using the values of Dgy, from the

> 0.16 (78)
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preceeding correlations, the order of magnitude of the necessary length-
to-diameter ratio needed for the dispersed plug-flow models to be valid in
various types of systems is shown in Fig. 17. This is, of course, only an
order of magnitude estimate and should not be relied upon for accurate
values. It should be used only to give some sort of idea as to the types
of systems where the dispersed plug flow models can be theoretically
justified.
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to be valid (B14).

E. TuroRETICAL METHODS FOR PREDICTING
DispersioN COEFFICIENTS

1. Introduction

If the theory of turbulence were complete enough, it would be possible
to use it to predict the dispersion coefficients. Unfortunately, even for the
simple case of homogeneous isotropic turbulence, this cannot yet be done.
For cases of bounded flows in a real pipe and of flow through packed
beds, the situation is even more discouraging. Nevertheless, several ap-
proximate estimates have given surprisingly good results as to the order
of magnitude of the dispersion coefficients. For empty tube turbulence,
which is a field in itself, we refer to Hinze (H9) and to a recent article
by Roberts (R3). Here we will discuss the models for packed beds,
but only very briefly.
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2. Random-Walk Models

Since the random-walk approach is successful in molecular diffusion
(K5) and Brownian motion studies (C14), it would seem that it might
also be useful for the dispersion process. This has been considered by
Baron (B2), Ranz (R1), Beran (B5), Scheidegger (S6), Latinen (1.4)
and more recently by de Josselin de Jong (D14) and Saffman (81, S2,
83). The latter two did not strictly use random-walk since a completely
random process was not assumed. Methods based on statistical mechanics
have been proposed by Evans et al. (E7), Prager (P8), and Scheidegger
(S7).

The sample random-walk analyses postulate that the mixing is caused
by “splitting” or side-stepping of the fluid around the particles. Thus, by
analogy with the mixing-length theories of turbulence, one might imagine
that the mass flux would be proportional to the particle diameter and
to the velocity,

D« ud, (80)

Baron (B2) has given a rather simple treatment for radial dispersion.
Let us assume that as a fluid element approaches a particle, it is de-
flected by an amount = Bd, where g8 is a fraction of the order of one-half.
As the fluid element flows through the packing, this process keeps
oceurring. When the fluid element has travelled a distance, L, it has
been deflected n times. The fluid element is deflected essentially each
time it approaches a particle. Thus, n = aL/d,, where « is of the order
of unity. If the deflections are random, the mean-square deviation is
the sum of the squares of each deflection,

AX? = npid,? (81)

If the Einstein equation for diffusion (H9) is used (which again assumes
random motion), the dispersion coefficient may be approximated,

AXE = 2Dt = nfd,? (82)
where t is the diffusion time, and may be taken to be t ~ L/u. Thus,

_r o U
D =384

2
=L (83)
If Eq. (83) is rearranged and the approximate numerical values of

o and B substituted,

2.-— ‘—x_ﬁ_zp\_;
ud, = 2 ~0.1 (84)
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Comparison of this with the radial dispersion data of Fig. 11 for an
average packed bed (using d./d; ~e = 0.38) shows good agreement.
Notice that Eq. (84) predicts that D/ud, should be independent of flow
rate. From Fig. 11, this is true for the larger Reynolds numbers of fully
turbulent flow. At lower Reynolds numbers, the mixing would become
less random, and so it would be expected that the theory would break
down.

Prausnitz (P10) has devised an approximate mixing length model
for estimating the axial dispersion coefficient that allows for the inter-
action of the velocity profile. He used

L (85)
IR
where A1 is an axial and A g is a radial scale of turbulence. From con-
centration fluctuation studies (to be discussed later), Ap~d,/4 and
A = 7Ag. If the velocity gradient is approximated by u/d,, the mixing-
length theory predicts

~(Ta\\® _ 1
DL_(4d”)(4>d,, = 16 “d»

Dy 7T
ud, 16

or
(86)

which is of the right order of magnitude (see Fig. 8).

Further details may be found in the above quoted references. In
particular, de Josselin de Jong (D14) and Saffman (81, $2, 83) give
relatively rigorous developments that take into account the anistropy
caused by the flow. Thus different estimates are obtained for the disper-
sion coefficients depending on whether or not the direction considered is
perpendicular or parallel to the mean flow.

3. The “Statistical” Models

These models picture the mixing process as consisting of “motion
phases” and “rest phases.” In a model proposed by Einstein (E3) and
discussed by Jacques and Vermeulen (J1) and Cairns and Prausnitz
(C5), it is assumed that the time represented by a motion phase is much
less than that by a rest phase. For the packed bed, the motion phase
might be taken as the period when the fluid element is passing through
the restriction between particles, and the rest phase as the period when
the fluid element is in the void space. If values are assigned to the
probabilities of motion or rest, consideration of the geometry of the fluid
elements’ motions will lead to
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p(X, t) dX dt = eX—tdX dt (87)

as the probability density for any “jump” of the element (see Cairns
(C1) for details). Consideration of a large number of “jumps” then yields

Dot = e~ X I QVX't) (88)

as the probability of finding all particles at relative position X’ and at
relative time ¢’ that entered at time ¢ = 0. In other words, Eq. (88)
gives the impulse response or C curve for the system. The relationship
between the relative position, X’, and physical position, X, depends on
the length of each step. Similarly, there is a relation between ¢ and ¢&.
Thus by comparing Eq. (88) with the solution of the axial-dispersed
plug-flow model at very large X and ¢, it is found that

-2 ad v=3Y (89)

Thus Eq. (88) can be used to find the dispersion coefficient, and was
used by Cairns and Prausnitz (C5) with a step input which corresponds
to the time integral of Eq. (88). It would seem that the use of this
model would involve problems similar to those for the ordinary disper-
sion models.

Giddings and Eyring (G2), Giddings (G1), and Klinkenberg (K10)
have also proposed a model based on similar “rest-phase”—“motion
phase” considerations., However, they used different assignments of the
probabilities.

X! U

4, Turner’s Structures

Turner (T14) has proposed two detailed models of packed beds which
try to closely approximate the true physical picture. The first model
considers channels of equal diameter and length but with stagnant
pockets of various lengths opening into the channels. There is no flow
into or out of these pockets, and all mass transfer occurs only by
molecular diffusion. The second model considers a collection of channels
of various lengths and diameters. We will briefly discuss each of these
models, which are probably more representative of consolidated porous
materials than packed unconsolidated beds.

a. Model I. It is assumed that the dispersion in the channel may be
represented by an axial-dispersed plug-flow model,

#C _ 9C _oC _ dgr _
Digxe —“ox ~ at };6,&—0 (%0)

where Dy, is the axial dispersion coefficient in the channel, 8, is the
volume of stagnant pocket of length [, per unit channel volume, and g,
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is the average concentration in the rth pocket. Turner originally took Dy,
to be the same as that for flow in a tube with no pockets, such as we
have previously discussed. However, Aris (A10) showed that Dy is
influenced by the pockets, and so this modified value should be used.
In the pockets, ordinary molecular diffusion equation was assumed:

2C, _ G,
X2 ot
where C, is the concentration in the rth pocket. The solution of Eq. (91)
is used to find 8¢, /dt, which is needed to solve Eq. (90).

For a periodic sinusoidal input of tracer, Turner (T14) showed how
to find the values of /. and B, from the experimental data taken at dif-
ferent frequencies, w. Aris (A9) generalized the model by taking B(I) to
be a continuous distribution of pocket volume rather than a set of
discrete values, 8,. The problem of finding 8(I) then becomes one of solv-
ing the integral equation,

D (91)

W) = [ 8O0, D dl (92)
where
o = (w/2D)12
u(w’) = function determined from amplitude ratio
and phase lag of experimental data.

W) = _1 sinh 20l — sin 2]
e 2w'l cosh 2w'l + cos 2w'l

Aris presented a graphical method for the solution of Eq. (92). If the
integral were approximated by a sum, the equations used by Turner
would be generated.

In a later paper, Turner (T15) used experimental data from ap-
paratus with known g in order to see how the method would work. He
found approximate agreement between the experimental and known g’s;
quite accurate data would be needed to obtain good estimates of 8.

b. Model II. It was again assumed that the dispersion in any one
channel could be represented by the axial-dispersed plug-flow model,
Eq. (90) with 8, = 0, since there were no pockets. He defined ¢, as that
part of the void fraction contributed by the channel of length I, and
radius 7, Then, by a procedure similar to that used for Model 1, a set
of equations was developed for a sinusoidal input of tracer. For the
measurement at the frequency w;,

Bi = 2 Z €gMgrj (93)
rq
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where

u; = function determined from amplitude ratio
and phase angle of experimental data

s = (3) exp [ M5 1 = VI VI N0 |

I, y

% cos I:Ml:2 \/\/1 T+ Njird/Mé — 1]
74 2
M = 192Du/p
N; = 3072Du%w;/p
u = viscosity of fluid
p = pressure drop
From Eqgs. (93) the values of ¢, could be found, similarly to solving
the integral equation in Model I. Aris (A9) has also generalized this
discrete model with circular channels to a continuous model with chan-
nels of any shape. Unfortunately, the equations for the continuous case
can not easily be solved.

Even though the use of Turner’s structures to represent packed beds
may be too complex, the overall concept of utilizing frequency-response
experiments to construct detailed models is very interesting and might
find use for other situations.

5. Concentration Fluctuations

In order to get a more detailed picture of the processes occurring in
flowing systems, several investigators have directly measured concentra-
tion fluctuations. The basic ideas were introduced by Taylor (T1) in a
classic paper, and are discussed in detail in books on turbulence such as
those by Hinze (H9) and Pai (P1).

The elements of Taylor's treatment are as follows. Consider a particle
of fluid with turbulent velocity % in a homogeneous turbulent field. The
distance that the fluid particle travels in time ¢ is,

X(t) = ﬁ) “ult) di’ (94)

Since the motion is supposed to be random, the value of X (¢) could be
positive or negative with equal probability, and so the average for a
large number of particles would be zero,

Xt =0

However, the quantity, X2, which measures the spreading of the particles
will not be zero:
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_— ¢ t —————e

Xi(t) = A dt, ﬁ) A ults) dty (95)
If we introduce a Lagrangian correlation coefficient

R(s) = W (96)

Fquation (95) becomes
Xt = @ [[du [[ R — t) dh (972)
Kampé de Fériet (K1) showed that this can be changed to the form,

Xi(t) = 2w ﬁ) "t — $)R(s) ds (97b)

For very short times, E(s) = 1, and
Xi(t) = 2w L ‘(t — s)ds (98)

= uip

The dispersion is thus proportional to the square of the time. For very
long times, ¢ >> s,

X2(0) > 20t )" R(s) ds — 22 [|” sR(s) ds
= 2u’rt + constant
where the Lagrangian integral time scale is
r= [ R(9)ds (99)

For long times, we see that the dispersion is proportional to the first
power of time. The dispersion coefficient can be defined in a way similar
to the Einstein equation for molecular diffusion,

1dX?

D= 2 dt
= w2t short time (100)
= ur long time (101)

Thus, the dispersion coefficient can be taken as a constant only for long
times. This, of course, would mean that the dispersion-type models would
only be valid for long diffusion times.

Unfortunately the correlation coefficient R (s) can not be predicted at
the present time, although empirical relationships have been used. This
means that Eq. (98) is limited to use for the short and long diffusion
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times already discussed, and it is not very useful for the intermediate
(and interesting) time ranges. Thus, other methods are necessary for
determining the dispersion coefficients.

Direct measurement of concentration fluctuations for liquid flow in
packed and fluidized beds have been made by Hanratty et al. (H4),
Prausnitz and Wilhelm (P12), Cairns (Cl), and Cairns and Prausnitz
(C4). Detailed descriptions of electrical conductivity probes used for
measurement of these fluctuations have been given by Prausnitz and
Wilhelm (P11) and Lamb et al. (L1).

A concentration-fluctuation correlation coefficient, similar to that
proposed by Danckwerts (D3, D5), may be defined,

T

'\/z 017 52'\/(027)2
where Cy’/, Cy’ are the concentration fluctuations at points 1 and 2.
This correlation coeflicient has properties similar to the one defined

by Eq. (96). In particular, a scale of concentration fluctuation may be
defined as

R (102)

= [" Rl do (103)

where p is the distance between points 1 and 2. This scale is used as a
measure of the order of magnitude of the size of a particle of fluid that
has a uniform concentration. In other words, fluid particles of this size
are approximately homogeneous in character. A length scale of radial
turbulent diffusion may be defined by

Dr = A& (104)
In terms of the Lagrangian integral time scale, Eq. (99), we find
Ar = W@ (105)

These various scales, along with the intensity, or strength, of the con-
centration fluctuations,

Jor/c (106)

can be used as a means of characterizing the mixing,

The detailed fluctuation data for packed beds can be found in Praus-
nitz and Wilhelm (P12). They found that the fluctuation intensity was
directly proportional to the radial position in the bed except at the
center and near the tube wall. The magnitude of the intensity was of the
order of 8%. The radial scale, Az, was found to be about one fourth of
a particle diameter. An estimate was made for an axial scale, Az, and it
was found that approximately,
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It was also found that for fully developed turbulent flow the above
values were essentially independent of the Reynolds number.

The mixing in fluidized beds is somewhat more complicated, as
might be expected. The over-all results found by the previously men-
tioned authors are summarized by Cairns and Prausnitz (C4):

“(1) The mixing properties in a fluidized bed are a strong function
of the fraction voids. Minimum values of radial Peclet numbers
(udy/Dpg) are observed at ¢ = 0.7, corresponding to a transition
in the type of particle circulation in the bed.

(2) The packing particle density and fraction voids strongly affect
the radial scale of turbulence (Az); larger scales are found for
beds containing denser particles at a given fraction voids. The
scale of turbulence has a maximum value at ¢ = 0.7,

(3) The root-mean-square value of the radial velocity fluctuation

[(T‘_')—z]*/ C varies only slightly with fraction voids and ap-
pears to be independent of particle density.

(4) The scale of concentration fluctuation (A) is affected by the
fraction voids in the same manner as the scale of turbulence,
but it is not greatly influenced by the particle density. The
scales of concentration fluctuation show that there are isocon-
centration eddies several times the size of a packing particle.”

The above concentration fluctuation information should aid in the
fundamental description of mixing in packed beds and fluidized beds.
Exactly how this information should be used in designing such systems
must be the subject of further research.

ll. Tanks-in-Series or Mixing-Cell Models

A. INTRODUCTION

In the preceding section we discussed the dispersion model which can
account for small deviations from plug flow. It happens that a series of
perfectly mixed tanks (backmix flow) will give tracer response curves
that are somewhat similar in shape to those found from the dispersion
model. Thus, either type of model could be used to correlate experimental
tracer data.

A perfectly mixed tank can also be used, of course, to represent a
real stirred tank. Since the patterns of flow in many real stirred tanks
are rather complicated, more complex models are often required. This
whole topic will be discussed in Section IV on combined models. Thus
we will only discuss here the use of a series of perfectly mixed tanks to
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represent other types of flow systems, in particular those which deviate
only slightly from plug flow.

B. MATHEMATICAL DESCRIPTION

First we must derive the equations for the perfectly stirred tanks.
In these ideal tanks, it is assumed that the entire contents have the same
composition as the outlet stream. Thus the C curve, or the response to a
pulse input, can be found quite easily by a material balance.

(material in) = (material out) + (accumulation of material in tank)

mww=w+v% (108)

where C° is the initial concentration of the pulse of tracer in the perfectly
mixed stirred tank. For a j-tank system, to be considered next, C° is the
average concentration of tracer if evenly distributed in the j-tank system.
In dimensionless form, Eq. (108) becomes

de
5(0) = ¢ + 7 (109)
where
4 v
=:i=v @)
and
c=C/C

Equation (109) can easily be solved using Laplace transforms with the
result,

c=C=¢"* (110)
1. One-Dimensional Array

The preceding results can easily be generalized to j perfectly mixed
tanks in series. This has been discussed by many authors: Ham and Coe
(H2), MacMullin and Weber (M2, M3), Mason and Piret (M5),
Kandiner (K2), Katz (K3) and Young (Y3). Other authors have dealt
with stirred tanks specifically for use as chemical reactors, and these
will be discussed later. The material balance around the ith tank then
becomes

dcC;
dt

where V; is the volume of the 7th tank. For simplicity, we will only deal
with the case where all the tanks have the same volume, V,;. The more
general case of unequal-sized tanks is discussed, for example, by Mason
and Piret (M5).

vC;_l = UC; + vV (111)
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The C curve, or pulse response, may be found by solving the set of
Egs. (111) for 1 =123, . . ., j with the condition that the input to the
first tank, 1 = 1, is a delta function of tracer. In other words the condi-
tions on Eq. (111) are

Cino(0) =0 and  Cimo = cog 5(0)

where V = total volume of the j-tank system. Equations (111) can again
be solved by the Laplace transform, as follows:

pV¢Ci + vCi = vCiy
where C; is the transform of C;. Then,
C;_
C, = _V_zl__
Py +1
Cis
V; 2
(3+1)
Co

V. .V
(p5+1)

= O/ (112)

VeV
(e +1)

The inverse transform of Eq. (112) is

= _O V(N _ww
Ci = G-n! Vi(Vi) ¢ (113)

The total volume of the system is

V =3V,
so that

=Y

{= =i

s <

Thus Eq. (113) may be written in dimensionless form
= __\ﬁ___. j—1,— 38
o= Gt (114)

Equation (114) is the C curve for a series of j stirred tanks, and is shown
in Fig. 18. It has roughly the same shape as the C curve of the dispersion
model. This relationship will be further considered later.
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Fi16. 18. C curve for tanks in series model.

As was done with the dispersion models, the mean and the variance
can be found either directly from Eq. (114) or from the Laplace trans-
form, Eq. (112). The results are,

po=1 (115)

gt =

.l

(116)

Thus, similarly to the dispersion model, the experimental C curve data
could be used to determine a variance, ¢2, and then Eq. (116) used to
find j.

If a perfect delta function input is not possible, a method can again be
devised utilizing two measurement points to find the parameter, j, of
this model. Consider the experimental set up of Fig. 19. The concentra-

T:i | jj“@“‘@‘r

INPUT OUTPUT | OUTPUT 2

Fia. 19. Determination of tanks-in-series model parameter by two-measurement
method.

tion of tracer is measured both entering the (M + 1)th tank (or leaving
the Mth tank) and leaving the Nth tank, and let j now be the number
of tanks in the experimental region which is between these two measure-
ment points, or j = N-M. The injection is upstream of both tanks. Now
Eq. (111) can be used for any tank ¢ between these measurement points
giving,
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Vi dd—(? + vCi = vCia (117)
with boundary conditions
C¢>M(0) =0 and Ci(t)li_M = CM(t)

The algebraic mainipulations will be easier to follow if Eq. (117) is
changed to dimensionless form. Define,

V = volume of j-tank experimental section
=Vun+ Vugpe+ - + Vy

= jV;
ity
b=i=v
= })—/ = mean residence time in the j-tank experimental section
_C
¢ = Go

C° = average concentration of all entering tracer if evenly distributed in
the j-tank experimental section

Then Eq. (117) becomes for the Nth tank
1 dCN

}'% + cx = vy (118)
Solving Eq. (118) by Laplace transforms,
2y = BEN_x
.+1)
¢
_ _Cv2
P ly
5+
= _Cum (119)

@D

Now if Eq. (119) is manipulated in exactly the same way as that used
for the dispersion model by Aris (A8), Bischoff (B11), and Bischoff and
Levenspiel (B14) (Section I,2,c), the following relationships are found:

Ay =y —pw = 1 (120)

Ad? = oy — o =

1
N3 (121)
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Thus if an imperfect delta function is injected into a system and the
mean and variance measured at two measurement locations, the tanks-
in-series model can also be used to interpret the results.

There would seem to be little reason for using the tanks-in-series
model for flow in empty tubes, since little correspondence exists between
the physical pieture and the model. However, Coste et al. (C22) found
recently that a system with mass and heat dispersion combined with
chemical reaction was easier to handle with this model than with the
dispersion model. On the other hand, Carberry and Wendel (C8) have
solved a similar problem with the dispersion-model by a finite-difference
technique different from the one used by Coste et al., and found no diffi-
culties. Thus the question of which model is best computationally is still
not answered.

The use of the tanks-in-series model for packed beds can be more
strongly justified. The fluid ean be visualized as moving from one void
space to another through the restrictions between particles. If the fluid
in each void space were perfectly mixed, the mixing could be represented
by a series of stirred tanks each with a size the order of magnitude of
the particle. This has been discussed in detail by Aris and Amundson
(A14). The fluid in the void spaces is not perfectly mixed, and so an
“efficiency” of mixing in the void spaces has to be introduced (C6).
This means that the analogy is somewhat spoiled and the model loses
some of its attractiveness. In laminar flow the tanks-in-series model may
be still less applicable.

2. Three-Dimensional Array

We have discussed the tanks-in-series model in the sense that the
composition in the system was constant over a cross-section. Recently
Deans and Lapidus (D12) devised a three-dimensional array of stirred
tanks, called a finite-stage model, that was able to take radial as well
as axial mixing into account. Because of the symmetry, only a two-
dimensional array is needed if the stirred tanks are chosen of different
sizes across the radius and are properly weighted. By a geometrical
argument, Deans and Lapidus arrived at the following equation for the
(¢, j) tank:

%‘1 + Ct,] = Q11,3 (122)

where
_ U =DCirg-1p+ (G~ PCiorysrye
Pi-15 = (2‘7 —1)
with boundary conditions,
Ciy=Co  (initial condition)
Cos=C'  (inlet to bed)
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By choosing the stirred-tank size about the same as a particle in the
packed bed, Eq. (122) will reproduce experimental mixing data. This is
similar, of course, to what was found for the one-dimensional case
previously discussed.

The reason for constructing this rather complex model was that even
though the mathematical equations may be easily set up using the disper-
sion model, the numerical solutions are quite involved and time con-
suming. Deans and Lapidus were actually concerned with the more
complicated case of mass and heat dispersion with chemical reactions.
For this case, the dispersion model yields a set of coupled nonlinear
partial differential equations whose solution is quite formidable. The
finite-stage model yields a set of differential-double-difference equations.
These are ordinary differential equations, which are easier to solve than
the partial differential equations of the dispersion model. The stirred-
tank equations are of an initial-value type rather than the boundary-
value type given by the dispersion model, and this fact also simplifies the
numerical work,

Thus, it would seem that calculations using the finite-stage model
might be easier than with the dispersion model. However, it has been
found by Schechter and Wissler (S5) that the set of difference equations
used in the finite-stage model are equivalent to one of the sets of pos-
sible difference equations that could be used to solve numerically the
partial differential equations of the dispersion model. Looking at the
finite-stage model equations from the numerical-analysis point of view,
it is seen that the finite-difference mesh size is dictated by the particle
size and the experimental value of the dispersion coefficient that is to be
simulated. This lack of flexibility could conceivably cause inaccuracies
in the calculated results. A further problem when the finite-stage model
is used for simultaneous mass and heat dispersion is that the magnitudes
of the two types of dispersion must be taken to be equal, since they are
both fixed by the same mesh size.

Thus, we conclude that the computational effort required will be
approximately the same for either model. On the one hand the finite-stage
model is somewhat inflexible as indicated above, but on the other hand
it might be superior to the dispersion model in systems with large
particles where the continuum approach of the dispersion model would
probably not be appropriate. On the whole, more work is needed to deter-
mine the practicality of the various computation methods.

C. ComparisoN WiTH DispPERSION MODEL

Since both the tanks-in-series model and the dispersion model give
about the same shape of C curve, the question arises as to how similar
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are the predictions of the two models. There are several methods to com-
pare the two. One method uses variances. Kramers and Alberda (K14)
used the variance for the doubly infinite dispersion model, which from
Section II, C, 2,b is,

Dy
2~ -
gt~ 2 (uL) (123)
Using this with Eq. (116) gives
1_,(Ds
g 2 (uL) (124)

Unfortunately, Eq. (124) does not extrapolate to j=1 as Dp—> c0.
Therefore, Kramers and Alberda suggested using

1 Dy,

‘7._—1 =2 (u L) (125)
This expression extrapolates correctly, and is approximately the same as
Eq. (124) for large j, say j > 10.

Levenspiel (L13a) later showed that the reason for the incorrect
extrapolation of Eq. (124) was that the doubly infinite vessel was not
the proper one to use for the comparison. Instead, the closed vessel (plug
flow into and out of the vessel) must be used. The expression for the
variance can be found from van der Laan (V4), and when combined
with Eq. (116) gives

Equation (126} does extrapolate properly to j = 1 for Dy — . For small
Dy /uL (large j) it approaches Eq. (124).

We also notice, from either Eq. (124) or Eq. (126), that j—> o
as Dy > 0. This is the basis for the statement that an infinite number of
stirred tanks in series is the equivalent to plug flow.

Trambouze (T10) suggests two alternate methods of comparison. By
matching the C curve maxima for these two models, he showed that

Dy, (27 — 1)
ul = 255 ; 12
ul ~ 2§(j — 1){47 = 1) (127)
and by matching the C curves at § = 1 he obtained
LY g (W) 3 o
[(DL> +2 (DL) 4:| (1 4+ Ho,)2 (128)

Both equations extrapolate properly for Dr/uL — 0, but only Eq. (127)
gives j =1 for Dy/ull = «. Equation (127) also reduces to Eq. (124)
for small Dy/uL (large j).
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From the above it is seen that there is no unique way of matching
the two models. This conclusion is strengthened when chemical reactions
are considered because the comparisons for each reaction type and de-
gree of conversion are different, and none of them is the same as the
comparison obtained from matching tracer curves. An illustration of the
different methods of comparison is given in Fig. 30.

As a means of choosing between models it has been suggested that
some of the higher moments of the C curve could be used. The skewed-
ness, or third moment, of either the dispersion or tanks-in-series model is
uniquely determined by the value of the dispersion coefficient or the num-
ber of tanks. Thus, the parameter is determined from the second moment
and then used to calculate the third moment. This is compared with the
third moment computed from the experimental data; whichever model
has the closest third moment would be chosen. Unfortunately, this method
has two drawbacks that severely limit its usefulness. One is that experi-
mental data is not good enough to give meaningful third moments. The
other ig that the third moments as calculated from the different models
have almost the same values, as was shown by van Deemter (V2).

As mentioned when discussing the three-dimensional finite-stage
model, by a proper choice of the stage size, experimental dispersion data
may be simulated as discussed previously for packed beds. Aris and
Amundson (A14) originally showed that by taking the size of the indi-
vidual stirred tanks equal to one particle diameter, the value Dy/ud,
= 0.5 can be reproduced. Inspection of Fig. 8 shows this to be a rough
estimate of the value found from experiment. Deans and Lapidus (D12)
found that for the same size of stirred tanks, the value Dgp/ud, = 1/8
can be reproduced. Inspection of Fig. 11 shows that this also is a reason-
able estimate of the experimental data. By using a finite-stage size other
than exactly one particle diameter, other values of the dispersion groups
may be generated.

In conclusion then, it would seem that for small deviations from plug
flow, both the dispersion and the tanks-in-series models will give satis-
factory results. Up to the present, which one is used may be largely a
matter of personal preference.

IV. Combined Models

A. INTRODUCTION

When the gross flow pattern of fluid deviates greatly from plug flow
because of channeling or recirculation of fluid, eddies in odd corners, ete.,
then the dispersion model or the tanks-in-series model can not satis-
factorily characterize flow in the vessel. This type of flow can be found,
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for example, in industrial stirred-tank reactors, shell-and-tube heat ex-
changers, and in fluidized beds. In these situations it is probably most
fruitful to view the real vessel to consist of interconnected flow regions
with various modes of flow between and around these regions. Models
such as these can be called combined or mixed models.

The following kinds of regions are used in the construction of com-
bined models:

Plug flow regions,

Backmix flow regions,

D1ispersed plug-flow regions,

Deadwater regions.

The last-mentioned region accounts for the portion of fluid in the
vessel which is relatively slow moving and, for practical purposes, stag-
nant. As we shall see, there are two ways to deal with deadwater regions:
to assume their contents to be completely stagnant or to view a slow
interchange of their contents with the fluid passing through the vessel.
In the first approach the treatment is quite simple; the second approach
more closely approximates real situations but requires quite involved
analyses.

In addition to these regimes, combined models may use the following
kinds of flow:

Bypass flow, where a portion of the fluid bypasses the vessel or a
particular flow region,

Recycle flow, where a portion of the fluid leaving the vessel or leaving
a flow region is recirculated and returned to mix with fresh fluid,

Cross flow, where interchange, but no net flow, of fluid occurs between
different flow regions.

With these as the components of combined models the problem then is
to find the volumes of the various regions and the rate of each type of
flow oceurring such that the response curves of the model match as closely
as possible the response curves for the real vessel.

B. DEFINITION OF DEADWATER REGIONS

1. Completely Stagnant

In attempting to represent flow in a real vessel by combined models
containing completely stagnant fluid, we meet with difficulties. For ex-
ample the existence of completely stagnant fluid cannot be reconciled
with the assumption of steady flow through the vessel. Again, with this
definition the mean age of the vessel contents would not be useful in
matching models because even if a deadwater region consisted of only
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one molecule, the calculated mean age of the vessel would still be infinite.
The following definition of deadwater regions by Levenspiel (L12)

overcomes these difficulties while still maintaining a concept of these

regions which is useful in matching models with real situations.

“In a vessel the deadwater regions are the relatively slow moving portions of the
fluid which we chose to consider to be completely stagnant. Deadwater regions con-
tribute to the vessel volume; however we ignore these regions in determining the
various age distributions.”

The cutoff point in residence time between what we chose to con-
sider as active and as stagnant fluid depends on the accuracy of predic-
tions of vessel performance. In most cases material which stays in a
vessel twice the mean residence time can, with negligible error, be taken
as stagnant.

2. Slow Cross Flow

Instead of considering fluid in deadwater regions to be completely
stagnant, an alternate view considers that there is a slow interchange
or cross flow between the fluid in these regions and the active fluid passing
through the vessel. With this approach Adler and Hovorka (A2) treated
the combined model shown in Fig. 20. This consists of j identical units

S
4£: -

— e/

cnossﬂMul lku

L DEAD FLOW ‘.@ ]
REGION - jmines

F16. 20. Combined model used by Adler and Hovorka (A2).

in series, each of which contains a plug flow, a backmix and a deadwater
region. The deadwater region is viewed to be in backmix flow and to be
interchanging fluid slowly with the active backmix flow region. This
model has four parameters; the cross flow rate, the number of units in
series, and two parameters for the ratio of sizes of the three types of
regions. The procedure developed for determining the model’s parame-
ters is as follows:

(1) From the experimental C curve find when tracer just appears
(where the C curve just rises from zero) and also locate the maximum of
this curve.

(2) Specially prepared charts for different integral j then give sets
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of parameter values, one for each j, consistent with the above C curve
findings.

(3) The tracer curves for these different j are then matched with
the experimental C curve to select the curve of best fit with its corre-
sponding set of parameters.

This fitting procedure is designed to match closely the critical part
(the early section) of the tracer curve, hence the predictions of this
model should correspond to actual performance. This model is quite flexi-
ble in that it is capable of fitting extremely skewed age distributions.
Its disadvantage when compared with the simpler combined models em-
ploying completely stagnant regions is that the third step of the matching
procedure necessitates the use of computers.

In a model for the structure of packed beds, Turner (T14, T15) and
Aris (A9, A10) have also used stagnant pockets with crossflow by only
molecular diffusion.

C. MatcHING COMBINED MODELS TO EXPERIMENT

The following suggestions may be helpful in searching for and devis-
ing flow models to fit given experimental response curves. This section
has particular application to models which employ the simple stagnant-.
fluid definition of deadwater regions. The matching procedure for the
particular model of Adler and Hovorka has already been outlined.

1. Existence of Deadwater Regions.

Select a reasonable cutoff point, say 8 = 2, then find the mean of the
C curve up to that point. If no deadwater regions are present, then

_ measured f¢
Vv -

If deadwater regions are present, then

c 1

fc <1
The fraction of vessel consisting of deadwater regions is given by the
deviation of 8, from unity. Hence with V; as the volume of deadwater
region, and with v,/v as the fraction of active fluid as given by the area
of the C curve up to the cutoff point,

_lc_ Va/va Va_ _5.t%
c=7= or v_l ocv

(129)
Danckwerts (D9) discusses this type of method for finding the location
of stagnant regions in systems. Alternatively the area under the I curve
will give the dead volume. Figure 21 summarizes these results.
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Fic. 21. Particular features of age distribution curves for combined models which
include deadwater regions. Adapted from (L13).

2. Existence of Bypass Flow

In bypass flow we may look at the incoming fluid as splitting into two
parallel streams, the fraction passing through the vessel being v;, the
fraction bypassing it instantaneously being vs. Figure 22 shows char-
acteristics of typical response curves when bypass flow occurs. From the
rapid initial drop in the I curve, the shift in mean value for the main
portion of the E curve, or from the area of the main portion of the
E curve the magnitude of such short-eircuiting can be estimated. Prob-
ably the role of bypass flow can be evaluated more easily from F or
I curves than from the C or E curves.
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Fia. 22. Particular features of age distribution curves for models which include
bypassing of fluid (L13).

3. Regions in Series

For flow regions 1, 2, . . . connected in series the mean age of vessel
contents is

=t LA (g1 + f2) L (fea + Te2 + f13) LE (130)
V V Vv

while the mean age of fluid in the exit stream is

g=1Tg1+Es+ - (131)
Here V,, Vs, . . . refer only to the active volumes,
Vv refers to the total vessel volume including deadwater
regions
&, b, ... refer to the separately measured mean time for the flow

regions 1,2, . ..



164 OCTAVE LEVENSPIEL AND KENNETH B. BISCHOFF

4. Regions in Parallel

For flow regions 1, 2, . . . connected in parallel the mean age of
vessel contents is
I = Z1,1 u + {x,z 2 + o (132)
v v
while the mean age of fluid in the exit stream is
iE = Lj‘_.li_‘*‘..__ (133)

5. Number of Parameters in a Model

The number of parameters used in a model is an indication of its
flexibility in fitting a wide variety of situations, and in addition suggests,
to some extent, the complexity of the accompanying mathematics. With
more and more parameters, the models are able to fit a wider variety of
conditions. However, we must balance this gain against the unwieldiness
of the accompanying mathematics as well as the possibility that such a
model may have very little correspondence with faet, The latter is a
serious objection because an unrealistic many-parameter model may
closely fit all present data “after the fact,” but may be quite unreliable
for prediction in new untried situations. Hence, in fitting a real situation,
we should aim for the simplest model which fits the facts and whose
various regions are suggested by the real vessel. This way the parame-
ters of the model have physical meaning and may be predicted by inde-
pendent methods. This question is of especial concern in fitting models
to fluidized beds.

The tanks-in-series and dispersion models are one-parameter models.
In general, the number of parameters in a combined model is

number of ) . (ﬂow regions in> s <ﬁow paths in)
“ \eexcess of one excess of one

parameters
zones of flow regions >
Tz <cross ﬁow> T2 (with dispersion

arbitrary restrictions on
flow and volume ratios

) (134)

Using the “completely stagnant’ interpretation of deadwater regions,
Fig. 23 illustrates some simple combined models and their tracer-response
curves. In these models Vs, V,, and V4 stand for the volume of backmix,
plug flow, and deadwater regions. If V is the volume of vessel we then
have
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Fia. 23 (Continued).
V=2V, +ZV,+ 27V, (135)
The volumetric flow rates of streams in parallel are designated by wv;,
ve + . If v is the flow rate of fluid to the vessel, we then have
v=0; 4 vgF - (136)

Varying the relative sizes of the flow regions as well as the flow rate of
parallel streams allows great flexibility in matching the response curves
of these models to that for the real vessel. Model F of this Figure has
also been extended to j such units in series by Brothman et al. (B22).

The following brief discussion shows how combined models are being
used to characterize flow in two broad classes of process equipment,
stirred tanks and fluidized beds. Other types of mixed models have also
been devised for various purposes; by Bartok et al. (B3), Cholette and
Cloutier (C16), Handlos et al. (H3), Pansing (P3), and Singer ef al.
(S17). Eguchi (E2) presents and discusses some of the models used to
date.

D. AprrricaTION TO REAL STIRRED TANKS

When the time required for an element of entering fluid to achieve
homogeneity with the rest of the vessel contents is small with respect
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to the mean residence time of fluid in the vessel, then the fluid in this
vessel may be considered to be in backmix flow.

Stead et al. (823) and Johnson and Edwards (J3) showed that homo-
geneity can be achieved in as short a time as 0.1 sec., with sufficient agita-
tion in a laboratory sized stirred tank. The relation between this time
and the intensity of agitation was studied by MacDonald and Piret (M1).
Eldridge and Piret (E5) then used kinetic experiments to show that a
series of up to five laboratory-sized stirred tanks with sufficient agita-
tion acted as perfect backmix reactors.

Aiba (A3), Fox and Gex (F8), Kramers, Baars and Knoll (K15),
Metzner and Taylor (M10), Norwood and Metzner (N3), Van de Vusse
(V5) and Wood et al. (W12) have studied flow patterns and mixing
times. In addition, Brothman et al. (B22), Gutoff (G9), Sinclair (S16)
and Weber (W3) analyzed flow in a stirred tank in terms of the recycle
flow model of Fig. 23F. This model corresponds to the draft-tube reactor,
and with sufficiently large recycle rate the performance prediction of this
model approximates backmix flow.

A study aimed at devising a model for the experimentally found
deviations from backmix flow of fluids through vessels was made by
Cholette and Cloutier {(C16). Using various low agitation rates, these
investigators explored the nonideal flow of fluid in a 30-in.-i.d. 30-in.-high
stirred tank. Matching F curves, they found that their data were best
described by a combination of a backmix and a deadwater region with a
portion of the fluid shorteircuiting the vessel. The internal age-distribu-
tion function for this model is

=]1_F=1 _nV
I=1-F " exp[ o Vo 0] (137)
or

10 = g e (138)

and the exit age-distribution function is

—c- (V¥ _uV )
E—C—(v) Vbexp[ vV50]+v6(0) (139)
or
_unl v
E@) = 27 e + 2a0) (140)

The first term of Eq. (140) represents flow through the active portion of

the vessel with a mean residence time of £, = V;/v;. The second term of
Eq. (140) represents the fluid which is bypassing the vessel. This model
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Fic. 24. Combined model of Cholette and Cloutier for real stirred tanks (C16, L13).

and its tracer-response curves are shown in Fig. 24. In this study it was
also found, as expected, that the experimental conditions influenced the
parameters of the model.

In a follow-up study Cloutier and Cholette (C19) examined in detail
the influence of feed inlet location, impeller size, and impeller speed on
the parameters of the model. Their results, shown in Fig. 25, indicate that:

(1) If the agitator speed falls below some critical value then the ac-

tive volume V;,/V drops to and remains at some constant value.

(2) At a given feed rate this critical agitator speed is a funection of

v, SLOPE = (8)

As FEED LOCATION
B-AGI:TATOR 8IZE
]
! !
By  ~200
AGITATOR SPEED, r.p.m.

Fra. 25. Effect of intensity of agitation on the parameters of the model for real

stirred tanks (C19).
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impeller size, suggesting that the energy input into the fluid could deter-
mine when the deadwater region reaches a maximum.

(3) The minimum active volume depends on feed location but not on
impeller size. This suggests that the maximum size of deadwater region
depends on the geometry of the vessel.

(4) Above the critical agitator speed, the active volume rises linearly
to unity with r.p.m. This rate of rise is a function of impeller blade size
(hence energy input) but is independent of feed location (or vessel
geometry).

(5) Although a smooth line can be drawn through the values of v,/v,
it is difficult to correlate this factor with the experimental conditions.
Results indicate that while the onset of bypassing and deadwater may be
concurrent they need not be so.

E. AppricATION TO FLUIDIZED BEDS

Numerous investigators have studied mixing of fluids in fluidized beds.
Danckwerts et al. (D10), Gilliland and Mason (G4, G5), Gilliland et al.
(G6), and Huntley et al. (H16) have given data on the distribution of
residence times. Others have used the dispersion model to characterize
flow in fluidized beds: Askins et al. (Al17), Brotz (B23), Cairns and
Prausnitz (C3), Gilliland and Mason (G4), Handlos et al. (H3),
Hanratty et al. (H4), Muchi et al. (M13), Reman (R2), Trawinski
(T13), Wicke and Trawinski (W9), Wakao et al. (W1), and Yagi and
Miyauchi (Y1). The inability of this approach to yield broad predictive
correlations, particularly with solid-catalyzed gas-phase reactions, seems
to show that this one-parameter model can not satisfactorily explain
fluidized-bed behavior. A different approach was needed, the basis for
which was found in the observation that gas-solid fluidized beds seemed
to consist of dense regions through which pass bubbles of gas.

A number of models all having a dense or emulsion phase and a lean
or bubble phase have been proposed. These are all special cases of the

Cross-flow rate, x
Fraction of all solids
which are present
V:

in this phase, m
141 2
Dense Lean
phase Dy b, phase

%ﬁ/‘
v
Fig. 26. General two-region model of a fluidized bed. Fluid is in dispersed plug

flow in both regions. The six parameters of this model are m, z, Vi, v, D1, and D;
(L13).
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general two-region, six-parameter model shown in Fig. 26. This general
model has not yet been used, for two reasons: the difficulty in interpret-
ing experimental data so as to evaluate the model parameters, and the
fact that probably fewer parameters could equally well represent reality.
Many different sets of restrictions have been proposed to reduce the gen-
eral model to more tractable form with fewer parameters. The restrictions
used are of the following kind:

(1) Fix the dispersion coefficients of the dispersed plug flow model,
Dy, = D, or D, at infinity or zero to obtain backmix or plug flow
in the individual regions.

(2) Assume that no solids are present in the lean phase.

(3) Assume that there is no net gas flow upward through the dense
phase.

(4) Assume that the volume of dense phase, the fraction solids in it,
and the gas flow through it remain the same at all gas velocities,
in which case, the lean phase alone expands and contracts to ac-
count for the variation in total volume of fluidized bed with
change in gas flow rate. The dense-phase characteristics are given
by the conditions at incipient fluidization.

Table IV shows the restrictions which must be placed on this general
model to obtain each of the special cases studied. Also shown are the
number of parameters for each of the models. What is now needed is an
evaluation of these models: to find those models which fit the fluidized
bed in its wide range of behavior, and then to select from these the
simplest mode! of good fit. Practically every one of these models is flexi-
ble enough to correlate the data of any single investigation; consequently
a proper evaluation would require testing every model under the ex-
tremely wide variety of operating conditions of different investigators.

Other aspects of the behavior of fluidized beds can be found in books
by Leva (L9) and Zenz and Othmer (Z1), and in the literature from
which these books have drawn.

V. Applications of Nonideal Patterns of Flow to Chemical Reactions

Conversion in a reactor with nonideal flow can be determined either
directly from tracer information or by use of flow models. Let us con-
sider each of these two approaches, both for reactions with rate linear in
concentration (the most important example of this case being the first-
order reaction) and then for other types of reactions where information
in addition to age distributions is needed.



TABLE IV

MobpEeLs ror Fruipizeo Brbps?

Restrictions on general model

Model parameters for

Model Homogeneous Heterogeneous
Dense phase Lean phase reactions reactions Reference
M1 D, = 0 (plug flow) D, = 0 (plug flow) z z Shen and
v, Vi fixed® no solids, m = 0 Johnstone (812)
Gomezplata
and Shuster (G7)
M2 Dy = « (backmix) Dy = 0 (plug flow) z Shen and
vy, Vi fixed? no solids, m = 0 z Johnstone (812)
D, = 0 (plug flow) _ Mathis and
M3 2, V1 fixed® D: = 0 (plug flow) m % m, 2 Watson (M?7)
= i 1. (L
M4 Izl = g (plug flow) D: = 0 (plug flow) Vi m, z m, Lewis et al. (LL17)
=
- i i . (L1
M5 Di = = (backmix) Dy = 0 (plug flow) Vi, m, z m, Lewis et al. (L17)
=
M6 D, = 0 (plug flow) Vi, m, z, Dy v, z, Dy May (M8)
no solids, m = 0
M7 no solids, m = 0 V1, v, Dy, De v1, Dy, D2 van Deemter (V1)
no cross flow, z = 0
M8 D, = 0 (plug flow) D, = 0 (plug flow) Vi, v, m, Vi, m, z Lanneau (L2)

z = cross-flow rate.
m = fraction of all solids present in lean phase.
¢ From Levenspiel, O., ‘““Chemical Reaction Engineering,” John Wiley, New York, 1962.
® As given by conditions of incipient fluidization.
Note: V = V; 4+ Ve and v = v; 4 v. are known and are not parameters of the models.

zLl
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A. Directr UsSeE oF AGE DISTRIBUTION INFORMATION

1. General

The distribution of residence times gives information on how long
various elements of fluid spend in the reactor, but not on the detailed
exchange of matter within and between the elements. For a reaction with
rate linear in concentration, the extent of reaction can be predicted solely
from knowledge of the length of time each molecule has spent in the
reactor. The exact nature of the surrounding molecules is of no im-
portance. Thus the distribution of residence times yields sufficient infor-
mation for the prediction of the average concentration in the reactor
effluent.

For all other types of nonlinear reactions, however, the extent of the
reaction depends not only on the length of time spent in the reactor but
also on what other molecules were “seen” during the passage through
the reactor. In this case then, the distribution of residence times is not
sufficient, and detailed information on the degree of mixing would be
required to predict the average concentration in the reactor effluent.

If it is assumed that each element of fluid passes through the reactor
with no intermixing with adjacent elements (termed segregated flow), the
distribution of residence times can be used to determine the conversion.
Thus

concentration fraction of
mean concentration of reactant exit stream
of reactant leaving | = Z remaining in which consists
the reactor all an element of of elements of
unreacted "':f“:;’i‘:s age between age between
stream t a:nd t + dt t and t + dt
or
C = ﬁ) * CoemenE(t) dt (141)

Equation (141) predicts the conversion for what can be termed a “macro-
fluid” in which aggregates of molecules move about in “insulated”
packets. (In plug flow, this model will always apply.) The other extreme,
which can be called a “microfluid,” is a fluid in which mixing occurs on
the molecular scale. A real fluid lies somewhere between these two ex-
tremes, and in normal cases, much closer to the microfluid extreme. The
effects of this mixing on reactions has been studied by Danckwerts (D7,
D8), Greenhalgh et al. (G8), Metzner and Pigford (M9), Gilliland and
Mason (G5), Gilliland et al. (G8), Sherwood (S13), and Zwietering (Z2).
Further papers in this field were included in two Symposia on “Chemical
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Reaction Engineering,” published in Chem. Eng. Sci. 8, (1958) and 14,
(1961). We will discuss these effects for each type of reaction.
2. Linear Rate Equations

As was discussed previously, the exact state of mixing has no effect
for reactions with rate linear in concentration. For such reactions Eq.
(141) may always be used to predict the conversions. Thus, we have

—_T, = _(Ee(li_itf&m = kl(celement - kZ) (142)

From a physical standpoint, C can never be negative; thus, we must
restrict ko > 0 for the following treatment. This restriction eliminates
zero-order reactions, whose conversions do depend on the state of mixing.

With Ceuement = Cp at ¢ = 0, integration gives
Celement = (CO - kz)e—k“ + ks (143)
Substituting into Eq. (141) yields

C = [ [(Co = ke~ + KJE(D) at (144)

We consider now the special forms of Eq. (144) for a first-order reac-
tion (i.e., ks = 0) occurring in various types of flow. In plug flow

E@®) =6t —1) (145)
Hence, as expected from the usual methods of kinetics,
Q_ — i —kids(f _ T _ =kl .
C = eyt — D) dt = e (146)
0 0

For backmix flow, in a single backmix reactor,

-1/

E@t) = it— (147)

hence,

(_] —_ " —kit g.—t_/l- — 1
Co_[) e 7 dt—l-l-klf (148)

Again this is the expected result from the methods of kinetics.
For a series of equal-sized backmix reactors the exit age distribution
function is

1 (p\ et
20 - g=me) T 119

hence Eq. (141) becomes
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(_) _ ® | _—!— <—t>j—1 e—t/z"- 3 1
CU_L VAV =gy (90

For a series of unequal-sized backmix reactors with mean residence

times fy, fo, . . . , &, . . ., tr we have
i i,
_ 1 e~ VH
EW) = > o= AN (151)
=11 (1 - .—') b
1=1 lr

hence Eq. (141) becomes

C 1
Co A+ kb)Q+ k) - 1+ ki)

For flow with arbitrary exit age distribution E(¢) Eq. (144) must
be solved directly. A convenient graphical method for doing this has been
devised by Schoenemann (89) who then discusses the application of this
method to some industrial reactors. The direct use of Eq. (144) is also
illustrated by Levenspiel (L13), Sherwood (S13) and Petersen’s (P5)
treatment of catalyst-activity levels in regenerator-reactor systems.

(152)

3. Nonlinear Rate Equations

For reactions with rates that are linear in concentration, conversions
cannot be calculated from tracer information alone, since a given tracer
curve can represent a range of flow patterns with earlier or later mixing

EARLY MIXING GIVES
HIGH CONVERSIONS

RATE
oF LATE MIXING GIVES
REACTION HIGH CONVERSION

CONCENTRATION

Fic. 27. Characteristic curvature of the rate-concentration curves for reactions
which favor either early or late mixing of fluid.

of fluid. Thus a specific tracer response curve can be consistent with a
range of possible conversions. As shown in Fig. 27 the curvature of the
rate-concentration curve will tell whether early or late mixing will favor
high conversions,
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a. Conversion for Late Muixing. Since Eq. (141) assumes the latest
possible mixing, thus no intermixing of fluid elements, and this in turn
implies that the concentration of reactants remain as high as possible, it
yields the upper bound to conversion for reactions with order greater
than unity, but yields the lower bound for reaction orders smaller than
unity.

b. Conversion for Early Mixing. Zwietering (Z2) has given a treat-
ment that shows how to calculate the conversion for the earliest possible
mixing consistent with a given age distribution. It is based on a quantity,
J, called the degree of segregation, introduced by Danckwerts (DS8):

variance of ages between points
variance of ages of all molecules in system

/v /V (ap — &)V

J=

= — (153)
L (@ — &)1(a) da
where,
a = age of a molecule in the system
& = mean age of molecules
= [, od(e) da (154)
a, = mean age within a point P
= [, «L() do’ (155)

I,(«') = age distribution within a point P

and the volume integral represents the sum over all points. The term
“point” is taken to mean a region small compared to the scale of segrega-
tion but large enough to contain many molecules (D8).

Danckwerts (D8) discussed the case of a perfect mixer. For the
completely segregated case, all molecules within a point have the same
age, a, and so

L) = 8(a' — @)
and

ay = [)” &(e’ — a) da’ = a (156)

Also, the distribution of points can be found from the I(a) curve, and so,
WV [ e=adV  [7 (@~ &) da

[ e—at@da [7 (@~ &) da

=1 (157
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For mixing uniform on a molecular scale, the distribution of ages within
any point is the same as that in the entire system, and so

I(a") = I{a') (158)
and,

ay = /; 1) do! = & (159)

Thus,
1V / (@—a)dv
[ (o — 3)T(a) dac

In summary, for a backmix reactor, J is unity for perfect segregation
and zero for perfect molecular mixing.

Zwietering (Z2) generalized this treatment to an arbitrary age dis-
tribution. The argument for perfect segregation is still valid for this
case, and so the upper limit of J is again unity. The lower limit is not
zero, however, because there must be a difference in ages at various
points in the system. The state of “maximum mixedness,” or earliest
possible mixing, is arrived at by a rather lengthy argument involving
the definition of the life expectation in the vessel, A, of a molecule,

(160)

residence time . .
(of 2 molecule ) = (age of a molecule) 4+ (life expectation of a molecule)
t=a+ A (161)

Life-expectation distribution functions are derived, and the final result
for earliest mixing, assuming no radial variations, is,

117 /V (ap — &) dV = Aw [I(}\p) K: I(s) ds — a]z I0) dn, (162)

Thus knowledge of the I(¢t) curve will permit calculation of the lower
bound of J. Unfortunately there is yet no way to determine the variance
between points for the general case, and so all that we can do is calculate
the two extremes.

For a chemical reactor operating with earliest possible mixing,
Zwietering gives an equation for the calculation of conversion,

dC _ E(\)
—1.(C) + Ry

The reactor outlet conversion is found from C(0). The conversion for
segregated flow is, of course, found from Eq. (141), discussed previously.
With these equations, the limits between which the conversion must lie

(C—=Cy (163)



178 OCTAVE LEVENSPIEL AND KENNETH B. BISCHOFF

for any real reactor can be predicted. More work is needed, however,
before any closer predictions within the two extremes may be made.

B. STirrep TANK REACTORS

1. Ideal Stirred Tanks
For one perfect stirred tank, the formulation used in Section III,B
is used, modified by adding a term for the chemical reaction,

dC
Cow = Cw + Vd_tl

— Vr.(Cy) (164)

The steady state solutions of these equations are well known and
will not be considered here. Extensions to steady state flow in a chain
of stirred tanks also have been extensively treated in the literature:
Denbigh (D16, D17), Devyatov and Bogatchev (D18), Eldridge and
Piret (E5), Fan (F3), Jenney (J2), Kirillov (K6, K7), Kirillov and
Smirnova (K8), Leclerc (L6), Lessells (L8), MacMullin and Weber
(M2, M3), Stead et al. (S23), and Weber (W3).

Numerous short cut procedures for solving graphically the design
equations for nth order reactions are available in the literature; for
example see Fan (F3), Hofmann (H10), Jenney (J2), Lessells (L8),
Levenspiel (L13) and MacMullin and Weber (M2, M3). For more
complex reaction types, Eldridge and Piret (E5) have given a catalog
of solutions. Bilous and Piret (B8), Jones (J4), Jungers et al. (J5),
Levenspiel (L13), and Trambouze and Piret (T12) have discussed gen-
eral design methods.

The solutions of the nonsteady-state expression, Eq. (164), both for
single tanks and chains of tanks have been made by Acton and Lapidus
(A1), Mason and Piret (M5, M6), and Standart (822). Aris and
Amundson (A15, A16), Bilous and Amundson (B7), Bilous et al. (B9),
and Gilles and Hofmann (G3) have studied the stability, control, and
response of a stirred tank reactor.

Nagata, et al. (N1, N2), Kawamura et al. (K4), and Yagi and
Miyauehi (Y2) have studied the characteristics of various impeller
agitated multistaged vessels. Such vessels were assumed to be a succession
of plug-flow and backmix units, whose relative sizes were a function of
the impeller speed. The parameter of the model, the fraction of total
volume in a plug-flow, could also be related to a dispersion coefficient.
Verification of the model was then obtained with kinetic experiments.

Aris (A13), Cholette and Blanchet (C15), Cholette et al. (C17), and
Trambouze and Piret (T12) have discussed using combinations of
backmix and plug-flow reactors.
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2. Nonideal Stirred Tanks

The conversion in a real, hence, nonideal, stirred tank reactor can
be calculated for the model proposed by Cholette and Cloutier (see
Section IV,D). The exit stream consists of reacted fluid from the active
backmix region combined with unreacted bypassing fluid. By material
balance, then,

(total exit) _ (ﬂuid from the ) 4 Enfez:;:;a:
stream ~ \ backmix region ﬂiicll) g

(1 + 12)C = v.Cpar + 1:Co

or
C _uCm »

Co~v G T (163)
where Cpy/Cp is found from the design equation for backmix flow, or,
Ve Co— Cpu

fp=— = —F—— 164
” 7 (164)
For first order reactions, —r, = k,Cpy; thus, combining,
C_u_1 v
Co - v 1 + klia + v (165)
while for second order reactions,
C _ w—=1+V1+4kCd, s (166)

Co v 2k Col, v

C. TuBuLAR AND PackED BED REACTORS

Both the dispersion and tanks in series models can be used to represent
the non-ideal flow behavior of fluids in packed bed and tubular reactors.
As mentioned in the previous sections dealing with these models, they
are both good for the slight deviations from plug flow encountered in
the above systems.

General discussions of several aspects concerning the treatment of
chemical reactions with diffusion are given by Damkohler (D2), Horn
and Kiichler (H12), Prager (P7), Schoenemann and Hofmann (S10),
and Trambouze (T11). Corrsin (C21) has discussed the effects of tur-
bulence on chemical reactions from the fundamental point of view of
turbulence theory. We will first discuss the application of each type of
model to chemical reactors. Then a short comparison will be made
between the different approaches.
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1. Daispersion Model

a. Axial-Dispersed Plug-Flow Model. The mathematical description
of the process is provided by Eq. (I-5) of Table I. For steady flow the
equation reduces to

aC 92C
Ui = Dy X + 7. (167)
For a reaction of order n, Eq. (167) becomes,
aC 9*C n
Usx = D ax: k,C (168)

The proper boundary conditions to use with Eq. (167) have been ex-
tensively discussed. Wehner and Wilhelm (W4) gave a general treatment
and used the conditions already discussed in Section I1,C,2,b, Eq. (26).
This involved using three sections with different dispersion characteristics
in each: the fore section, X <0, the reaction section, 0<X < L, and the
after section, X > L. Similar boundary conditions for the special case of
no dispersion in the fore and after sections have been discussed by
Damkéhler (D1), Hulburt (H14), Danckwerts (D4), Pearson (P4), and
Yagi and Miyauchi (Y1). For this case,

_ oron _ DedCOY)
Co = C(01) v X (169)
and
dC(L-)
X = 0 (170)

where Cy = concentration of unreacted feed. Wehner and Wilhelm solved
Eq. (168) with the general boundary conditions for a first-order reaction,
n =1, and obtained the following result for X = L,

wes[332]
c aexp|3p- -
Co auL aul
(1 4+ a)®*exp |:2 DL:I — (1 — a)’exp [—2DL:|

where

Equation (171) turned out to be the same result that had been obtained
using the simpler boundary conditions assuming no diffusion in the fore
and after sections. In other words, the solution of Eq. (168) with the
general boundary conditions gives the same result as with the simpler
boundary conditions. Wehner and Wilhelm used their analytical solutions
for a first order reaction to show that this indeed was true; Eqs. (169)
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and (170) are valid even with diffusion in the fore and after sections.
Bischoff (B12) later showed that this is so for any order of reaction.
Forster and Geib (F6) derived Eq. (171) by using what we now call the
distribution of residence times for a finite vessel with axial dispersion.

Figure 28 is a graphical representation of Eq. (171). The ratio of
reactor volume actually needed with dispersion to the plug-flow value is

100 AN | LT
N .
\<_ ;!L’L- o (backmix fiow) First order
[
NCT 5 2 o
N N oK =20
et =T K\\
" 16 N
\ \\ \y,loo
P +
_"__\’\ N
- N .
Lo \\\ 50 (Lines '(‘)f equal volume
or holding time)
N \ 4 A >
§ 10 L <TG
== = 5\\ ~ 0
P— 1 - NN
P—— L _,/’7 /10
] T \\ L o \><5
- \
0.25 T o
—— - \\5.\/ g 2
- e 1
‘__‘_"— \N’*‘:‘h \\< 1
o = 0.0625 I Tl &
fi — A
I A ik i = - N
0.001 0.01 01

4

F1e. 28. Comparison of performance of reactors for the plug flow and dispersed
plug flow models. Reaction is of first order, ad - products, and constant density,
occurring in a closed vessel (L14, L15).

plotted against the fraction of reactant remaining at the outlet with the
dispersion group, Dy/ul, as a parameter. It is seen that for large values
of the group Dr/uL and for high conversions (low fraction of reactant
remaining), a significantly larger reactor would be needed than predicted
using the plug flow analysis. However, the dispersion model might not
be valid for large D;/uL, and so in practice, only the lower section of
the chart could be relied upon. For small Dy/ul, Eq. (171) gives ap-
proximately, for equal conversions in the two reactors,

Vv L _ D, (172a)
Vp Lp 1 + (kIZ)<uL)
and for equal sizes,
C _1+@ Z)z(&) (172b)
C, Y \uL
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Carberry (C7) and Epstein (E6) discussed the magnitudes of the correc-
tions necessary for dispersion in packed beds. It was found that for many
practical cases of interest, the axial mixing effect was very small.

Levenspiel and Bischoff (L14, L15) later extended the above treat-
ment to second order reactions, and presented a chart similar to Fig.
28. Fan and Bailie (F4) presented results for reactions of order
n=1/4, 1/2, 2, 3. They gave the complete set of concentration profiles
throughout the reactor section.

All of the preceding work was for simple, or one step, reactions. The
more interesting case of multiple reactions has been studied by de Maria
et al. (D15) and by Tichacek (T7). de Maria et al. considered the
catalytic oxidation of naphthalene. They found that the consideration
of the dispersion effects enabled them to obtain a better design. Tichacek
considered the selectivity for several different types of reactions. Natu-
rally, the results were rather ecomplicated, and the statement of general
conclusions is rather difficult, For small values of the reactor dispersion
group, Dr/ul. <~ 0.05, it was found that the fractional decrease in the
maximum amount of intermediate formed is closely approximated by the
value of Dp/uL itself. For other ranges of the parameters, we refer to
the original work (T7).

Coste et al. (C22) considered simultaneous mass and heat dispersion
in a tubular reactor. As discussed previously (Seection III,b) they found
that the numerical computations caused some trouble, although Carberry
(C8) used a finite difference scheme that seemed to avoid the difficulties.
Hovorka and Kendall (H13) discussed reactions in a baffled vessel.

One final point that should be mentioned is that for nonlinear reaction
rates, where the distribution of residence times is not sufficient informa-
tion to predict conversions, the validity of the preceding theoretical cal-
culations is questionable. However, in view of the fact that the dispersion
model should only be relied upon for slight deviations from plug flow
(small Dy/uL), this problem might not arise since the nonlinear effects in
this range would not be too important. However, not enough experimental
work has been done as of yet to determine whether or not the above
predicted results can actually be measured in a real reactor. These ex-
periments should be performed so that the necessity (or neglect) of
taking dispersion effects into account in reactor design can be determined.

b. Dispersed Plug-Flow Model. For this model, Eq. (I-4) of Table I
is used. For steady flow, the equation reduces to,

aC 3°C , Dr 8 ,0C

vax ~ Dot R oarEBaR T (173)

* Their work was actually for a fluidized bed, but since they used the dispersion
model, it is discussed here.

=D
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The solution of Eq. (173) poses a rather formidable task in general. Thus
the dispersed plug-flow model has not been as extensively studied as the
axial-dispersed plug-flow model. Actually, if there are no initial radial
gradients in C, the radial terms will be identically zero, and Eq. (173)
will reduce to the simpler Eq. (167). Thus for a simple isothermal
reactor, the dispersed plug flow model is not useful. Its greatest use is for
either nonisothermal reactions with radial temperature gradients or tube
wall catalysed reactions. Of course, if the reactants were not introduced
uniformly across a plane the model could be used, but this would not be
a common practice. Paneth and Herzfeld (P2) have used this model
for a first order wall catalysed reaction. The boundary conditions used
were the same as those discussed for tracer measurements for radial
dispersion coefficients in Section I1,C,3,b, except that at the wall,

aC (Ro)

= k,C(Ry)

The solution is

C_s 2J1(b,) RY _,x
Co ™ 7;1 b (ba) + T2 (b Ro) e (174a)

Y= 2DR +\/<2D > < >2 (174b)

buli(b) = 5% 0, (1740)

where

The principal use of Eq. (173) is in conjunction with a similar heat
dispersion equation. Unfortunately, a system of coupled nonlinear partial
differential equations then has to be solved, which is very difficult even
with the aid of computers. In the oxidation of sulfur dioxide, Hall and
Smith (H1) found relatively good agreement between theory and experi-
ment near the center of the reactor. Their calculations were based on the
heat-dispersion equation, and they did not take detailed mass dispersion
into account. Baron (B2) later solved the mass and heat dispersion equa-
tions simultaneously by a novel graphical method, and found better
agreement between his calculations and the data of Hall and Smith.

Kjaer (K9) gives a very comprehensive study of concentration and
temperature profiles in fixed-bed catalytic reactors. Both theoretical and
experimental work is reported for a phthallic anhydride reactor and
various types of ammonia converters. Fair agreement was obtained, but
due to the lack of sufficiently accurate thermodynamic and kinetie data,
definite conclusions as to the suitability of the dispersed plug flow model
could not be reached. However, the results seemed to indicate that the
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model did provide a basis for the successful prediction of reactor per-
formance.

Amundson (A5) discussed the analytical solution of the heat disper-
sion equations for a packed bed chemical reactor. The form of the
differential equations is, of course, similar to the mass dispersion equa-
tions for certain cases. A wealth of analytical methods and results are
presented for various types of boundary conditions,

c. General Dispersion Model. The general dispersion model has been
used only for fully developed laminar flow in empty tubes: Chambré
(C12, C13), Cleland and Wilhelm (C18), Damkéohler (D2), Krongelb
and Strandberg (K16), Lauwerier (L5), Schechter and Wissler (54),
Walker (W2), and Wissler and Schechter (W11). Most of the work has
been concerned with the computations involved in solving Eq. (I-2) of
Table I with u(R) = 2u{R% — R2?). A solution has usually been obtained
by using the separation-of-variables technique to reduce the partial
differential equation to a Sturm-Liouville problem. The Sturm-Licuville
eigenfunctions were then computed by a series expansion or other numeri-
cal method. In order to use this method, the equation must be linear,
and so first-order reactions were considered. Schechter and Wissler (84)
considered a more complicated case of a first-order photochemical reac-
tion with a position-variable photon intensity.

Cleland and Wilhelm (C18) used a finite-difference technique which
could be used for nonlinear reactions, but they limited their study to a
first-order reaction. Experiments were also performed to test the results
of the theory. In a small reaction tube, the two checked quite well. In a
large tube there were differences which were explained by consideration
of natural convection effects which were due to the fact that completely
isothermal conditions were not maintained. This seems to be the only
experimental data in the literature to date, and shows another area in
which more work is needed. The preceding discussion considered only
isothermal conditions except for Chambré (C12) who presented a general
method for nonisothermal reactors.

2. Tanks-in-Series Model

As discussed in Section ITI, for small deviations from plug flow such
as those occurring in tubular and packed-bed reactors, a model consisting
of a series of tanks can be used to represent the fluid mixing. The con-
version predicted by the model can be found from the equations discussed
in the section on conversion in ideal stirred tanks. Figure 29 shows the
ratio of reactor volume needed with j stirred tanks to the volume needed
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with plug flow versus the fraction of reactant remaining at the vessel
outlet for a first order reaction. It is seen that the graph is quite similar
to the one for the dispersion model, Fig. 28.

The discussion in Section III,C showed that there was no unique way
to compare the stirred tank and dispersion models based on the tracer
curves. Each different basis of comparison gave different results. The two
models have been compared for chemical reactions by van Krevelen
(V6), Trambouze (T10), and Levenspiel (L13a). Levenspiel used Figs.
28 and 29 to determine the correspondence of the models. His results are
shown in Fig. 30. The various criteria give results that differ increasingly
with rise in reaction order, conversion, and degree of mixing.
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Fie. 29. Comparison of performance of reactors for the plug flow and tanks in
series models. Reaction is of first order, ad -» products, and constant density, occur-
ring in a closed vessel (L13).

Thus it seems that the type of comparison that should be made
depends on the purpose of the model. For design of mixing vessels the
tracer curves should be matched, and for reactor design conversions
should be matched. Unfortunately, this means that a general approach
is not possible for all cases. However, the various eriteria of correspond-
ence approach each other with approach to plug flow (j—e or
Dy /uL— 0), and so for many practical cases of interest a comparison
is possible. Thus, for small deviations from plug flow, either the disper-
sion model or stirred tanks model may be satisfactorily used depending
on one’s personal preference.

Deans and Lapidus (D12) have also extended their finite-stage model
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to chemical reactions. As was discussed in Section III,B,2, the reason for
devising this model was to avoid, if possible, the mathematical com-
plexity of solving the coupled partial differential equations. However,
since Schechter and Wissler (S5) showed (see Section III,B,2) that the
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F1e. 30. Ways of comparing the dispersed plug flow and tanks in series models (L13a).

finite stage equations were one of a family of difference-equation rep-
resentations of the partial differential equations, there may not be any
actual computational advantages. Again, all that can be said is that more
work is required in this area.

D. Frumizep BED REACTORS

If the dispersion model is chosen to represent fluidized-bed behavior,
then the expressions found for packed-bed reactors and tubular reactors
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are applicable. These have been presented by Blickle and Kaldi (B18),
de Maria et al. (D15), Gilliland and Mason (G5), and Wicke (W8). On
the other hand, if the two-region flow models of Table IV are used, the
conversion must be determined for the specific model being used. Each
of the references given in Section IV,E should be consulted for details.
Different types of expressions will be obtained for homogeneous and
solid-catalyzed reactions, since in the catalytic case reaction does not
occeur where solid is absent, Thus, for homogeneous systems, the volume-
ratio of phases is a parameter of the model, but in catalytic systems it
is not. This fact is shown in the number of parameters tabulated for
each of the models listed in Table IV and is further discussed in (L13).

Due to lack of applications, conversion expressions for these two-
region models have not been developed for homogeneous systems. For
heterogeneous systems, which are outside the scope of this article, the
appropriate expressions can be found in the works of the individual
investigators.

Vi. Other Applications

A. INTERMIXING OF FLUIDS FLOWING SUCCESSIVELY IN PIPELINES

A pipeline may be used to transport a variety of fluids, and in switch-
ing from one fluid to another a region of intermixing (or zone of con-
tamination) forms between the leading and following fluid. For proper
design and operation of a pipeline so as to minimize contamination, it is
necessary to be able to predict the extent of such intermixing. This was
done by Levenspiel (1.11) using the dispersed plug-flow model. For the
general findings and design charts see (L11).

B. BrIEF SUMMARY OF APPLICATIONS TO MULTIPHASE FLow
AND OtHER HETEROGENEOUS PROCESSES

For two phase systems, deviations of flow patterns from ideality can
be more serious than for single phase systems, and thus errors in design
can be much greater. Recently, much work has been done in this area,
but the treatment is necessarily more cumbersome and difficult. It is not
within the scope of this article to deal with these cases. The following
references are presented simply to indicate the type of work being done
during the last few years.
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Qo8 g

Co

CO

Clve

Clave

DLm
DLm’

Di(7)

Nomenclature

=P/P,

Roots of Ji(a:) =0
=P/P,

Dimensionless response
curve to a pulse input,
defined in Section I
Concentration

Initial concentration of
tracer or reactant enter-
ing the vessel or reactor
Average concentration
of tracer in system
Integral average tracer
concentration in vessel
during steady state in-
jection (dispersion
model)

Mean concentration of
pulse of tracer if uni-
formly distributed in
experimental section of
vessel of length L

= C/C°. Dimensionless
concentration

= C/Cqve. Dimension-
less concentration

= C/C'swve Dimension-
less concentration
Effective diameter, de-
fined by Eq. (50)
Particle diameter
Tube diameter
Dispersion coefficient
Axial dispersion coeffi-
cient, dispersed plug
flow model

Axial dispersion coeffi-
cient, axial-dispersed
plug, flow model shown
equal to D: in Eq. (72)
Mean value of D.(R)
Axial dispersion coeffi-
clent, uniform disper-
sion model

= Dr(R) Axial disper-
sion coefficient, general
dispersion model in cy-
lindrical coordinates

Dy

Dnm
D’Em

Dx(r)

HO

®

f1(R)

fs(R)

f+(R)

Jo, J1

k1, ks

Radial dispersion coef-
ficient, dispersed plug
flow model

Mean value of Dz(R)
Radial dispersion coef-
ficient, uniform disper-
sion model

= Dr(R) Radial dis-
persion coefficient, gen-
eral dispersion model in
cylindrical coordinates
Molecular diffusivity
Exit age distribution
function, defined in Sec-
tion I

Radius of injector tube
= E/R.. Dimensionless
radius of injector tube
Dimensionless response
to step input, defined in
Section I

= [u(R) — ul/u. Meas-
ure of variation of
u(R) from its mean
value

= Dg(R)/Dzm. Meas-
ure of variation of
Dr(R) from its mean
value

=Di(R)/Dim. Meas-
ure of variation of
D.(R) from its mean
value

=|(P — Pco)/P|

=|(c — c0/c)|

Defined by Eq. (73)
Internal age distribu-
tion function, defined in
Section I

Injection rate of tracer
Number of ideal stirred
tanks in series

Bessel functions
Moment order, see Eq.

(65)
Reaction rate constants
= Xn — Xo. Distance

between measurement
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M,

N,

Py
Py
Pim
Py

Pam

= a

Te

R(s)

Nz

S,

SRS

points, or length of ex-
perimental section

kth moment of tracer
distribution  averaged
over the cross section of
tube, defined by Equa-
tion (65)

Defined by Equations
(56) and (57)

The order symbol
Laplace transform vari-
able

—=uL/Dy’. Dimension-
less parameter
=uRo/Dx. Dimension-
less parameter

= uRo/Dr’. Dimension-
less parameter

= uRo/Drm. Dimen-
sionless parameter

= uRo/Dr. Dimension-
less parameter
=uRo/Dgm.  Dimen-
sionless parameter

= VD F /)
=/ (1/4) + (a:*/P.Pz)
Radial position
=d:/2. Tube radius

= R/R,. Dimensionless
radial position

Rates of chemical reac-
tion, (moles/time-
volume)

Lagrangian correlation
coefficient

Reynolds number
Time difference used in
correlation coefficient
Source term, defined by
Eq. (12)

Schmidt number

time

= V/v. Mean residence
time of fluid in the sys-
tem
= ut/Ro. Dimensionless
time

u(R)

U

Ve

Vs

Vs

5(t)

A\

Apy = fiam — pao

Ad® = on® — 0
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=ut/L = t/t.
sionless time
Velocity vector
Mean velocity in axial
direction

Velocity as a function
of radial position
Mean velocity in a
packed bed based on
empty tube

Unit step function
Volumetric flow rate
Volume of vessel

Dimen-

Volume of backmix
flow region

Volume of deadwater
region

Volume of plug flow
region

Axial position measured
from start of test sec-
tion

= X/Ro. Dimensionless
axial variable

= X/L. Dimensionless
axial variable

Dirac delta function,
see reference (S20)
Fraction voids in
packed bed
Eigenvalue in Eaq.
(67¢), (68¢c), and (69¢)
Mean of tracer curve
at measurement point
(dimensionless)
Difference in means of
the tracer curves at
the two measurement
points X» and X,
Kinematic viscosity of
fluid

Variance of tracer curve
at the measurement
point (dimensionless)
Difference in variance
of the tracer curve at
the two measurement
points X, and Xm
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¢

Tortuosity factor

SuUBSCRIPT

Refers to entrance or
upstream section
Refers to exit or down-
stream section,

Refers to end of test
section; applies to X,
z and X

Refers to the single

measurement point or
to the second of two
measurement  points;
applies to X, z, and X
Refers to the injection
point or the first of two
measurement  points;
applies to X, z, and X
Refers to the doubly
infinite tube, the open
vessel
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l. Introduction to Two-Phase Gas-Liquid Flow Processes

A. IMPORTANCE AND SCOPE OF COCURRENT
Two-Puase FLow APPLICATIONS

The problems of two-phase gas-liquid flow in pipe lines have become
of greater concern to engineers in recent years. This type of flow is en-
countered in an increasing number of important situations, and a clear
understanding of the rates of transfer of momentum, heat, and material
will be required for logical and careful design and operation of a very
wide variety of chemical engineering equipment and processes.

In the production and transport of crude petroleum and petroleum
products, two-phase flow is finding increasing use. Apart from the obvious
economies in pipe line construction, it is possible in oil field practice by
using two-phase flow to centralize gas processing, crude oil, or condensate
stabilization facilities, thus giving improved eccnomies. Two-phase flow
is also encountered extensively in the operation of heat-transfer equip-
ment, such as steam generators, refrigeration equipment, evaporators,
and partial condensers. Heat removal from nuclear reactors is an im-
portant recent application of two-phase heat transfer. The use of cocur-
rent gas-liquid contacting in chemical reactors is entirely practical when
pure gas is used as a reactant, or when an irreversible chemical reaction is
occurring in the liquid phase. A growing number of such potential applica-
tions can be found in the organic and metallurgical processing industries.

In many of these operations the engineer is concerned primarily with
prediction of pressure losses. However, the heat transfer rate through the
tube wall into the gas or the liquid phase is also of major concern in heat-
exchange equipment. In the design of chemical reactors for heterogeneous
gas-liquid systems, it is necessary to be able to predict not only pressure
drops and rates of heat transfer into or out of the channel, but also the
rates of mass transfer from the gas into the liguid phase.

Although all the information necessary to accomplish the above pur-
poses is far from being readily available, it will be shown in the succeed-
ing sections that a reasonable beginning has been made in the under-
standing, and therefore in the correlating, of transport processes in
two-phase gas-liquid flow.

Two-phase flow systems may be classified initially by composition, as
containing a single component (a pure liquid and its vapor), or two or
more components with any one component present in both phases or only
essentially in one or the other phase. Systems may further be described
as involving transfer of mass between phases, or otherwise; and as
isothermal, or adiabatic, or as having some intermediate temperature
behavior.
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B. CuaracTrRISTICS OF Two-PHASE FLow

An outstanding feature of two-phase cocurrent flow is the variety of
possible flow patterns, ranging all the way from a small quantity of gas
dispersed as bubbles in a continuous liquid medium, to the opposite
extreme of a small amount of liquid dispersed as droplets in a continuous
gas stream. The importance of these flow patterns can be shown when
one plots the rate of a transport process as a function of a flow rate of
one phase while the flow rate of the second phase is maintained constant.
The flux will be found not merely to increase or decrease in a smooth
fashion, but rather to show in different flow ranges minima or maxima
demonstrating the presence of fundamentally different transfer processes.
A comprehensive understanding of the flow processes is necessary before
the nature of the flow pattern can be predicted for any given set of flow
conditions.

The apparent visual changes in flow pattern may not always coincide
with an observed change in transport behavior. In addition, unstable
regions of transition exist between one flow pattern and the next, making
precise definition of these patterns based on visual appearance alone
extremely difficult. At identical values of the flow variables, it is some-
times possible to have two distinctly different flow patterns depending on
such factors as the inlet arrangement. Presumably one of these configura-
tions is unstable, but its transition to the more stable pattern may not
be observable within the limited scale of an experimental apparatus.
Further, the pattern must vary not only with flow rates and fluid proper-
ties, but must depend also on the flow geometry as given by the pipe
diameter and inclination.

A well-known fact regarding two-phase cocurrent flow is that the gas
and liquid velocities are rarely equal, although this may be assumed as
an approximation in certain cases. If the gas and liquid velocities are not
equal, and it has been shown that they can differ widely, then the volume
fraction of a component flowing in the pipe will not be the same as the
volume fraction of that component in the feed at the inlet. Thus the
volume fraction is an unknown, which must depend on the same variables
that govern flow pattern. A knowledge of this fraction of pipe volume
filled by each fluid is necessary in many instances, e.g., in estimating
steam quality, in neutron-capture calculations, or in determining an
average fluid density.

When one refers to the in situ gas-volume fraction, Rg, the term “void
fraction” is commonly used. The “holdup ratio,” (Hpz), is a related
quantity, and is defined as the ratio of the gas-liquid volume ratio in the
feed to the gas-liquid volume ratio in the flow section. Analogous to these
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terms is the use of “slip velocity” (V) which is the difference in the
actual average lineal velocities of the gas and the liquid phases.
These quantities may all be related by the following expressions,

1 1

1 i = = —_ = = 1
Void Fraction = R¢ =1 — R, a0, - Talore P (1)
Q¢ Gepr
Slip velocity = V! = Vo' — Vi! = 2¢ - Y&
Re 1-— Rg @
_ Ga GL HeV:. 1

T peRe  pr(l — Re) (1 — Rg)

The flow behavior which is observed is generally of a highly mixed
character, that is, in only a few cases could it be called reasonably
homogeneous. Bubbles, plugs, or slugs of gas or of liquid are usually
found in the various flow patterns. Therefore, although it may be neces-
sary and convenient to treat two-phase flow as a continuum having aver-
age properties, such an approach can only be considered a rather arbitrary
approximation.

‘When two-phase flow is compared to the single-phase case for the same
flow rate of an individual phase, it is an experimental fact that the
frictional pressure drop will always be higher for two-phase flow. This
higher pressure drop may be caused by the increased velocity of the
phases due to the reduction in eross-sectional area available for flow, and
also to interactions occurring at the extended gas-liquid interface which
exists in most of the possible flow patterns. It is equally true that the
heat flux will always be higher for two-phase flow than for the same
situation in single-phase flow with the same liquid flow rate. On the
other hand, mass transfer will depend upon both the extent of the gas-
liquid interface and the relative velocity between the two flowing phases.

C. VARIABLES GOVERNING Two-PHASE TRANSPORT PROCESSES

The independent, variables involved in the simultaneous flow of gas
and liquid phases are the viscosities, densities, and mass flows of the
individual phases and the interfacial tension between the two phases.
To these variables the channel diameter and shape must be added, and
the inclination; for horizontal flow the acceleration of gravity must be
considered, and in vertical flow the elevation will be a factor. Finally,
tube roughness may be an important variable.

When heat transfer is to be considered, one must add to the above
variables the thermal properties of each phase, such as thermal conduc-
tivity and specific heat, and the temperature profiles of the system. When
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mass transfer is taking place, additional factors will be the diffusion
coefficient in each phase of each component to be transferred, the con-
centration of each component in each phase, and equilibrium relation-
ships between phases for each component. This very large number of
factors makes it clear that a universal or general correlation for any
transport process would be very complex. However, the possibility
exists that certain of the variables given are of little significance, at least
over limited ranges which may be of definite practical importance; this
appears to be the case with respect to gas-phase viscosity and to surface
tension in momentum transfer. There is not yet a sufficiently good theo-
retical understanding to allow confident prediction of the variables that
will be most significant in any given set of circumstances.

D. PRESENT STATUS OF INVESTIGATIONS

In the years since 1940, a voluminous literature has appeared on the
subject of two-phase cocurrent gas-liquid flow. Most of the work reported
has been done in restricted ranges of gas or liquid flow rates, fluid prop-
erties, and pipe diameter, and has usually been specific to horizontal or
vertical pipe lines. The studies have in most instances been isothermal
when two components were being considered; nonisothermal cases were
almost entirely single-component two-phase situations. Reports of in-
vestigations of two-phase two-component cocurrent flow where one com-
ponent is being transferred across the interphase boundary are nearly
nonexistent,

The primary purpose of most of the investigations was to arrive at
workable correlations for the ealculation of pressure drops, or for estimat-
ing heat fluxes. In some instances, flow patterns and their dependence on
system variables have been investigated, usually visually; in other cases,
little  attention has been paid to this aspect. Many of the correlations or
relationships proposed are specifically limited to specific flow patterns.
In the main, the interpretation of results has been from a macroscopic
viewpoint, and has involved varying degrees of empiricism. Since 1955,
however, an increasing effort has been made to gain a basic understanding
of the mechanies of various two-phase flow patterns, and to apply this
information to develop sound transport equations.

Govier and Omer, in a recent article in the Canadian Journal of Chemical Engi-
neering, have summarized the present (G4) state of knowledge concerning the calcu-
lation of pressure drop and other quantities in two-phase flow: “The principal flow
patterns are understood in a qualitative way and the effect on flow pattern of the
major variables, mainly the lineal or mass velacities of the phases, is recognized.
In nearly all cases the real significance of the viscosities of the phases, the possible
separate roles of the densities of the phases, and the influence of the diameter of
the pipe is not known.
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“Extensive experimental data confirm the fact that the pressure drop for a
two-phase system Is influenced by the flow pattern, and indicate the need either for
separate pressure drop correlations for each flow pattern, or for the incorporation
into a master pressure drop correlation of these variables which in fact define the
flow pattern.

“A large number of correlations are available for the prediction of the pressure
drop attending two-phase flow in terms of the major variables affecting it. Each of
these has its own shortcomings, being restricted to certain flow patterns, to gases of
specified densities, to certain ranges of liquid flow rates, to certain diameters of pipe,
or the like, There is as yet no generally satisfactory universal correlation.

“Only a limited number of attempts have been made to correlate the liquid
hold-up or the equivalent in the pipe. Again it seems clear that the liquid hold-up
will be significally influenced by the fiow pattern, and that either separate correla-
tions will be required for each flow pattern, or a master correlation incorporating
those variables which influence flow pattern will need to be developed. With one or
two exceptions the few existing correlations suffer from the same kind of disadvan-
tage as those for the prediction of pressure drop.”

In the following sections, major emphasis has been placed on recent
literature, appearing in the years 1955-62. The term “literature” means
those technical journals in which research or experimental conclusions are
commonly published; much excellent data, and many useful correlations
and observations, are available only in theses, or in institutional, indus-
trial, or government reports. Although reports of this type which contain
unique results are included in the present discussion, a deliberate attempt
has been made to give priority in discussion to those articles which have
been most widely circulated and are therefore most readily available.

Three major reviews exist which give detailed coverage of the litera-
ture available up to about 1955. In particular, the review by Gresham
et al. (G7) may be consulted for empirical correlations limited to specific
flow patterns, and the papers by Isbin et al. (I1) and by Bennett (B9)
are particularly valuable for aspects of two-phase flow related to steam-
water systems. Bennett has also given useful tabulations of available
correlations (up to 1957) for the estimation of two-phase pressure drops.

Il. Descriptions of Two-Phase Gas-Liquid Cocurrent Flow

A. INTRODUCTION

It is necessary to distinguish at the outset between a physical or visual
description of the state of flow in two-phase mixtures, and a phenom-
enological one. A large variety of flow patterns which differ in visual
appearance are possible; however, a change in the appearance does not
necessarily mean that a significant change has also occurred in the basic
mechanism whereby momentum, heat, or material is being transferred.
For example, various flow patterns involving gas dispersed in a continu-
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ous liquid phase (or vice versa) might well be supposed to have much in
common from a phenomoenological viewpoint, however much they may
differ in appearance. The large number of correlations which have been
proposed by various workers have been based on one or the other of these
classifications.

A reasonable organization of flow types on the basis of the mechanism
of transport requires detailed theoretical analysis and extensive data.
Perhaps for this reason, the majority of investigators with less compre-
hensive data have adhered to a classification based on visual observation
of flow patterns. In the following sections both types of flow deseription
will be used, and defined, with “pattern” referring to visual observations,
and “type” or “regime” being applied to flow behavior which can be
deseribed by more quantitative expressions.

The problem of two-phase-flow classification is complicated by the
inevitable differences due to individual interpretations of visual observa-~
tions, and also by differences in terminology. Fig. 1, taken from the
work of Govier et al. (G6), shows the variation in terminology used for
vertical gas-liquid flow patterns. It includes a classification of flow
regimes proposed by Govier et al. based on pressure-drop behavior rather
than visual observations, as illustrated in Fig. 2. In the definitions adopted
by the writer, which follow, an attempt has been made to select the most
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F1a. 3. Flow patterns in horizontal flow.

easily definable flow patterns, and to use the most widely preferred
terminology.

B. Frow ParTerns IN HorizonTan TUBES

1. Visual Appearance

The classification made by Alves (Al) for two-phase flow in hori-
zontal tubes appears to describe adequately the majority of flow patterns
for this case. The following patterns are clearly observable, and are
shown sketched in Fig. 3.

(a) Bubble flow. Discrete gas bubbles move along the upper surface
of the pipe at approximately the same velocity as the liquid. At high
liquid rates, bubbles may be dispersed throughout the liquid, a pattern
often referred to as froth flow.

(b) Plug flow. The gas bubbles tend to coalesce as gas flow rate in-
creases, to form gas plugs which may fill a large part of the cross-
sectional area of smaller tubes.

(c) Stratified flow. Complete stratification of gas and liquid, with the
gas occupying a constant fraction of the cross-sectional area in the upper
portion of pipe, over a smooth liquid-gas interface. It occurs at lower
liquid rates than bubble or plug flow, and more readily in larger tubes.

(d) Wavy flow. Increasing gas rate produces waves of increasing
amplitude at the stratified gas-liquid interface, because of the higher gas
veloeity.

(e) Slug flow. Wave amplitudes increase to seal the tube, and the
liquid wave is picked up by the rapidly moving gas to form a frothy slug
which passes through the pipe at a much greater velocity than the average
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liquid velocity. Slug flow is also formed from plug flow as the gas flow
rate is increased at constant liquid rate.

(f) Annular flow. Gravitational forces become less important than
interphase forces, and the liquid is mainly carried as a thin film along
the tube wall. The gas moves at a high velocity in the core of the tube
and carries with it some of the liquid as a spray. Film flow is a name also
applied to this pattern.

(g) Mist or spray flow. More and more liquid is carried in the gaseous
core at the expense of the annular film, until nearly all of the liquid is
entrained in the gas. This pattern has also been called dispersed flow or
fog flow.

At a constant low liquid-flow rate with steadily increasing gas flow,
the patterns observed will tend to be stratified, wavy, annular and mist
flow. At a somewhat higher liquid rate, stratified, plug, slug, annular, and
mist flow oceur; while at high liquid flows the patterns follow the order
bubble, plug, slug, annular, and mist, as gas flow increases.

2. Prediction of Flow Patterns

A number of attempts have been made to prepare charts which would
allow prediction of the state of flow from a knowledge of flow variables.
Such charts usually take the form of a set of curves outlining regions in
which various flow patterns might be expected to occur. Kosterin (K3)
Hoogendoorn (H6, H7) and Hughes et al. (H10) used the volumetric
fraction of the gas fed as ordinate and the mixture velocity as abseissa.
Bergelin and Gazley (B12) Johnson and Abou-Sabe (J2) and Govier
and Omer (G4) defined the flow patterns by plotting liquid superficial
mass-velocity against gas superficial mass-velocity. Alves (Al) plotted
superficial gas and liquid velocities. Baker (B2) used the data of Kosterin
(K2), Bergelin (B12), and Alves (Al) and plotted gas mass-velocity
against the liquid-to-gas mass-velocity ratio of the feed. Correction
factors for fluids of differing densities, viscosities, and surface tensions
were introduced in an empirical way. Flow-pattern diagrams of the types
used by Baker and others serve a very useful purpose, in allowing de-
signers to predict the nature of the flow pattern that might be expected
in a given case, and thus to select the most suitable correlation for calcu-
lation of transport fluxes. The boundaries on these charts represent transi-
tion zones, often rather broad, between the clearly observable flow
patterns.

Tube diameter is clearly an important factor, as one can easily ap-
preciate by considering wave flow in a small-diameter pipe where this
pattern can hardly exist, and the same situation in a large-diameter pipe
where conditions must approach those of a free liquid surface. Since the
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existing correlations are not entirely dimensionless, it may prove possible
to introduce this term explicitly. Apparently, the only investigation of
flow patterns which has considered to some extent the effect of all varia-
bles is that of Hoogendoorn (H6) and Hoogendoorn and Buitelaar (H7).
In this work, it was stated that all gas-oil mixture patterns could be
represented approximately by a single chart for tube sizes greater than
about 1-in. in inside diameter. This same chart could also be used for
gas-water mixtures by enlarging the wave pattern area. Additional charts
were given for the flow of Freon 11 vapor and liquid, and also for Freon-
water flow (H7).
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F1c. 4. Suggested flow pattern map for horizontal cocurrent flow (modified from
that of Baker).

The shape of the areas on the charts presented by Hoogendoorn is not
particularly convenient, as fairly extensive and important ranges of flow
behavior tend to be squeezed together in a small area of the plot. Plots
given on a weight basis seem to yield a more equable arrangement of
flow areas than do those on a volume basis. In Fig. 4, the type of chart
given by Baker is reproduced, incorporating modifications to improve
somewhat the agreement with the recent date of Hoogendoorn (H6) and
of Govier and Omer (G4). The wave-flow area may be somewhat less
extensive than shown when oils are the flowing liquids, and somewhat
greater than shown for water. For pipes having a diameter less than one
inch, the extent of the areas shown will tend to change rapidly as diame-
ters decrease.
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The empirical correction factors

= (o7 s)”
0.075 )\ 62.3

(for variations in densities) and

b= (LT

(for surface tension and liquid viscosity) have not been completely
verified and may not in fact be the correct parameters. For example, work
by Kosterin and Rubinovitch (K4) and others indicates that the flow
pattern shows very little dependence on surface tension unless emulsifica-
tion results. Qualitative agreement with the flow-pattern areas on this
chart has been shown by Wickes and Dukler (W2) and Davis and David
(D2) for annular and mist flow, by Kordyban (K1) for slug flow, and
by Reid et al. (R1) for larger pipe diameters. Hoopes (H8) has used this
type of chart for downward flow in an annulus. Isbin and co-workers
(17) have shown revisions to the Baker plot to give better agreement of
the flow patterns in froth, annular, or mist flow, with their results for
steam-water mixtures over wide ranges of temperature and pressure.

On recalculation, the data of Govier and Omer (G4) for air-water
flow, and of Hoogendoorn (H6) for air-water and air-oil, give reasonable
agreement with the Baker plot, except for transitions from slug to annular,
and of wave to annular flow. This transition to annular or film flow seems
to be the least reproducible one, among various workers. Some evidence
indicates that centrifugal effects, for example those due to return bends,
may have a large influence. In a transition region, Hoogendoorn has
produced either slug or wave flow in an oil-air mixture at identical con-
ditions by variation of inlet conditions only. The two patterns differ by
nearly 100% in pressure drop.

In summary, the plot suggested by Baker (Fig. 4) appears to predict
approximately the probable flow pattern, for horizontal flow in tubes.
Additional investigation is still needed, to give more universally applica-
ble flow-pattern charts.

C. FLow PATTERNS IN VERTICAL TUBES

1. Visual Appearance

The terminoclogy used by various authors for visual description of
upward vertical two-phase gas-liquid flow has already been given in
Fig. 1. Typical pressure drop and hold-up ratio curves are shown in Fig. 2.
Inasmuch as the liquid feed rate is constant in Fig. 2, the pressure-drop
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behavior is characteristic of that observed as the gas flow rate is increased.

Visual definitions of flow patterns in vertical flow appear to cause
more difficulty than do those in horizontal flow. As the gas rate increases
at a constant liquid rate, a dispersed type of flow will be reached at
lower gas velocities in a vertical tube than in a horizontal one because
of the influence of gravity in causing back flow of liquid. Also, vertical
flow patterns tend toward radial symmetry, which is not the case in
horizontal flow. A classification of vertical flow patterns based largely on
air-water mixtures is given below. Surprisingly little work has been
carried out for the vertical upward flow of components other than these,
or steam-water mixtures.

If the liquid flow rate is not too high, the following flow patterns can
be described: These patterns are shown sketched in Fig. 5.

™M™

BUBBLE SLUG FROTH ANNULAR MIST
a b c d ]

»——— INCREASING GAS FLOW —-m—r->

Fic. 5. Flow patterns in vertical flow [after Nicklin and Davidson (N3)].

(a) Bubble flow. Gas is dispersed in the upward flowing liquid in the
form of individual bubbles of various sizes. As gas flow increases, the
bubbles increase steadily in numbers and size.

(b) Slug (or plug) flow. The gas bubbles coalesce to form larger bullet
shaped slugs having a parabolic outline at the head. These slugs increase
in length and diameter, and their upward velocity increases as the gas
rate increases. The slugs are separated by liquid plugs which contain gas
bubble inclusions. As the gas slug moves along the tube, liquid flows
down through the thin liquid annulus surrounding it into the bubble-
filled liquid plug beneath.

(¢) Froth flow. When back flow of the liquid around the slugs nearly
stops, the slug becomes unstable, and gas slugs seem to merge with the
liquid into a patternless turbulent mixture having the general nature of
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a coarse emulsion. The elements of this structure are in a continual
process of collapse and reformation.

(d) Annular (or climbing film) flow. The gas travels up the core of
the tube at a high velocity and the liquid forms an annular film around
the tube walls. Initially, this film may be fairly thick, and have long
waves on which are superimposed a pattern of fine capillary waves. As
gas flow rate increases, the film becomes thinner and the amount of the
liquid entrained as droplets in the central gaseous core increases.

(e) Must (spray, fog, fully dispersed) flow. At very high gas rates the
amount of liquid entrainment increases until apparently all the liquid is
carried up the tube as a mist or fog. Although a thin liquid film may exist
on the wall, its presence is not obvious in this region.

The transition from froth to annular flow, in particular, seems to
cover a fairly wide range of flow conditions, and to lack reproducibility.

2. Prediction of Flow Patterns

Apparently no attempts have been made to prepare a complete chart
for the prediction of flow patterns in vertical flow, analogous to Fig. 4.
Kozlov (K5) has stated, on the basis of his experiments with air and
water in a 1-in. diameter tube, that the flow pattern can be defined by
plotting the volumetric gas fraction fed and the average Froude number,
Vi?/9D. He gives equations for the boundary lines between types of flow
(assumed to be straight lines on a log-log plot of the type suggested).

10
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Fi6. 5a. Flow pattern map for vertical air-water flow [as proposed by Griffiths
and Wallis (G8)].
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Griffith and Wallis (G8) have presented a map of the flow patterns
using the coordinates proposed by Kozlov (see Fig. 5a). All possible flow
patterns are lumped into three areas classed as bubble, slug, and annular-
mist. Most of the data used by Griffith and Wallis were in the slug and
froth flow regions, and the boundary lines proposed in their map do not
agree with those suggested by Kozlov. Apparently the pattern transition
point obtained between bubble and slug flow is highly dependent on the
method of introducing gas and liquid, and the distance from the entrance.
In Griffith and Wallis’ experiments it was found that up to 300 diameters
might be required to stabilize a slug flow pattern. On the basis of this
result, some of the lack of agreement among other experimenters becomes
understandable.

D. Frow ReciMEs IN Two-Puase FrLow

Govier et al. (G5, G6, B14) have correlated flow patterns in terms of
the location of the two minima and the maximum observed in the pressure
drop vs. gas-liquid volumetrie feed ratioc (R,) curves (cf. Fig. 2). Gas-
liquid ratios, gas flow, liquid flow, pipe diameter and gas-phase density
were investigated for the air-water system in isothermal flow. From the
correlations presented (as V, against a function, Rype!/2D", when n varies
in every case) it is possible to predict the flow patterns varying from
bubble to annular flow. Mist flow was not investigated in this work,

Some detailed analyses of the mechanies of vertical slug flow (N4,
GG8) and vertical annular flow (A2, C1, C8, L1} have appeared in recent
years, and give a clearer picture of the microscopic behavior in these
patterns. In general, this type of analysis is yielding better results with
many vertical flow patterns because of their radial symmetry, than with
horizontal flow patterns.

Perhaps the simplest classification of flow regimes is on the basis of
the superficial Reynolds number of each phase. Such a Reynolds number
is expressed on the basis of the tube diameter (or an apparent hydraulic
radius for noncircular channels), the gas or liquid superficial mass-
velocity, and the gas or liquid viscosity. At least four types of flow are
then possible, namely liquid in apparent viscous or turbulent flow com-
bined with gas in apparent viscous or turbulent flow. The critical Reynolds
number would seem to be a rather uncertain quantity with this definition.
In usage, a value of 2000 has been suggested (L6) and widely adopted for
this purpose. Other workers (N4, 85) have found that superficial liquid
Reynolds numbers of 8000 are required to give turbulent behavior in
horizontal or vertical bubble, plug, slug or froth flow. Therefore, although
this classification based on superficial Reynolds number is widely used
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because of its simplicity, it appears to be arbitrary and not enlighten-
ing,

lil. Pressure Drop and Holdup

A. GENERAL

Two approaches may be noted to the problem of predicting pressure
drop and holdup in two-phase gas-liquid flow. Correlations could be
sought by the general means used so successfully for single-phase flow,
in the hope that equally widely applicable relationships in terms of
dimensionless groups or other parameters might result. Such correlations
based on analogy have been applied very extensively, in numerous forms
such as the Lockhart and Martinelli method, the homogeneous flow
method, and various so-called “friction factor” methods. Alternatively,
one may consider the detailed hydrodynamics of individual flow patterns,
or groups of related patterns; such a mechanistic approach will usually
be more difficult to apply quantitatively.

In the following sections, only the most useful of the “empirical”
correlations will be reviewed. For fuller compilations of empirical rela-
tionships, reference should be made to the reviews of Isbin, Moen and
Mosher (I1), Bennett (B9), or Gresham et al. (G7). Additional correla-
tions based on operating large-diameter pipe lines have been given by
Baker (B2, B3, B4). References to more recent relationships will be found
in succeeding sections, and more detailed discussions of the mechanies
of various flow patterns are given in Sections IV and V.

B. MoMENTUM AND ENERGY BALANCES

Differential momentum, mechanical-energy, or total-energy balances
can be written for each phase in a two-phase flowing mixture for certain
flow patterns, e.g., annular, in which each phase is continuous. For flow
patterns where this is not the case, e.g., plug flow, the equivalent expres-
sions can usually be written with sufficient accuracy as macroscopic
balances. These equations can be formulated in a perfectly general way,
or with various limitations imposed on them. Most investigations of two-
phase flow are carried out with definite limits on the system, and there-
fore the balances will be given for the commonest conditions encountered
experimentally.

For single-phase flow the momentum balance can be written to give
the static pressure drop as the resultant of acceleration, hydrostatic, and
wall-friction pressure-drop terms.
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—dP = dP, 4 dP, — dPw @)

For one-dimensional steady-state flow, neglecting density changes, the
above equation can be expressed as

dWv)

; +§Adz+AdP=AdPW 4

where the term AdPw = 7,C,, dz, where 7, is the wall shearing stress, and
C., is the wetted-wall perimeter. This equation in turn can be expressed as
the well-known mechanical-energy balance per unit time, by taking the
product with the mean velocity.

In two-phase flow, most investigations are carried out in one dimen-
sion in the steady state with constant flow rates. The system may or may
not be isothermal, and heat and mass may be transferred either from
liquid to gas, or vice versa. The assumption is commonly made that the
pressure is constant at a given cross section of the pipe. Momentum and
energy balances can then be written separately for each phase, and with
the constraint that the static pressure drop, dP, is identical for both
phases over the same increment of flow length dz, these balances can be
added to give over-all expressions. However, it will be seen that the
resulting over-all balances do not have the simple relationships to each
other that exist for single-phase flow.

Writing a momentum balance for the gas phase in a two-phase mix-
ture and assuming no mass transfer [see Lamb and White (L3)], we
have

dWaVe')

g + gi Agpadz + AedP = (126Cre + TweCwe) dz

= r16C1e d2 + AcdPwe

(5)

where the “frictional” pressure term now includes the effect of both inter-
facial and wall shearing stresses (rrg and rwg), but neglects surface
tension effects.

For the same case, a mechanical energy balance gives the equation

d(WeVe)

29 + %AGVG,PG dz + Agvg'/dp = TL(;CL(;V{G dZ o dEG (6)

The first term on the right expresses the energy transferred from liquid to
gas (Vi being the actual relative velocity at the gas-liquid interface), and
the second term the energy dissipated in wall friction.

If similar equations are written for the liquid phase, we have for the
momentum balance,
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d(VVLVLI)
Ge

(r¢rCor + rwiCwyr) dz
= 161Cer dz + A1dPws

4
+ 0 Arprdz + ArdP )

and for the mechanical-energy balance,

7 1712
M‘) + ’g* ALVL,pL dz + ALVleP = TGLCGLV{L dz — dEL (8)

29. ge
If the equality of dP over the length dz is assumed, and the two
momentum equations added, recognizing that r¢rCer = —716CLe, then
d(Wo V) i d(WeVe)

+ AdP + (prdL + pcde) éldz
= (rweCwe + TwrCwr) d2
= (A1dPyr, + AedPre)  (9)

Similarly, if Eqgs. (6) and (8), are added, using the fact that Vi, = Vi,
an over-all mechanical-energy balance results,

dWeV &) + dWL V)
2g.
+ ALV + pedeVe) g—dz = —dEg — dE, = —dE¢, (10)

gC gc

+ ALV + AgV)dP

For the common case when acceleration effects are negligible in
Eq. (9), and kinetic-energy terms can be neglected in Eq. (10), the above
equations can be simplified,

AdP + L (o AL + peAe) dz = dF gy

9
= (ArdPw: + A¢dPwe) (11)
and

(ALVi 4+ A¢Ve)dP + (Wr + W) gidz = —dleL (12)

For two-phase flow, it is apparent that the over-all momentum equa-
tion and the over-all mechanical energy balance are not readily trans-
formed one into the other, because of the necessity for weighting the
momentum terms by their respective velocities in order to form the
correct energy quantity. Either one could be legitimately used as a
basis for eorrelations of two-phase pressure drops, but if friction factors
are formulated by analogy to single-phase flow by writing expressions for
either dFgr, or dE¢p equivalent to an over-all Fanning equation, then
these friction factors will have quite a different significance depending
on their definition.

If mass transfer occurs between phases, the appropriate momentum or
energy terms must be introduced into the balances written for each
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phase. Equations showing mass transfer have been given by Levy (L4).
When the separate balances are added, however, Equation (9) and (10)
will result, because all terms representing transfer of momentum or energy
between phases will cancel out. For example, momentum balances with
mass transfer of dW, from liquid to. gas will have the following forms,
for the gas and liquid phases respectively,

gld(WaVa') + VidWy+ L dopgde + AedP = dFiq (13)

gld(WLVL') - VL'dWL + giALPL dz + ALdP = dF,'L (14)

On addition, the above equations yield Eq. (9).

The total energy balance can be derived in the same fashion, by
writing the energy balance for each phase, and then adding the equations
together. For a system as before, with constant mass-flow rates and no
mass transfer between phases, but with heat transfer possible between
phases, the total energy balance over a differential length of pipe has the
form for the gas phase (see Vohr, V5),

WeVdVe
[

Waip 1
pe

where dWgy, and dqgr represent the work done by the gas on the liquid,
and the heat transferred from the gas to the liquid respectively. The
quantity dUg is the thermodynamic internal energy expressed as energy
per unit mass of fluid.
Similarly for the liquid phase, the total energy balance is
! !
W.dP | WaVidVe 4 L ds + WidUs + dWio + dgua = 0 (16)

PL Je
Adding the above two equations, and using the fact that dWep = —dWie
and dqgr, = —dqrg, then
(.VV_G + K.’é) dP _+_ WGVG'dVG,

Pa PL

+ ng dz + WadUg + dWGL + dQGL =0 (15)

W 7 [
+ LVi/dVy

4+ WedUg + WrdUrL =0 (17)

A great deal of use has been made of the overall momentum, mechani-
cal-energy, and total-energy balances in various forms. Some of these
applications are mentioned in the succeeding sections.

+ (We+ W) ;idz

C. PHYSICAL SIGNIFICANCE OF BALANCES IN Two-PHAsSE FLow

Because of the complexity of two-phase gas-liquid flow a qualitative
picture of the different ways in which the equations just given specify
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the various irreversibilities of the system as a whole would be very useful.
Such a comparison has been given recently by Nicklin (N2), and his
approach is described briefly below based on the general problem of
cocurrent gas-liquid flow in a vertical pipe.

If the volume change of the gas is neglected, and hence accelerative
effects are also neglected, then for single-phase fluid flow, Equation (3)
becomes

—dP = gipdz — dP; = dP, — dPw (18)

and from the energy balance

_gp=4Yede VdPr _ . _ ip, (19)

If the obvious equalities in the single-phase flow equations above are
given separate designations, then these quantities can be compared to
their counterparts when two-phase flow equations are written in the
same form. Therefore, in Eq. (18), and (19), we define the following
terms:

—dP = static head pressure drop

dP, pressure drop due to the weight of the contents of a tube
dPw = pressure drop due to wall friction

dP; = pressure drop due to irreversible energy losses

dPr = pressure drop due to reversible work done in lifting a liquid

Obviously for single phase flow dP; = dPw and dP, = dPk.
Considering the case of two-phase flow, with constant mass rates, no
mass transfer and negligible accelerative effects, the total energy balance

of Equation (17) can be rewritten, where Wg/pg = Q¢ and Wy /pr = Qr,
to yield

g ._._W_G____ g Wy > _
dP+gc<Qe+QL>dz+gc<Q”“—‘G+QL dz+ Hpde + Hodze = 0 (20)

The quantities Hy, and Hg are the time rates of heat generation per
unit length of tube in the liquid phase and gas phase respectively. No
attempt is made to separate the cause of these effects, or to attribute them
to one phase or the other.

Rewriting the previous equation in the same form as that of Eq. (19},
by analogy, we obtain

—dP = dPg, + dPg, 4+ dPy, + dP,, = dPp + dP; (21)

Again dPp represents useful work done, and dP; represents irreversible
degradation of energy.
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The momentum balance gives another way of defining the pressure
drops; Eq. (11) for two phases can be rewritten to give

—dP = —“A“pr.dz + Aapadz + dPy = dP. +dPy (22

Comparing Eq. (21) and (22), the division of pressure drops is not
equivalent in the two, unless
Ag Qq

71—=QG+QL=RG

Because of slip, Rg is always less than Qg/(Q¢ + Qr), and so in two-
phase flow the irreversible pressure drop, dP; must always be greater
than the pressure drop due to wall shear alone, dPy. It follows that the
hydrostatic component dP, must exceed the reversible pressure drop dPg.
If now these facts are used to divide the energy loss due to irreversi-
bilities into two parts, one part can be specified as being due to wall
friction, and the other part due to relative motion between the phases.
Defining this energy loss due to “slip” as (Q¢ + Qr)dP,, we have

Qe + Qu)dP, = (Q¢ + Qu)(dP; — dPyw) (23)
where dP; = dP, + dPw, and, from Eq. (21),
—dP = dPg + dP, + dPw (24)

These different interpretations of the momentum or energy balances
are shown pictorially in Fig. 6. Defining a pressure drop due to inter-
action of the two phases affords a link between these subdivisions. In
Fig. 6, the interesting fact is shown that the total pressure drop may be
less than the weight of the contents of the tube because of a negative
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Fic. 6. Representation of pressure drops in vertical cocurrent flow [after Nicklin
(N2)].
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wall friction resulting from local downflows of liquid which give a “nega-
tive” shear at the wall.

From the above equations it is also apparent that in horizontal two-
phase flow, all irreversibilities appear as wall friction, provided gas-liquid
interfacial tension effects are negleeted.

IV. Correlating Methods for Two-Phase Pressure Drops and Void Fractions
A. INTRODUCTION

A variety of methods has been presented in the literature, for correla-
tion of pressure-drops, or of in situ volume fractions for specified condi-
tions of system geometry, operating conditions, or phase properties; but
no completely generalized correlation yet exists. Only those methods
which have been most widely used are discussed in the following seetion.
For more complete listings, reference to recent reviews should be made

(B9, G7).

B. LockHART-MARTINELLI AND MARTINELLI-NELSON CORRELATIONS

1. Lockhart-Martinellt Correlation

This derivation is based on certain limiting assumptions, although the
resulting correlations have been applied to all regions of two-phase flow
both by the originators and by many other investigators. Briefly, the
original assumptions were: ,

(a) The static pressure drop for the gas phase is equal to that of the
liquid phase, regardless of flow pattern.

{b) The volume occupied by the gas plus that occupied by liquid at
any instant equals the pipe volume.

(¢) Momentum and hydrostatic-pressure drops are neglected or are
calculated separately. The extension of the Lockhart-Martinelli ap-
proach which includes momentum and hydrostatic-pressure losses is
commonly called the Martinelli-Nelson method.

(d) Four types of flow were specified consisting of the four combina-
tions possible with either phase being considered in turbulent or viscous
flow. Boelter, Martinelli, et al. (B13, M3, M4} originally introduced
correlations for turbulent-turbulent, and viscous-turbulent flow. (In the
Lockhart-Martinelli nomenclature, the flow designation is for liquid and
gas, in that order; turbulent or laminar flow is arbitrarily defined as
greater than a superficial Reynolds number of 2000 or less than a value
of 1000.) Martinelli et al. (M3) extended this work to viscous-viscous
flow. A final correlation for all four combinations, as well as for void-
fractions, was presented by Lockhart and Martinelli (L.6).
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The correlation is presented as a plot of an empirical function, ¢,
against a parameter X, with one curve representing each of the four flow
regimes. The correlating quantities are defined as

s _ (AP/DZ)rp _ (AP/AZ)rp
o = aP/alye * F = (aF/AZ): (25)

2 _ (AP/AZ)
X = .(AP/AZ)cL; (26)

In the above terms, the quantities (AP/AZ) or (AP/AZ)g are calcu-
lated from conventional single-phase correlations on the basis that the
liquid or gas is flowing in the pipe alone at the same individual mass-flow
rate as in the two-phase case. Lockhart and Martinelli (1.6) have given
the appropriate expressions for X2, and the relationships between ¢g,
o1, R, and Ry, for the various flow regimes. The relationships are shown
graphically in Fig. 7.
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Fic. 7. Pressure drop correlation of Lockhart and Martinelli for frictional pressure
losses in horizontal cocurrent flow.

2. Martinelli-Nelson Correlation

These empirical correlations were originally based mainly on data
obtained for isothermal horizontal flow at pressures close to atmospheric
(to 50 psi), normal temperatures, and pipe diameters to one inch using
air and eight different liquids. In order to apply these equations to single-
component two-phase flow with mass transfer between phases, Martinelli
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and Nelson (M2) devised an empirical procedure applicable for steam-
water mixtures in turbulent flow. The parameters ¢* and X2 were taken
to be point values rather than incremental, with the assumption that the
steam quality z is zero at the inlet and varies linearly with tube length,
and the Lockhart-Martinelli correlation was then integrated with pres-
sure level as a parameter. The resulting values did not agree with experi-
ments at intermediate pressures, or with requirements at the critical point,
so corrections were applied to the calculations. In effect, an empirical
pressure dependence was enforced on the factor ¢2 Similarly, given
values for R¢ or By, as a function of X2 at atmospheric pressure and at
critical conditions (Rg¢ = R;), values for other pressures were arbitrarily
interpolated. The resulting sets of curves given by Martinelli and Nelson
(M2) allow calculation of frictional pressure-drops in the steam-water
system.

The momentum pressure-drop can often be neglected, particularly
when no mass transfer occurs in a system. Three equations, all approxi-
mate, are given below for calculation of these acceleration pressure losses,
AP,, between two sections, 1 and 2, using the mean velocities of gas and
liquid,

_ % (Ezz _ 2712 (1 - Z2)2 _ il it x1)2 ]

P~ e e =P " m =) @

For an inlet quality, z; = 0, (Martinelli-Nelson form)

B

AP, Je [Ragpag (1 = Ba)er 1 g. 28)

For an assumption of “non-slip” or homogeneous flow,
Apa____@ﬁ[ﬂ_ﬂ_{_ﬂ_ﬂ] (29)

Je LPes P& PL PL

Graphs giving the quantity, 7, as a function of quality and pressure have
been given by Martinelli and Nelson, based on their empirical correla-
tions.

For no mass transfer between phases, the acceleration loss is approxi-

mately,
1 1 1 1
AP“ - G ’ [ B :l 2[ B ] 30
Y lprRe  prRu +Gd vale,  palis (30)

3. Comparisons with Experiment

Since 1949 the correlations of Lockhart and Martinelli, and of Marti-
nelli and Nelson, have been used or checked by many investigators of
two-phase flow phenomena. The assumptions made in the derivations of
these correlations would seem to rule out certain flow patterns, e.g.,
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stratified, wave, slug, and mist flow; nevertheless this method has been
tested for all flow patterns in both horizontal and vertical flow, for iso-
thermal and non-isothermal systems, and at a wide variety of tempera-
tures and pressures, and for a number of different fluids. Although widely
used, these relationships have also been frequently criticized on both
theoretical and practical grounds. For earlier work (prior to 1957) refer-
ence should be made to the reviews mentioned already (B9, G7, I1).

The original correlation showed a scatter of nearly +50% in predict-
ing two-phase pressure drops, and, in addition, a decided dependence on
liquid rate (which the correlation averaged out). Much of this scatter
seemed to be a systematic drift depending on total mass flow rate. This
dependence on mass flow was pointed out by Gazley and Bergelin
(L6) and by Isbin et al. (I12). In the following summary, “satisfactory
predictions” can be taken to mean prediction of pressure drops no worse
than the above, and, in some cases, considerably better.

{a) For horizontal small-diameter pipes, up to 5-in., better results
are obtained for turbulent-turbulent flows than for the other three re-
gimes, where the correlation tends to give pressure drops that are too
high. For the turbulent-viscous, and viscous-turbulent regimes, agree-
ment is generally satisfactory for values of X > 1.0; see Govier and
Omer (G4), and Alves (Al).

(b) Predicted pressure drops are high by 50% or more for horizontal
turbulent-turbulent flow in large-diameter pipes, 6-in. and larger, at either
high or low pressures. See Baker (B2, B3) ; Reid et al. (R1) ; and Hoogen-
doorn (H6).

(¢) At pressures considerably in excess of atmospheric, the predicted
pressure-drops are high, with the error greater than at normal pressures;
see Hoogendoorn (H6), Isbin et al. (17), and Chenoweth and Martin
(C3).

(d) For vertical flow, when applied for prediction of frictional pres-
sure-drop in turbulent-turbulent flow, values are obtained which are too
low for X < 10, but are satisfactory for X > 10 for air-water flow in
small diameter tubes; see Davis (D1), and Collier and Hewitt (C6).
The fact that the calculation of the hydrostatic component of the pres-
sure drop depends on a knowledge of the gas or liquid volume-fraction
in the tube should be noted in connection with vertical flow. For all but
the annular flow-pattern, this is the major term. An experimental knowl-
edge of the void-fraction was required to test this correlation, because
until recently no accurate prediction method was available for vertical
flow. The possible error in calculating the frictional part of the observed
pressure drop therefore can become quite large for all but the annular or
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spray flow-regions. The behavior of the air-water system in vertical flow
in terms of the Lockhart-Martinelli parameters has been shown recently
by Hughmark and Pressburg (H12).

(e) In small horizontal tubes carrying gaseous Freon 11 (trichloro-
monofluoromethane) with water, or with liquid Freon 11, in turbulent-
turbulent flow, the Lockhart-Martinelli curve gives values at least 40%
too high; see Hoogendoorn and Buitelaar (H7), and Hatch and Jacobs
{H3).

(f) For any flow, the correlation does not account for the effect of
pipe-wall roughness. However, the normal roughness variation does not
cause an error in predicting pressure drops as great as that arising from
other sources, according to Chisholm and Laird (C4), and Hoogendoorn
(HS6).

(g) A dependence of the two-phase pressure-drop on liquid or total
mass-flow rate, which is not allowed for in these correlations, has been
shown by several investigators. In general, the variation of the pressure
drop with Gy is nearly as great as its dependence on X. The Lockhart-
Martinelli curve roughly averages this variation,

(h) The Martinelli-Nelson method of predicting pressure drops be-
comes increasingly less accurate as pressure increases, and as quality
decreases. For steam-water flows in horizontal tubes, an extensive com-
parison with experiment has been carried out by Isbin and coworkers
(12, 15, I7). Their data covered wide ranges of pressure, quality, and
flow rates, with most of the results lying in the annular or dispersed
flow-pattern region. On the basis of this work, it was concluded by Isbin
et al. that when accelerative effects became important, neither the Marti-
nelli-Nelson method nor other proposed correlations was adequate.

It should be remembered that these correlations as originally devised
by Lockhart and Martinelli were based almost entirely on experimental
data obtained for situations in which accelerative effects were minor
quantities. The Lockhart-Martinelli correlation thus implies the assump-
tion that the static pressure-drop is equal to the frictional pressure-drop,
and that these are equal in each phase. The Martinelli-Nelson approach
supposes that the sum of the frictional and accelerational pressure-drops
equals the static pressure-drop (hydrostatic head being allowed for) and
that the static pressure-drop is the same in both phases. When accelera-
tion pressure losses become important (e.g., as critical flow is approached),
they are likely to be significantly different in the gas and liquid phases,
and hence the frictional pressure losses will not be the same in each
phase. In these circumstances, the correlation must begin to show devia-
tions from experiment.

(i) Void fractions as predicted by the Lockhart-Martinelli or Marti-
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nelli-Nelson correlations are applicable for horizontal flow only, and show
large potential percentage errors at low values of Rg. Improved expres-
sions are available to aid in estimating void-fractions over wide ranges of
conditions for both horizontal and vertical two-phase flow. (14, 15, N4,
S5). At present it would appear necessary to use the Lockhart or Marti-
nelli relationship only for horizontal flow with superficial liquid Reynolds
numbers below 8000, or for void fractions exceeding 0.80; for these condi-
tions, it gives a useful approximation.

(3) These correlations have been reported to be applicable for pre-
dicting pressure drops over eertain ranges (usually annular and mist
patterns or the turbulent-turbulent region), with varying degrees of suc-
cess for the following flow cases: upward flow in tubes and annuli [Collier
and Hewitt (C6)], horizontal flow in rectangular channels [Davis and
David (D2)], upward flow in rectangular channels [Sher and Green
(87)], downward flow in annuli [Hoopes (HS8)], and downward flow in
tubes [Wright (W3)]. It has been suggested also that, when acceleration
effects are significant, better correlation is obtained if the total two-phase
pressure drop (i.e. friction plus acceleration losses) is used rather than
just the frictional component [Schrock and Grossman (S2)].

In summary, the calculation of pressure drops by the Lockhart-Marti-
nelli method appears to be reasonably useful only for the turbulent-
turbulent regions. Although it can be applied to all flow patterns, accuracy
of prediction will be poor for other cases. Perhaps it is best considered as
a partial correlation which requires modification in individual cases to
achieve good accuracy. Certainly there seems to be no elear reason why
there should be a simple general relationship between the two-phase fric-
tional pressure-drop and fictitious single-phase drops. As already pointed
out, at the same value of X in the same system, it is possible to have two
different flow patterns with two-phase pressure-drops which differ by
over 100%. The Lockhart-Martinelli correlation is a rather gross smooth-
ing of the actual relationships.

C. CHENOWETH-AND-MARTIN CORRELATION

This correlation (C3) is intended to apply for turbulent-turbulent
horizontal flow in pipes, and was developed to give better pressure-drop
prediction for higher pressures and larger-diameter pipes. On an entirely
empirical basis, the quantity APrp/APL* is given as a function of liquid
volume-fraction of the feed, with a quantity ye*pr/yr*pe as a parameter.
For this correlation AP*, is evaluated as the pressure-drop based on
the total mass-flow using the liquid-phase properties. The parameter
va*pr/Y*Lpa is defined as
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Ya*pr _ AP¢* _ [f¢*Z/D + ZK]p
Vi*pe  APL*  [fu*Z/D + ZK)pe

where the f* are evaluated at the total mass flow from a Moody chart,
and the term 3K is an allowance for valves and fittings.

The originators claimed an agreement with the experimental pressure
drops of =35% for this correlation. Only a few additional evaluations
have been made of this relationship. For air-water in vertical annular
flow, Collier and Hewitt (C6) found that the frictional drop was predicted
as well by this relationship as by the Lockhart-Martinelli one. For an-
nular and mist flow, however, Govier and Aziz (G3) found only a poor
agreement for low liquid volume-fractions. Isbin et al. (17), for steam-
water flows at pressures from 400-1000 psia, concluded that errors of
over 100% occurred over much of the liquid volume-fraction range, pre-
dictions being low at low volume-fractions, and high at high fractions.
In general, when used for conditions removed from those on which it is
based, this correlation gives results somewhat worse than the Lockhart-
Martinelli methods.

Recently, Hughmark (H13) has proposed a correlation which has
essentially the same basis as that of Chenoweth and Martin. Hughmark
plots the ratio of the friction factors for two-phase flow and the flow of
a fictitious single phase fluid (see discussion of friction factor methods
following) against the liquid volume fraction fed, but uses a slightly dif-
ferent parameter, that is (Rerpyr) (Po/Pr) (0.085/D) as a third quantity.
This choice of parameters amounts to using a fluid viscosity weighted for
the quantities of the two fluids, rather than a ratio of viscosities as in
Chenoweth and Martin’s work, and introducing a diameter ratio, inas-
much as Hughmark’s work was based on 1 in. pipe. The correlation is
claimed to be generally applicable for horizontal flow, but it is interesting
to note that, of the comparisons made by Hughmark with other common
two-phase pressure drop equations, the closest agreement is with the
Chenoweth-Martin equation, and, on the average, the improvement shown
by Hughmark’s modification is slight.

€2y

D. “FrictioNn-FacTtor” METHODS

By analogy to single-phase flow, the two-phase frictional pressure-
drop can be expressed by the conventional Fanning equation, and thereby
a “friction factor” is defined. These friction factors may be based on liquid
properties, gas properties, or on a fictitious single fluid of mean properties
obtained by some averaging procedure. Typical definitions, such as those
shown in equation (32), have been given and discussed recently by Govier
and Omer (G4):
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(AP) _ 2frpiGr? 2fTPGG02 _ 2frpuGa® (32)
AZJrp  g.DpL g:Dpa geDpx

Obviously, correlations of one of these friction factors with an analo-
gous Reynolds number, or with two-phase pressure-drop, throws little
light on the other variables concerned, and these quantities will appear
as parameters in any proposed relationship. However, Govier and Omer
point out that plots of such a form do give a systematic spread of data
above the single phase lines and allow easy comparison of trends.

The definition of friction factor using mean fluid properties has been
most widely used because it reduces to the correct single-phase value for
both pure liquid and pure gas flow. This technique is very similar to the
so-called “homogeneous” model, because it has a clear physical signifi-
cance only if the gas and liquid have equal velocities, i.e., without slip.
Variations of this approach have also been used, particularly the plotting
of a ratio of a two-phase friction factor to a single-phase factor against
other variables. This approach is then very similar to the Lockhart-
Martinelli method, since it can be seen that (G4)

where fg and f, are the friction factors obtained from a conventional cor-
relation for the gas or liquid flowing alone.

The basic assumptions implied in the “homogeneous” model, which is
most frequently applied to single-component two-phase flow at high ve-
locities (with annular and mist flow-patterns) are that (a) the velocities
of the two phases are equal; (b) if vaporization or condensation occurs,
physical equilibrium is approached at all points; and (¢} a single-phase
frietion factor can be applied to the mixture if the Reynolds number is
properly defined. The first assumption is true only if the bulk of the
liquid is present as a dispersed spray. The second assumption (which is
also implied in the Lockhart-Martinelli and Chenoweth-Martin models)
seems to be reasonably justified from the very limited evidence available.

This model has met with some success, particularly at high flow rates
and high qualities in small tubes. Ishin et al. (I7) show that it can give
reasonable predictions for dispersed flow if the momentum pressure-drops
are small. When momentum pressure losses are significant, Isbin et al.
(I4) point out that the homogeneous model can predict such high mo-
mentum losses that the frietional pressure loss becomes negative. Charts
presented by Hoopes (H8) also show clearly that the error in evaluation
of momentum or kinetic-energy terms caused by the “no-slip” assumption
can be very large.

As a correlating procedure, the friction-factor approach has been used
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very widely, because it permits application of the mechanical-energy and
total-energy balances in their familiar single-phase forms. The resulting
equations may then be applied to cases involving mass transfer, with or
without simultaneous heat transfer, by stepwise integration along a pipe;
or, if appropriate assumptions are made, analytical integration may some-
times be possible. Isbin et al. (I1, 17) and Hoopes (HS8) have given
methods and appropriate forms of the equations for carrying out the
calculation procedures.

The partial success of homogeneous models for predicting pressure
drops and void fractions in dispersed flow (the only pattern for which
the “no-slip” assumption may be justified) has led to some overstatement
of the range of value; e.g., see Owens (O1). However, this simple model
has often given good correlations, though the choice of correlating para-
meters varies widely and the resultant expressions are entirely empirical.
In general, “friction-factor” methods do not require the assumptions
made in the special case of the homogeneous model, and can be applied
equally well to vertical or horizontal flow; such methods of “correlation
by analogy” give good results, although they shed very little light on
the fundamental behavior of two-phase systems.

E. Oruer CorRRELATION MODELS

1. Momentum-Exchange Model

Levy (L4) has recently proposed that if the frictional plus hydro-
static head losses in the gas phase equalled the sum of the same losses
in the liquid phase, then one could assume that momentum was exchanged
between the phases rapidly enough to maintain this equilibrium. This
condition then requires that any changes in quality, void fraction, or
density of the phases results in such a momentum exchange. By writing
a mechanical-energy balance for each phase, and then subtracting one
from the other the necessary relationship between z, Rq, and pz/pe can
be established so that the model will be satisfied. This relationship, in-
cluding mass transfer between phases, is

(L=  2tp 1 (1—ap _
(1—Ro) " Rope 20— Rap ~° 3y

Equation (34) gives reasonable agreement with experiment, in hori-
zontal tubes, only for high void volumes. In vertical tubes with heat trans-
fer, agreement is generally better at low void volumes and low pressures.
This correlation was improved by adding an empirical factor to allow for
a momentum difference between phases at high heat fluxes. Pressure drops
were calculated by using an approximate relation between Rq and ¢,
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S
(I = Re)?

This equation can be derived by supposing that the wall is in contact
with liquid only, and that shearing forces are equal at the gas-liquid
interface. Experimental pressure drops were predicted to +50% to —30%
on the average, although larger individual variations existed. An attempt
was made by Marchaterre (M1) to refine this method by expressing the
mechanical-energy balance in terms of ¢,

(35)

2. Modified Lockhart-Martinelle Methods

Davis (D1) has suggested that the introduction of the Froude number
into the Lockhart-Martinelli parameter, X, gives a description of gravi-
tational and inertial forces so that this model can be applied to vertical
flow. The revised parameter, X, is defined empirically for turbulent-
turbulent flow as,

WL 0.9 PG 0.5 “L 0.1 VM2 0.185
(G @
this relation being based largely on low-pressure data from Govier et al.
(G6) for air-water, and from Isbin et al. (I13) for steam-water. Comparison
with other sets of data give an agreement of =20% for liquid Reynolds
numbers above 8000, or, above 6000 if the Froude number exceeds 100.

It should be noted that the frictional drop was calculated by sub-
tracting the hydrostatic head and acceleration losses from the measured
total pressure-drop; where void data were lacking, a homogeneous flow
model was assumed. This modifieation of X by use of the Fronde number
appears very similar to the technique used by Kosterin (K2, K3) for
horizontal pipes, in which the equivalent of ¢ 2 was plotted against
volume-fraction of gas flowing, with mixture Froude number as the cor-
relating parameter.

3. Slip-Velocity Methods

The slip velocity itself (i.e., V¢’ — V1’) has been used as a correlating
parameter as well as the slip-velocity ratio, V4'/V)'. Lottes and Flinn
(L7) used the latter to form a graphical correlation to allow determina-
tion of the quality in boiling steam-water flow in vertical rectangular
ducts. Hughmark and Pressburg (H12) have correlated vertical two-
phase pressure drops with the slip velocity in a plot of (APrp — APL) /AZ
against V/, obtaining a family of curves having as a parameter ¢ =
1/p 014759194 3,907 The quantity y was determined by a statistical cor-
relation of numerous data obtained by these workers as well as by others.

The use of a slip-velocity in any relationship depends on the ability
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to make a reasonably close estimate of the void fraction [see Eq. (2)].
Hence, pressure drop correlations of this type are often accompanied by
suitable void fraction correlations (e.g., for that developed by Hughmark
and Pressburg see Section IV, E, 5).

4. Pipe Roughness as a Variable

Another modification of the Lockhart-Martinelli approach has been
proposed by Chisholm and Laird (C4) to account for the effect of pipe
roughness. For the turbulent-turbulent region, it is suggested that the
Lockhart-Martinelli correlations, which were presented graphically, can
be represented by the equation

21 1
¢%TT =1+ )_{‘ E (37)

If X > 0.4, the last term is negligible. On the basis that the exponents on
the flow terms in the definition of X vary as a function of pipe roughness,
it was found that plots of {@rrr® — 1) against C/XM gave straight lines,
where m = 1.0 for smooth tubes, and 0.80 for the roughest tube; 1-in.-
diameter horizontal tubes with roughness ratios ¢/D to 0.068 were used
with air-water flow. The quantity C was found to be a funection of liquid
flow rate, and of tube roughness.

An interesting comparison can be made of this work and that of
Hoogendoorn (H6). The latter work covered plug, slug, and froth flow-
patterns for air and various liquids (about the same flow-pattern range
covered by Chisholm and Laird), pipe diameters from about 1 in. to
53 in., roughness ratios to 0.030, liquid-to-gas viscosity ratios from 60 to
1500 and a gas-density variation of about 100% (pg/pr from 0.0016 to
0.0030). For turbulent-turbulent flow, Hoogendoorn gives the correlation,

APrp G \0-8 I

APF = |:1 + 230 (GM> :":0.00138 pa] (38)
where AP.* is the pressure drop for the total mass flow calculated as
liquid, and « is a function of (G¢/Gy) and varies from about 0.90 to 1.0.
This correlation applies for (Gg/Gu < 0.05, that is for Gy =~ Gy. If this
factor is now taken into account, AP.* = APy; the right-hand side of
the above equation is very nearly equal to 1 + 21/X, and therefore these
correlations are basically identical. Roughness was accounted for by
Hoogendoorn by evaluating APp* at the appropriate roughness factor
from a Moody chart, while Chisholm and Laird have done the equivalent
by giving C as a function of superficial liquid Reynolds number, and of
the ratio of smooth- and rough-pipe friction factors.

Chisholm and Laird also measured and correlated the in situ volume-

fraction of liquid with an equation of the general form,
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1

R ¥+m
For smooth tubes, a correlation also existed between 1/R;, and ¢rrr?, but
for rough tubes the liquid flow rate was a parameter, especially for
X < 3.5. In general, it would appear that the parameter X correlates the
void fraction over wide ranges better than it can correlate the quantity
¢rrr, although the roughness ratio remains a separate parameter. An
effect of roughness on the flow pattern is indicated, and this would also
explain to some extent the observed effects of pipe roughness on pressure-
drop.

-1+ 2 (39)

5. Miscellaneous Void-Fraction Correlations

Hughmark and Pressburg (H12) have correlated statistically their
void data and others for vertical flow, using a modified Lockhart-
Martinelli parameter, X, given as

0.19.0.20 0.70
X = (WL) P Bt Mipt 1 (40)

WG GMO 435pL0 72

An average deviation for the prediction of Rg of =0.038 was claimed for
air and for a variety of fluids in vertical pipes from 0.4 to 2.34 in.
diameter.

A summary of data on void-fraction investigations, and tests of
various correlations for the steam-water system have been given by
Isbin et al. (I5). These workers conclude that the variety of flow condi-
tions possible make a single general correlation of void data unlikely;
in any case, insufficient data are presently available.

In a later publication (I4) Isbin et al. show the effect of using different
void-fraction correlations for the calculation of acceleration effects in
horizontal steam-water flow when critical velocities are approached.
In this work, additional void-fraction correlations are given: The Fauske
model (for annular flow when velocities are very high) results in

1
Re = (1 — x)(pa)“’ (1)
T L
The Modified Armand equation, for void fractions > 0.8, is
Q¢
Rg = (0.8 0.1 42
¢ = (0.833 + 67:c)Q + 0 (42)

It has been shown by Scott (S5) that the theoretical equation pro-
posed by Nicklin, Wilkes, and Davidson (which is identical with Armand’s
(A7) empirical equation for steam-water flow) is applicable to horizontal
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flow for the conditions of their derivation, i.e., for superficial liquid
Reynolds numbers exceeding 8000, excluding wave and stratified flow-
patterns, with void fractions up to 0.8. The Nicklin equation for horizontal
flow is

_ Q¢
Re = 0.833 0s+ 0. (43)

The corresponding equation for vertical flow, again for liquid Reynolds
number above 8000 and for void fractions to 0.80, was given by Nicklin
et al. (see Section V, A), and was shown to agree with experiment:

Qe
Be = 13(@e + Qo) + 0354(GD)" (44)
where A is the cross-sectional area of the pipe.

A similar equation to that of Eq. (43) was proposed by Bankoff (B6)
on the basis of a bubble-flow model for vertical flow. His derivations are
discussed in the following section (Section V, B). Finally, it should be
mentioned that the “momentum exchange” model of Levy (L4), and the
“slip-ratio” model of Lottes and Flinn (L7) are more readily applied for
the determination of void fractions than for pressure drops. In general,
these methods seem to give rather poorer accuracy than those already
discussed.

Many of the void-fraction correlations which have been prepared for
both vertical and horizontal flow of steam-water mixtures have recently
been tested by Haywood et al. (H4) against their extensive experimental
data for 1-in. and 1j-in. tubes. Additional valuable evaluation is given
by others in the published discussion of this paper.

Petrick and Swanson (P1) have measured the effect of sudden con-
tractions and expansions on void fractions found in vertical air-water
flow, for pressures from 150 psi to 600 psi. As might be expected, a change
does occur in the void fraction due to the difference in relative gas-
liquid velocities in the two sections. In an unstable zone extending for
several diameters from the point of change of the cross section, the
voidage may vary abnormally, particularly for an expansion, due to the
jetting action of the fluid. Petrick and Swanson give a semitheoretical
equation for estimating the downstream value of Rg at atmospheric
pressure from a knowledge of the pressure ratio and area ratio, and the
upstream void fraction.

Liquid metals represent a special case in the estimation of two phase
void fractions. Because of the great differences in vapor and liquid
density, very low qualities correspond to high void fractions, and for the
same reason very large slip velocity ratios occur. In a recent paper,
Smith et al. (S13) review previous measurements of void fractions in
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vertical channels made on liquid metals (mainly by Soviet workers),
and suggest a void fraction correlation in which a slip velocity ratio, V/,
is plotted against a “relative flow area” with an inlet velocity ratio as a
parameter. The relative flow area is defined as the ratio of the actual
area of flow to the flow area giving a Froude number of unity at the same
total mass rate. Basically, this variable is proportional to the total mean
liquid veloecity. The results of Smith et al., as well as those of others,
are presented as a graphical correlation in terms of these quantities.

V. Mechanics of Specific Flow Patterns

A number of definite flow patterns have been investigated in varying
detail, with those occurring in vertical flow receiving the most attention
because of the radial symmetry existing in this case. In the following
sections, brief reviews are given of some of the more significant work
reported up to 1962.

A. Suuc Frow

1. Vertical Tubes

Careful theoretical analyses of fully developed (i.e., ideal) slug flow
in vertical pipes have been made along related lines by Griffith and
Wallis (G8), and by Nicklin et al. (N4). The latter approach appears
to be more fundamental, and is therefore reviewed here. In fully
developed slug flow, the slugs of gas bear a resemblance to so-called
“Dumitresecu” or “G. I. Taylor” bubbles. These bubbles are described
as “wakeless” bubbles, and are best pictured as resulting when a narrow
tube full of liquid and sealed at the top is allowed to empty from the
bottom. Both theory and experiment show that in a stationary liquid,
the rising velocity of such bubbles relative to the tube wall is given by

Ve = 0.35(gD)!"2 (45)

It was shown by Nicklin et al. that long slugs (those several diameters
in length) rise relative to the liquid ahead of them at exactly this velocity.
If the liquid has a net flow ahead of the nose of the slug, then the slug
velocity in space is given by Eq. (45), plus a component which must
be added to account for the net liquid velocity. Downward liquid flow is
more complicated than upward, because the slug shape becomes distorted
in an effort to avoid the fastest downflowing liquid at the tube center.
When a slug expands due to a change in hydrostatic head, the slug
velocity is increased by an amount dependent on the velocity of the
displaced liquid, and on the absolute pressure of the system. Usually the
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veloeity of bubble rise is not a function of slug length, thus there is no
effect of wake on this velocity.

For turbulent upward liquid flow, it was found experimentally that the
slug velocity is given for superficial liquid Reynolds numbers over 8000 by

V. = 1.2Vr + 0.35(gD)}? (46)

That is, the component of the slug velocity due to liquid upflow is very
nearly the same as the maximum liquid velocity at the tube center for
turbulent flow.

By continuity, it can be shown that the average superficial liquid
velocity, Vi, is given by

Qot_vy, (47)

In addition, the velocity rise of the slugs must also equal the true average
gas veloeity, that is,

Ve =V, = 22 48)

Incorporating these latter two expressions in Eq. (46), the gas volume-
fraction in slug flow can be obtained.

1

QL> 0.35A (¢gD)\2

12(14 %= s
(1+ @) + 22

This equation reproduces the work of several investigators over wide
ranges of air and water flow rates and for pipe diameters to 24 in., up to
the point where annular flow begins., For comparison, Griffith and Wallis
present a similar development using in place of Eq. (46) the expression

Ve = VL + 0.35C(gD)!2 (49)

where Cy was correlated empirically, Nicklin et al. also point out that if
the buoyancy term in the denominator of equation (44) is omitted, then
an equation which might apply to horizontal bubble flow results.

Moissis and Griffith (M5) measured velocity profiles in a tube in the
wake of a slug, and found that all disturbances died away within about
5 tube diameters. Therefore, as long as slugs are separated by about this
distance, they will not tend to coalesce, or to be distorted by the presence
of other slugs preceding them up the tube. Further, if the expansion of the
slug is not large, they will rise with a constant velocity, and remain a
constant distance apart.

The calculation of pressure drop in vertical slug flow requires an
understanding of the distribution of shear stress and pressure around a

Rg =

(44)
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single slug rising in still liquid, and an extension of this analysis to a
moving liquid. Except at very high flow rates, frictional effects are small
relative to the pressure drop due to the weight of liquid in the tube.
Therefore, pressure drops can be obtained to a close approximation for
most conditions by a calculation of the average density of the fluid mix-
ture, that is,

pav. = pL(l — Rg) + peRe (50)

At high flow rates, and for other transport processes, however, it is useful
to have some information on the fluid mechanics of the system. There-
fore, a semi-empirical description of this aspect of slug flow is given
below, as developed by Nicklin et al. (N4) as an extension of the work
of Laird and Chisholm (L2).
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F1e. 8. Sketch of a rising slug in vertical flow.

Referring to Fig. 8, from a force balance between sections 0 and 3,
Laird and Chisholm derived Equation (51) for a single slug rising in
still liquid,

Py = Py+ gor(h + 2 +2—1) — F, (51)

Here A is the height of tube required to hold the volume of liquid sur-
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rounding the slug, ! is the slug length, and F, are the shearing forces
between the tube walls and liquid, which must act upwards to balance
the downward motion of the liquid around the slug. F, is usually deter-
mined experimentally by measuring the change in P; when the slug breaks
the surface.

At the stagnation point at the nose of the slug, the pressure is P,
(also the pressure inside the bubble); applying Bernoulli’s equation
between sections 0 and 1, we obtain

2
Py = pugh + B 1 Py (52)

A quantity Pg is defined as the pressure recovery in the wake due to the
change in momentum of liquid between sections 2 and 3. This pressure
recovery can be calculated from a momentum balance if the liquid
velocity at section 2 is known. Applying Bernoulli’s equation again at
sections 1 and 3, remembering that the pressure around the slug must be
constant, we have

Py =P+ prg(z — I) + Pe (53)
Combining Eq. (51), (52), and (53) gives
F, = pigh — P — 3oLV (54)

By generating single slugs, and measuring liquid levels in the tube
during and after the passage of a slug, Nicklin ef al. determined the
quantity A experimentally to be 10.2% of the slug length for long slugs.
Tests on long, true Dumitrescu bubbles gave a value of 10.4%.

The liquid at the nose region of a slug can be assumed to accelerate
freely under gravity; near the tail of the slug a region of constant liquid
thickness exists where gravity is just balanced by wall shear forces.

At the nose, viscous forces can be neglected, and therefore the velocity
in the liquid film can be calculated from Bernoulli’s theorem. Nicklin
et al. show that for these assumptions

A = 0.495(Di)1? (565)

For small values of I, that is, 6 in. or less, the above equation agrees well
with experiment. Therefore, A can be estimated for both long and short
bubbles. From a knowledge of A and slug length, the velocity of the liquid
entering the wake can be found, and Py can then be calculated as men-
tioned above. Given these experimental results, F, can then be determined
from Eq. (54). The equivalence of the experimental value and the value
of F, obtained indirectly has been shown by Nicklin et al. The film thick-
ness for a slug rising with a velocity of 0.566 ft./sec. in a 1.02-in, Perspex
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tube was found to be 0.0262 in., for the region of constant thickness
where the liquid is no longer accelerating, This value is somewhat less
than that predicted by Dukler and Bergelin (D5).

When liquid and gas are flowing concurrently in fully developed
vertical slug flow, the liquid moves upward with a velocity given by
(Qe¢ + Q) /A. The wall friction acts in a positive sense, and can be
caleulated from single phase flow data. In the region around the slug,
shearing forces at the wall act upward, as already mentioned, so that the
friction acts in a negative sense, and if interfacial shear stresses are small,
just supports the liquid in the film. This liquid weight can therefore make
no contribution to the total pressure drop.

The resultant frictional pressure drop could be negative, so that the
total pressure drop might be less than the weight of the liquid in the tube.
The exact frictional drop is not easy to calculate because of the difficulty
of determining the thickness of the liquid film around the slug, where the
behavior approximates that of a wetted wall column being operated at
very high liquid rates.

One additional conclusion arises from the work of Nicklin, Wilkes,
and Davidson. Eq. (44) and (48), when @p = 0, transform to:

Ve =12 %G + 0.35(gD)\* (56)
Thus, even with zero liquid flow, a bubble or slug rises at a rate greater
than its basic rising veloeity, given by 0.35 (gD)/2. Tt can be concluded,
therefore, that continuously generated bubbles or slugs rising through
stagnant liquid rise faster than single bubbles or groups of bubbles which
are not being continuously generated. An extra increment proportional to
the superficial gas velocity must be added to the basic rising veloeity.
At high gas rates, this increment may be the major factor in determining
bubble velocity.

2. Horizontal Slug Flow

A flow model for horizontal slug flow of steam-water mixtures has
been proposed by Kordyban (K1). This model supposes that the liquid
flow is divided into two flow fractions, one of which flows along a sector
of the tube bottom at one velocity (channel flow), while the remainder
flows in the rest of the tube cross-section in the form of ideal flat discs
(slug flow). The assumptions made are: (a) the vapor to liquid weight
ratio flowing is small, and therefore the friction loss due to vapor flow can
be neglected; (b) the liquid is turbulent in both the channel flow and
slug flow; (c) the liquid in channel flow is negligibly influenced by shear



238 DONALD S. SCOTT

forces at its free surface; (d) for the liquid in slug flow, the shear stress
at the interface equals the shear at the tube walls; and (e) no mass
transfer oceurs.

The Bernoulli equation can now be written for the liquid in channel
flow in the bottom part of the tube, and for the liquid in slug flow in the
upper part. The acceleration terms are then neglected, and the friction
factors for each type of liquid flow found from the Blasius equation and
from true Reynolds numbers. The resulting equations eannot be readily
evaluated because of the two hydraulic-radius terms involved in the two
types of flow, and an unknown fraction defining the relative mass of
liquid in each part of the tube.

If it is assumed that most of the liquid flows in the form of slugs,
then only one of the mechanical energy balances needs to be considered,
and the cross-sectional area for slug flow becomes approximately the
same as the tube area. The resulting expression is,

Qr

where APy is the pressure drop for the liquid flowing alone in the tube.

In the region of slug flow, Chenoweth and Martin’s correlation of
superficial liquid volume fraction against a pressure-drop ratio can be
represented by an expression

APpp AL
AP * (1 + QL> (58)

The similarity of this equation and that of Kordyban is obvicus. How-
ever, as Kordyban points out, the assumption that all the liquid flows
in the slugs is not a particularly good one, and agreement of Eq. (57)
or (58) with slug-flow data for steam-water in small tubes (0.420 in.
or less) at lower pressures is not too good (= 70 — 100%). Comparison
of Eq. (57) with the data of Reid et al. (R1) for slug flow in large diame-
ter pipes gave considerably better agreement.

APrp = APy, (1 + @)“5 (57)

3. Unstable Slug Flow (Froth, Turbulent, Semi-Annular)
in Vertical Tubes

The region in which vertical slug flow begins to show serious insta-
bilities, with the slugs collapsing, or coalescing, has been described in
various terms by different workers. It can certainly be specified as a
transition region between two more definite patterns, slug and annular
flow. There have been two recent attempts to analyze this unstable region,
one by Moissis and Griffith (M5) and the second by Nicklin and David-
son (N3}, from quite different viewpoints.



PROPERTIES OF COCURRENT GAS-LIQUID FLOW 239

Moissis and Griffith suppose that as short gas bubbles rise through
the tube, they tend to be unstable because of the short separation dis-
tances between them and hence of the consequent wake effects. They
assume that coalescence of these bubbles will oecur eventually to produce
larger slugs, with a sufficient separation distance to give fully developed
slug flow. For this reason, the unstable region was given the name
“developing” slug flow, and assumed to be an entrance effect which
could persist for long distances. This viewpoint is questionable in light
of the fact that many investigators have found this froth or turbulent
flow region to be quite constant in appearance, and to show little evi-
dence at steady flow conditions that the nature of the flow pattern varied
progressively along the tube.

It is not clear from Moissis and Griffith’s work exactly how they
produced the so-called “developing” slug flows they studied. In fact, the
conditions studied by Moissis and Griffith appear to be those of coales-
cence of large bubbles, in what is really an artificially produced bubble
flow. On the other hand, the work of Nicklin and Davidson seems to have
been concerned with the instability developing from true slug flow as the
gas flow rate increases. Further evidence in support of these conclusions
lies in the fact that Moissis and Griffith in 1-in. pipe used a maximum
superficial gas velocity of about 0.8 ft./sec. at zero liquid flow to produce
their unstable conditions, and were apparently able to produce unstable
regimes at even lower flow rates, whereas, Nicklin and Davidson found
that for zero liquid flow in a 1-in. pipe, the change in flow pattern began
between 5 and 6 ft./sec. superficial gas velocity. It would appear that the
“developing” slug-flow results presented by Moissis and Griffith pertain
to a transient region preceding the establishment of fully developed slug
flow, which usually tends to disappear in about 20 diameters.

As mentioned in the previous section, the existence of a liquid film
of uniform thickness around the base of a slug was pointed out by Nicklin,
Wilkes, and Davidson (N4). In an extension of this work, Nicklin and
Davidson (N3) have carried the analogy between this situation and a
wetted-wall column to the instability point known to occur in wetted-
wall columns at high gas-flow rates.

Considering a section of a vertical pipe through the base of a gas slug
where the liquid film thickness is constant, and calling the gas volume
fraction at this point B¢ and the true point gas flow Q¢’, we find from
Eq. (46) that

Q' = R'AV, = R¢'A[1.2(Q¢ + Qr)/A + 0.35(gD)'?] (59)

If bubble expansion is neglected between the entrance and the section
under consideration, and if @’ is the true liquid flow in the film
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QU =Q¢d — Q¢ — Qs (60)

Finally, the forces around a slug must be in balance, and therefore,
in theory, a third equation can be written allowing Q¢’, Q.’, and R¢’ to be
determined. In practice, the liquid film is not sufficiently stable to allow
caleulation of the forces; thus, mutually compatible values must be found
experimentally. This was done by Nicklin and Davidson in a wetted-wall
column; they found that R4 was independent of the gas velocity,
Q¢’/A, and a function only of Q;/A. In addition, the flooding point was
determined for both long and short columns. By combining Eq. (59) and
(60), mutually compatible values of Q¢’, @1, and Rs’ were found, and
these were solved graphically with the R vs. Qp’/A plot to give a real
solution. From flooding results, this solution could then show what condi-
tions were within the stable region, and at what point flooding would
begin for given gas and liquid flow rates. The point of instability in a
slug-flow pattern was determined by Nicklin and Davidson for no liquid
flow in a one-inch tube, and was found to lie between Q¢/A =5 and
Qe¢/A =6 ft./sec., whereas flooding results prediected instability at
Q¢/A = 5.5 ft./sec.

When flooding occurs, liquid is prevented from running down the
column around the slug, and therefore the slug following must also
collapse because of insufficient liquid. Hence, a process of continuous
collapse and reforming of bubbles begins. At higher gas flows, a more
vigorous action would be expected. The flooding action should result in
a sudden increase in pressure drop, just as it does in a wetted-wall
column; reference to Fig. 2 shows that this does in fact occur.

At low liquid rates, the onset of instability occurs at a constant value
of the total superficial velocity, and is predictable from holdup and
flooding data for wetted wall columns. As liquid flow rates increase,
Nicklin and Davidson predict that unstable flow begins at lower values
of the gas flow rate. For high liquid flow rates, however, the slug length
becomes important, and the unstable flow will begin at higher values of
gas flow rate. Therefore, a definite liquid flow rate exists at which an un-
stable flow pattern appears with a minimum gas flow rate.

Recently Bashforth et al. (B15) have made a study of the special
region in which the transition from countercurrent to cocurrent liquid
flow occurs with vertical upward gas flow. At this point, the liquid film
is suspended, and the net liquid flow rate is zero corresponding to the
limiting flooding case for wetted wall columns.

By assuming a parabolic velocity gradient in the film, these authors
have derived an equation relating the hold up of liquid in the tube to
the change in pressure drop due to a change in film length. Hence, this
holdup could be predicted, and these predictions compared favorably
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to that measured at various film lengths. In addition, the liquid-gas
interfacial shear was calculated, and a friction factor for skin drag was
shown to be a linear function of the superficial gas Reynolds number.
The liquid holdup was also found to vary linearly with this Reynolds
number.

From the relative magnitudes of liquid-wall and liquid-gas shearing
forces, it was concluded that the circulation of liquid in the film must be
such that two-thirds of the film is supported in upward motion by the
gas flow, and one third is supported through downward motion by the
wall of the tube. Hence, the net force on the tube wall is downwards
against the air flow.

For air and water, in a one inch tube, the superficial gas velocity
limits for the film suspension region were about 31 ft./sec. to 41 ft./sec.
(see Fig. 10 also). The value of 31 ft./sec. agrees with the value to be
expected for the critical gas flooding velocity at zero liquid flow from an
extrapolation of the results of Nicklin and Davidson. Hence, the approach
of the latter workers in their analysis of unstable slug flow would seem
to be valid for net liquid flows down to zero.

B. BussLE Frow

1. Vertical Tubes

Many of the considerations discussed in the previous section can be
applied to vertical bubble flow. Two cases are of interest; first, one in
which there is no downward or upward liquid flow (@ = 0), for example,
on a distillation tray. With a shallow liquid layer there will be no liquid
velocity profile, and hence bubble-rise velocities for uniformly sized
bubbles will be the same at each cross-section. It can be shown (see
Nicklin, N2) that if the rising velocity of a swarm of bubbles not con-
tinuously generated in a still liquid is V,, then the rising velocity relative
to the tube of a swarm of continuously generated bubbles will be, for
QL =0,

VB=RQT:;‘1=VO+% (61)

Second, when a liquid is flowing in a long tube, a liquid velocity profile
will develop, and bubbles near the center of the tube will rise more
rapidly than those near the wall. In slug flow, all slugs rise with nearly
the maximum veloecity, but in dispersed bubble flow, the variations in
speed tend to cancel and give a component to the bubble velocity due to
the average liquid velocity. As before, from continuity, this mean liquid
velocity at any cross section must be (Q¢ + Qr)A4, so that the bubble
rise velocity is
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_ Qe _ Qe + Q1)

VB - RG’A - V0+ A (62)

The relative velocity between rising bubbles and liquid is also a

matter of interest in transport processes. For bubbles in still liquid,
this is given by Nicklin (N2) and by Wallis (W1) as

Vo
(1 — Rg)

In the case of a flowing liquid and continuously generated bubbles,
the relative velocity is
a 1 QG QL . Vo
Ve=Vo—Vi=p A" T Rad ~ (0 = Ra)
where V' is the true velocity of the liquid relative to the tube. Hence,
for a given system and a given value of Rg, the relative velocity of the
phases is a constant of the system, independent of the liquid flow rate,
or whether the bubbles are generated continuously or not.
In bubble flow, the pressure-drop is almost entirely due to the weight
of the fluid, and thus pressure-drops can be approximated very closely
from a knowledge of the in situ volume-fractions as given by Eq. (62).

Ve=Vo+ - (63)

(64)

2. Horizontal or Vertical Tubes

Another analysis of two-phase bubble flow has been given by Bankoff
(B6). Further discussion of this approach can be found in the articles
by Zuber (Z2) and Hughmark (H11). Bankoff propeses, for the particu-
lar problem of bubble flow, a model which substitutes a single-phase fluid
having a variable radial density; this model might be used for either
vertical or horizontal tubes. The radial density occurs because of the
observed fact that the bubble population is greater in the center of the
tube. Further assumptions are that the bubble everywhere moves with
the liquid velocity, but because of the nonuniform radial distribution,
the mean bubble velocity is greater than the mean liquid velocity. The
above assumption also means that buoyancy components of the bubble
velocity are neglected (about 0.83 ft./sec. for air in still water). Power
function distributions for velocity and gas volume-fraction in the radial
(y) direction are assumed, viz.,

= =% (65)
)m Vi

Re* = 3% = (66)
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where Vi or R’ are the point values, and V¥, or Rg, are the respective
values at the tube centerline.

If now the definitions of the average gas volume-fraction and of the
mass-flow rates, Wy and Wy, are written, and Eq. {65) and (66) are
substituted in them together with the definition of the quality, z =
We/ (W5 + W), then integration gives

1_,_» __E>
-1 (1 A (67)
where K is a “flow factor” defined by
K = 2(m + n + mn)(m + n + 2mn)
(n+1D@2n+ Dim+ 1)2m + 1)

Further, one can define a “slip-velocity ratio,” to show the difference
between the mean true bubble velocity and the mean true liquid velocity:

(68)

_YVd _1—-Re
lﬁ — VL, - K — RG (69)
from which it can be shown that
Rg = KVe+ Vi)  K@Qe¢+ QL) (70)
Va Qe

According to Bankoff, bubble flow occurs at gas volume-fractions to
0.8, and for qualities above about 0.6. He showed that, over this range,
Eq. (70) with a value of K = 0.89 gave good results in comparison both
with experimental data and with the Martinelli-Nelson correlation; the
fit given by Eq. (70) was somewhat better than that given by the
momentum theory of Levy (L4). This agreement was also true for
pressure-drops, when the wall shear stress was calculated as for a single-
phase fluid having the mixture properties.

Zuber showed that Eq. (70) corresponded to the result obtained ex-
perimentally by Armand (A7), with K = 0.833, and that it could cor-
relate gas void-fractions as a function of quality for values of Rg to 0.8
for vertical flow.

It is interesting to compare the assumptions made by Bankoff to the
restrictions operating in the investigation by Nicklin, Wilkes, and David-
son for slug flow. In their work the velocity component of the slugs due
to liquid flow approached the maximum liquid velseity at the tube
center-line. If this is also true of the bubbles of Bankoff’s model and the
bubble rise velocity due to buoyancy is ignored, then the velocity of the
bubbles as given by Nicklin et al. would be,



244 DONALD 8. SCOTT

_ Qe+ Q1) Qe
V=12 Y = Rod (71)
so that
Re 0.83Q¢ 0.83V¢ (72)

T @ +Qn (Vet V)

a result practically identical to that of Bankoff. It may be concluded
that the variable-density assumptions made by Bankoff effectively ap-
proximate slug flow in vertical pipes; the success of his equation is
largely due to the fact that over fairly wide ranges this serves as a
reasonable model for vertical bubble flow. The slug and bubble models
will give similar results as long as they are compared at sufficiently
high liquid flow rates so that buoyancy differences can be neglected. Also,
if the gas velocity component due to buoyancy is entirely neglected, then
the horizontal and vertical models become identical.

Hughmark (H11) has extended this approach to obtain an empirical
correlation covering wide ranges of data for the air-water systems in
vertical flow. Basically the correlation consists of using Eq. (70) with a
variable value of the coefficient K. This coefficient was expressed by
Hughmark as a function of the mixture Reynolds number, Froude num-
ber, and liquid volume-fraction. Hughmark’s approach gives

K = j(2), (73)

Z - gReM)llngrM)lls
(I‘BLo)I/4

with the Reynolds and Froude numbers superficial values for the mixture.
The quantity K was then found empirically from air-water data in
vertical flow. An analysis of the terms involved in Eq. (73) indicates
that the only strong effect not given in Eq. (70) is a variation in Z
with 1/D075,

Correlation of Rg according to Eq. (73) is claimed for air-water and
steam-water in vertical tubes, and for air with various liquids in hori-
zontal tubes. Any fundamental significance of Hughmark’s dimension-
less groups, with their small exponents, is not readily evident. No
apparent reason exists why the coefficient K should have a value differing
from 0.83, even though pressure, temperature, or fluid properties might
vary, as long as the assumptions corresponding to a slug type of flow
are met. The use of a variable coefficient in Eq. (70) may simply reflect
the deviation of the system from slug-flow behavior.

Zuber (Z2) has reported that Russian workers have used a similar but
simpler approach to correlate their void-fraction data successfully for
steam-water mixtures. The “modified Armand equation” described in

where
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Section 1V, D, also belongs in this category. While the equations of
Nicklin et al. for void fractions are firmly based on theory for slug or
bubble flow, the extension of these equations to other flow patterns, or to
void-fractions above 0.8, is empirical.

A knowledge of the mechanies of vertical cocurrent bubble, slug, and
froth flow is important for an understanding of the performance of gas-
hift pumps. These devices will not be discussed here, but reference may be
made to a recent article by Nicklin (N1},

3. Horizontal Bubble Flow

An investigation has been reported by Wallis (W1) in which finely
dispersed bubbles could be injected into liquid in horizontal flow through
porous walls, either to give a constant quality, i.e., at only one point, or
continuously along the tube length to give a simulation of forced-convec-
tion boiling. The latter experimental analogy is open to question, inas-
much as there is a large amount of evidence that nucleation is suppressed
at high liquid velocities. However, the correlations presented by Wallis
apply only to bubble flow and, presumably, therefore, to relatively low
velocities and qualities. If this is true, the model may apply in some
ranges of forced-convection boiling,

Wallis points out that, from continuity considerations and bubble
dynamics, the cocurrent flow of uniformly dispersed bubbles as a dis-
continuous phase in a liquid can always be made to occur in any system
and for any void volume., (This is not true for countercurrent flow.)
Coalescence of bubbles may occur, of course, and if this coalescence is
sufficiently rapid, a developing type of flow is observed, usually from
bubble to slug flow. Because of this behavior, the particular flow pattern
observed in bubble flow is quite dependent on the previous history of the
two-phase mixture. This would be true for both horizontal and vertical
flow.

Wallis states that if bubbles were uniformly dispersed, and nonrigid,
then their effect at a constant total mass-flow rate would be simply to
increase the stream velocity, and at a constant friction factor, the pres-
sure-drop would be,

APrp = APy, (1 + %) (74)

where APz, is calculated as liquid at the total mass flow. This equation
appears to be actually a close approximation, good for low gas densities
or low qualities.

The above equation was found to be inadequate; and hence Wallis
suggests the following dimensional empirical form for horizontal bubble
flow,
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APrp
AP;,

where Gy is expressed in lb. mass/(hr.) (sq. ft.). For the air-water mix-
tures used, this correlation is equivalent to those of Hoogendoorn (H6)
or Laird and Chisholm (L2}, except that a specific term is included to
allow for the fact that the Lockhart-Martinelli parameter X;; is also a
function of Gy (see Section IV,E4.)

Experiments carried out with accelerating horizontal bubble flow,
that is, with variable quality, were correlated by similar but separate
equations for £-in., §-in., and §-in. diameter pipe. For the %-in. pipe,

0.82
APre _ g 4 (490 M) (76)

= 14300 (%) G (75)

L

AP L VL

where ug is the gas velocity normal to the pipe wall. The numerical
constants differ for each pipe size. The equations correlate total pressure-
drop, that is, the sum of frictional and acceleration losses.

C. ANNULAR {CriMBING-FiLM) AND DisperseEp FLow

These two flow-patterns should be considered together, because of
the experimental evidence that liquid entrainment in the form of droplets
is probably always present to some degree in annular flow, and because
the transition from one flow-pattern to the other is very gradual.

This flow-pattern is of great importance in heat transfer processes.
Consideration is being given to cooling nuclear reactors by use of this
type of two-phase flow. It oceurs in the commonly used long-tube evapo-
rator, in thermosiphon reboilers, and probably to a considerable degree
in water-tube boilers as well., Because of these potential and current
uses, a great many experimental and theoretical studies of this flow
pattern are under way. The relatively few investigations carried out
prior to 1958 have been reviewed by Bennett (B9). A recent, comprehen-
sive review of this work has been given by Lacey et al. (L1), who list 57
references mostly referring to work recently completed or still in progress.

Superficially it would seem that the symmetry presented by upward
annular liquid flow in tubes should offer a good opportunity for a rigorous
analysis of the fluid mechanics. Indeed, a fair success has resulted from
efforts in this direction, but many difficulties still remain. In the follow-
ing section, a largely qualitative description of methods of analyzing
annular and spray flow will be given. Discussion referring specifically to
heat transfer will be given in Section VI.

In upward or climbing-film flow, waves or ripples are always present.
At low gas rates and low liquid rates; films are thin, wave amplitude and
entrainment may be relatively small, and straightforward hydrodynamic
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analysis ignoring these factors may give reasonable prediction of behavior.
At higher gas flow rates, entrainment increases, and a high-velocity
“ring” wave of large amplitude appears. If the amount of liquid entrain-
ment becomes appreciable, then prediction of film thickness or pressure-
drops will depend on a knowledge of the relative distribution of the
liquid mass-flow between the two phases, which has not yet been given
much experimental attention. Moreover, the mass-fraction of liquid en-
trained may increase along the pipe. Anderson and Mantzouranis (A3)
have found that entrainment increases exponentially with velocity; hence,
since the gas velocity itself increases continuously due to pressure drop,
entrainment equilibrium is apparently never reached. Further, the method
of adding the liquid feed will affect this situation markedly, and it may
require a thousand diameters (L1) to approach spray equilibrium. There-
fore, at higher flow rates, expertmental results may only be comparable
for identical entrance arrangements, and theoretical analyses based on
steady-state models may never be duplicated in practice.

Pressure drops for these higher flow rates are very much larger than
would be anticipated from a smooth-liquid-surface model, even if the
fluid properties are modified to allow for the appreciable entrained-
liquid content. A large additional dissipation of energy must occur
because of (1) the behavior of the wavy film as a rough wall, (2) wave
generation, and (3) liquid interchange between the film and the gas.

Entrainment behavior may be summarized from the work of Wicks
and Dukler (W2) and Collier and Hewitt (C6) in the following way,
based on jet- or shock-type injection of liquid. Very little entrainment
occurs until a certain pressure-drop is reached which, in general, is about
twice the pressure drop which would have occurred if the gas had been
flowing alone in the tube. At constant liquid rate and increasing gas rate,
the film thickness decreases, and at the highest gas rates approaches a
reasonably constant value. When the liquid rate is also high, the entrained
liquid approaches 90% of the total. Presumably, at this point, the liquid
film owes its existence to a process of continuous deposition and removal
of liquid droplets. At constant gas rate, liquid-film thickness increases
with increasing liquid feed rate, until at fairly high gas rates it becomes
nearly independent of liquid rate; the entrainment increases steadily as
liquid flow rate increases. Pressure drops increase steadily with increas-
ing gas rates, but at constant gas rate they tend to be much less dependent
on liquid rate.

For the relatively simple case where entrainment need not be con-
sidered, Calvert and Williams (C1), Anderson and Mantzouranis (A2,
A3), and Collier and Hewitt (C6) have attempted analyses of the
mechanics of upward film flow. Calvert and Williams made use of the
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Prandtl-Nikuradse treatment and considered the liquid film to involve
a laminar and a turbulent layer. Anderson and Mantzouranis’ work is an
extension of the equations presented by Dukler and Bergelin (D5), and
makes use of the von Karman universal velocity profile. In general, if
any two of pressure drop, liquid flow rate, or film thickness are known,
the third quantity can be calculated.

Collier and Hewitt have compared results from the two approaches
of Calvert and Williams, and Anderson and Mantzouranis, and give the
following summary:

(1) For very low values of 7., the wall shear force, the Anderson and Mantzou-
ranis analysis predicts film flow rates from film thickness and pressure drop which
are very much lower than are the actual values (down to about one-third). In this
region, the Calvert and Williams theory predicts film flow rates quite close to the
measured values.

(2) For high values of 7+, both theories predict much higher film flow rates than
those observed (in the worst case by a factor of 4).

Film thickness is predicted more closely from film flow rate and pressure drop,
than is film flow rate from film thickness and pressure drop. This- improvement
results from the fact that the film flow rate is approximately proportional to the
square of the thickness.

(3) For most of the results, the values of y;+ (dimensionless distance parameter),
at the gas/liquid interface correspond to the buffer region

(b < y:+ <30)

(4) The Anderson and Mantzouranis analysis always predicts lower values for
film flow rate than the Calvert and Williams theory. This difference is accentuated
at low values of 7., and reached about 300%. For high values of 7. the difference
is only about 10%.

More recently Hewitt (H5) has adapted a downward-film-flow
analysis by Dukler (D4) based upon the Deissler velocity profile, to
upward film flow; this approach, also requiring numerical solution, is
claimed to give better correlation of film thickness with theory, over
wider ranges than previous data, and for different types of liquid in-
jections. The Deissler velocity profile was developed specifically to
describe the velocity variation in the zone close to a solid wall, and, might
be expected to give the best description of film flow. However, when
gross wave motion or significant entrainment occurs, this correlation
also shows deviations from experiment.

The effect of the method of liquid injection is worth noting. In general,
the higher the entrance shock when the two phases are mixed, the greater
the amount of entrainment will be. Injection methods giving smooth
annular films with a minimum of entrainment give higher pressure-drops
(C6, W2). For example, pressure-drop decreases in the following order
for different injection methods: porous walls > annular slots or rings
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> radial jets > tees or ells. Entrainment decreases in the reverse direc-
tion, suggesting that less energy is required to transport liquid as droplets
than is required to move it as a wavy climbing film.

Entrainment studies have been relatively few, as pointed out earlier.
Anderson and Mantzouranis (A3) used the results of measurements of
entrainment (which was small in their work) to correet their calculated
liquid film thickness, and thus obtained somewhat better agreement with
experimental values. Wicks and Dukler (W2) measured entrainment in
horizontal flow, and obtained a correlation for the amount of entrainment
in terms of the Lockhart and Martinelli parameter, X. The entrainment
parameter, R, of Wicks and Dukler is given by

_ (Q/Qo)WeE
k= (LdP/GdL)G @0

where (dP/dL) has the usual significance, E is the mass of liquid en-
trained per unit time, and We, is the “critical” Weber number:

(Ve — Vi) de

oLgc

We, = pg (78)
Here V¢, and V7, are the true velocities at the entrance, of gas and liquid,
respectively, and d, is the critical droplet diameter. The value of the We,
depends on the degree of shock at the entrance seetion; e.g., for smooth
liquid injection, 22 was used, and for tee entrances, 13 to 16. Collier and
Hewitt (C6) also measured entrainment in air-water mixtures, and have
extended the same correlation to much wider ranges, using We, = 13 in the
case of jet injection with the results shown in Fig. 9. Anderson et al. (A5),
during mass-transfer studies in a water-air-ammonia system, found en-
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trainment values that were in complete agreement with the Wicks and
Dukler correlation.

In a recent publication, Gill et al. (G12) present results of new
studies of film thickness and entrainment for upward annular flow of air
and water at constant rates in a long, 11-in. pipe. A porous inlet section
for liquid was used, so that all entrainment arose from the annular film
itself. These authors conclude that entrainment increases steadily along
a tube, and arises from the continuous presence of film surface waves,
so that a very long tube might be required to reach equilibrium (which
might never occur if surface waves never disappeared).

Inasmuch as the amount of entrainment varies continuously along
the tube length, it is apparent that the Wicks and Dukler correlation
cannot be completely general, as it does not contain any allowance for
this effect. Gill et al. found from their results (also shown in Fig. 9),
that this correlation gives an entrainment value corresponding to a
position about 6-8 ft. along a pipe, for air and water. Depending on the
point in the pipe and the degree of entrance shock, the predicted and
measured values can vary by *50%. However, for a given distance
from the entranece, the type of correlation shown in Fig. 9 can be obtained
for a given gas-liquid system. No data appear to be available for
systems other than air and water.

Gill et al. also measured both entrained liquid flow rates and gas
velocity profiles across the core as a function of pipe length. The local
mass veloeity of entrained liquid varies as might be expected for smooth
liquid injection. Close to the injection point the entrained water flow
decreased from the wall toward the center, but at a position remote from
the entrance the reverse was true and the liquid mass velocity in the
gaseous core was greatest at the center. At intermediate positions, a
reasonably uniform liquid flux existed across a diameter, as reported by
others (A3, W2). Measurements of the gas velocity profile gave a fairly
sharply peaked parabolic form, which was shown to follow the form of
the classical velocity deficiency law for very rough surfaces, but with a
new numerical coefficient. The combination of inereased liquid mass
velocity near the tube center and a peaked velocity profile resulted in a
very uniform volumetric fraction of liquid existing in the core at any
radial position.

An interesting study of entrainment from horizontal liquid films has
also been carried out by Van Rossum (V1). On the basis of a liquid film
in laminar flow with a flat and smooth surface, he found that the mean
actual film thickness was about 0.6 times the theoretical one. The
critical Weber number corresponding to the onset of atomization was
determined for five different liquids, with Weber number defined as
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where Vg is the relative velocity between gas and liquid, and y; is the
liquid-film thickness. For velocities above 82 ft./sec., and viscosities
above about 4 cp, the critical Weber number was constant at about 17.
For less viscous materials, the critical Weber number decreased, as sur-
face tension increased and as viscosity decreased, from 17 to about 3.
For all liquids, there is a velocity below which no entrainment will occur,
regardless of film depth, and roughly this velocity in meters/sec. is
given by,

len. = (TL/4= (80)

with or, in dynes/em. In summary, the present correlations for entrain-
ment are useful, but its basic mechanics is just beginning to be under-
stood, and further testing will be needed to determine the ranges over
which the correlations apply.

A recent publication by Zhivaikin (Z1) has reviewed Soviet work on
film thickness and entrainment from films, and has presented correlations
both for the thickness and for critical entrainment veloeities. The rela-
tionships, given in terms of dimensionless quantities for downward cocur-
rent flow, upward cocurrent flow, and gas-liquid counterflow, follow.
For laminar flow of liquid alone vertically downward along a pipe wall,
the Nusselt equation was found to apply,

1/3
= (Z—’-ﬁ) I/ cms. (81)
L

where T' is the liquid flow in em.?/(sec.) (cm. of film width), and g, p, g,
are expressed in c.g.s. units.

For the turbulent region,
I 1/12
b = 0.317 (—-;) rne (82)
pg*/L
The transition region falls at liquid-phase Reynolds numbers (4Tp/u)

between = 1800 and 4000. For downward cocurrent flow, in the region
of no entrainment (V¢ < 4 meters/sec.),

b= [1 - 0.022(Ve — 4)](%—’;)”3 i (83)

The critical gas velocity, Vgcs, at the start of entrainment is expressed
by three separate equations, for low, medium and high Reynolds numbers.
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For Re < 0.85pL2/[LL2,

10.30
Vaer = Wmeters/sec. (84)

For 0.85p1%/u1? < Re < 28.8p1/uL

70.8qu228
Vecr = p};zs;‘gzs (85)
For Re > 28.8p1/u1 025
43.2u3
Veor = __,,ffs» A (86)

For velocities in excess of the critical velocity, that is, when entrainment
oceurs,

3ML>”3 (3ML>”3<F - FC’R>I/3
b =[1 —0.022(Vy — )LL) s 4 255 (L) (22) " (87
[t — 0022V — ) 24)" s 4+ 255 (2 ) (5 5e2)" (s

For wpward film flow of gas and liqurd,

6562802

PLVg'ch
Zhivaikin obtains a correlation for the film-thickness data of several
workers for upward cocurrent flow by plotting bV /¢ againt I' (with b
in em. and Vg in meters/sec.). Two lines result, one for the region
showing no entrainment, and one for the entrainment region with T'eg

about 0.575 em.?/sec. and affected only slightly by gas velocity. The two
lines are:

For no entrainment,

Ter = (88)

T\ 1
=50 (2 ()
For the entrainment region,
T 3\ 2/9 1
-5 (%) o)

All of these results are expressed graphically in Fig. 10. The equations
apply to systems using air and water (or water plus glycerol) over a range
of liquid viscosities. The effect of gas density and viscosity are not men-
tioned by Zhivaikin., The applicability of Equation (81) through (90)
to other systems is therefore not known.

D. StrATIFIED AND WAVE FLow

This flow-pattern occurs only in horizontal flow, in larger pipes and
channels, at low liquid rates. Few studies have been made of this type of
flow in confined channels, as distinet from wave studies on a more
extended liquid surface. The initial work was by Bergelin and Gazley
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F1e. 10. Correlation of film thickness with gas and liquid flow rates for air-water
system in vertical flow, according to Zhivaikin (Z1). 1, 2: limits for onset of en-
trainment in downward and upward flow, respectively. 3, 3: limits for small effect of
gas velocity on liquid flow (smooth wetted wall operation). 4, 4: region of film
suspension. 5: limit for existence of film flow.

(B12), and by Gazley (G1), using air-water. It was shown that when a
gas-liquid interface is smooth, energy transfer from gas to liquid is
entirely dissipated in surface friction, but when a liquid surface is
hydrodynamically rough, energy transfer from gas to liquid may amount
to twice that to be expected on the basis of interfacial friction (G1).
Presumably this excess energy is dissipated in the formation and mainte-
nance of surface waves.

The first paper by Bergelin and Gazley (B12) analyzed the principal
characteristics of stratified flow. An hydraulic gradient exists in the
channel, which is a function of the ratio, W;/Wg, but this gradient may
be positive (the liquid becoming deeper downstream), negative, or zero.
Tf the gradient is negative, the liquid receives less energy from the gas
than it loses due to wall frietion. At a given point in a channel, average
liquid depth always increases with an increase in liquid flow rate, and
decreases with increasing gas flow rate.

The transition from laminar to turbulent liquid flow was reported to
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occur at a true liquid Reynolds number (using the hydraulic radius)
between 7000 and 8000. In stratified flow, if an appreciable hydraulic
gradient exists, the void-fraction varies along the pipe. Although data
were presented for midpoint void-fractions by Bergelin and Gazley, these
were not correlated, except roughly by the Lockhart-Martinelli curves.

For a relatively thin liquid film flowing cocurrently with gas on a
fairly wide surface of uniform depth, three types of waves have been
desecribed by Hanratty and Engen (H1). These wave forms are classified
as “two-dimensional,” “squall,” and “roll” waves. The first of these seems
to correspond to situations described as “ripple” or “capillary” waves by
other workers. The “squall” surface has also been called “pebbled,” and
seems to correspond to the “hydrodynamically rough” surface described
by Gazley (G1). The “roll” or “cresting” waves may, in fact, take the
form of slug flow when generated in tubes, as suggested by Hanratty and
Hershman (H2).

Stratified or wave flow in horizontal pipes has unique features not
reproduced in uniformly thick liquid layers. Liquid-film thickness is not
uniform because of the pipe curvature, and wall drag effects are very
appreciable. Hanratty and Hershman point out that at high gas rates,
where wave-annular flow occurs, gravity should have a stabilizing influ-
ence on waves on the bottom of a horizontal tube, little effect at the
mid-point, and a destabilizing influence at the top. Surface tension should
affect wave form only slightly at the bottom, but should act as a restoring
force at the top. The waves observed in stratified pipe flow are generally
not the same in form as those reported on flat liquid surfaces; however,
for both cases, a hydrodynamically rough surface in air-water seems to
appear at a gas velocity between 10 and 15 ft./sec. Entrance effects,
vibration, and similar factors affect the point at which the first small
ripples appear, but apparently not the point where a rough surface forms.

Up to the present time, work has been done which allows prediction
of the onset of large waves (H2), and of formation of other types of
waves (V1, H1), but only on flat uniform liquid surfaces. The extent to
which these results can be applied to pipe line flow is uncertain. Ap-
parently, Gazley’s papers are still the only basic reports of stratified and
wave flow in horizontal pipe; inecidentally they also show a parallel be-
tween liquid instability in pipe flow as evidenced by wave formation,
and that evidenced in packed towers by flooding,.

VI. Heat Transfer to Two-Phase Mixtures
A. DESCRIPTION OF BoiLinGg IN TUBES

Although equipment such as long-tube evaporators, thermosiphon re-
boilers, and tubular steam generators has been used for many years, rela-
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tively little analysis of the vaporization or heating process has been made.
The boiling of liquids in vertical tubes is the most important application
of two-phase heat transfer, and will now be considered.

A common situation will be assumed in which a tube, long relative to
its diameter, is fed at the bottom with an approximately saturated liquid.
The temperature of the heating surface is not so high that so-called “film
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F1e. 11. Single component vertical upward flow behavior in boiling [after Lacey
et al. (L1)].

boiling” can occur, and the pressure is low enough (less than } of critical
pressure) so that upon vaporization appreciable volume changes occur.
As the tube length increases, the flow-patterns observed will then pass
successively through those described for vertical flow in Section II,C.
This behavior is shown schematically in Fig. 11, together with the quality
and temperature variations along the tube.

Although there are several flow-patterns, hydrodynamically quite dif-
ferent, only three heat-transfer regions really need to be defined. At the
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bottom of the tube, where there is little vapor phase, nucleate boiling will
occur. As the quantity of vapor increases, and therefore the fluid velocity,
nucleation is suppressed by the fluid turbulence, and the hydraulic be-
havior of the system gives rise to a forced-convection region of heat
transfer. Because of the high heat-transfer coeflicients for these two types
of behavior, the wall temperature will remain relatively constant. As the
quantity of vapor increases and that of the liquid decreases, annular flow
oceurs, and finally a point is reached at which a sharp rise in wall
temperature is found, together with a corresponding drop in heat transfer
coefficient. On the assumption that disruption of the liquid film has now
occurred at this point, the ensuing region is known as “liquid-deficient.”
Beyond this region, the liquid film disappears entirely, and “dry-wall”
conditions are attained. The point in the liquid-deficient region at which
a rise in wall temperature is observed is usually referred to as a “burn-
out” position, and the corresponding maximum heat flux as the “burn-out
flux.”

In many applications of two-phase boiling heat transfer, the coef-
ficients are so high that their precise evaluation is not a significant factor,
in comparison to the importance of other thermal resistances of the sys-
tem. However, there are many other instances where fairly exact predic-
tion would be valuable. In all cases of two-phase boiling, if it is carried
to high qualities, the prediction of burn-out is important because of the
radical change in heat transfer behavior occurring at this point, whether
or not this is accompanied by physical damage to the channel walls.

The general aspects of nucleate boiling will not be discussed here. Per-
haps the most important consideration is that it should be possible to
specify the factors governing the transition from nucleate boiling to the
forced-convection regions. In nucleate boiling, the heat flux increases with
the temperature differential approximately as (AT)%, as does the heat-
transfer coefficient. However, in the forced-convection region, the temper-
ature differential remains relatively constant although the heat flux (or
the heat-transfer coefficient) increases with increasing quality or mass
flow. Quality and mass-flow changes, except at very low heat fluxes, have
little effect on nucleate-boiling coefficients.

The transition from nucleate boiling to forced-convection heat transfer
is gradual. As fluid veloeity increases, nucleation becomes more difficult,
and therefore this boiling mechanism makes up a decreasing part of the
total heat transfer. The transition will occur at higher velocities as pres-
sure increases, and because the velocity at a constant quality decreases
with pressure, a higher quality will also be required to suppress nuclea-
tion,
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Bennett et al. (B11) have represented this behavior graphically as shown in Fig.
12. The following explanation of the boiling phenomena in two-phase flow is taken
from their paper:

In order to explain the reasons for the changes of heat transfer mechanism be-
tween the regions, the following tentative and somewhat qualitative picture is sug-
gested. Figure 12 shows the observed relationship between the heat flux and surface
temperature difference for nucleate boiling at atmospheric pressure (line AB). Also
shown are the lines for water in forced convection at various velocities and extrapo-
lated to meet the boiling curve. The transition between the forced convective process
and the boiling process is not sharp and the lines curve at the ends to blend smoothly
with the boiling curve.
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Fic. 12. Representation of conditions for nucleate and forced convection boiling
in vertical flow [after Bennett et al. (B11)1,

Consider a tube heated uniformly at a heat flux ¢/A4 fed with saturated water at
the base at a velocity Vo. For this velocity and heat flux, nucleate boiling will take
place, and a temperature difference A7, will be established. At some distance up the
tube vaporization will occur and increase the volumetric flow of material and hence
the velocity to, say, Vi. The line for forced convective heat transfer meets the boil-
ing curve below the heat flux of ¢/A and so nucleate boiling will still be the mode
of heat transfer and the temperature difference AT, and hence the heat transfer
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coefficient remains constant, This effect of constant heat transfer coefficient as the
quality rises from zero has been experimentally observed and coefficients in the
nucleate boiling region are solely functions of heat flux.

Further up the tube, the vaporization increases the velocity further to, say, V..
The forced convective line meets the boiling curve at the heat flux ¢/A. This point
may be considered the point of suppression of nucleate boiling observed by a
number of workers investigating boiling in tubes. The velocity Vs will correspond
to a fixed degree of vaporization which, for the 0623 in O. D. heater, corresponded
to between 7% and 15% steam quality. Still further up the tube where the velocity
is still greater, e.g, Vs, the heat flux line now crosses the corresponding forced
convective line to give a temperature difference ATs lower than AT, Forced con-
vection is now the main process of heat transmission and any increase in velocity
yields a corresponding decrease in temperature difference or increase in heat transfer
coefficient. This process will continue until the transition to the “liquid deficient”
regime, where the thin statistical liquid film no longer totally wets the heating sur-
faces. Heat transfer is no longer to a highly conducting thin film of water but to a
poorly conducting gas (i.e., steam), so that the heat transfer coefficient drops pre-
cipitously. This transition is clearly not related to any so-called critical temperature
difference phenomena as is the transition from nucleate boiling to film boiling.

Referring to Fig. 12, it is clear that not all the three regions need necessarily be
present when a liquid is boiled in a tube. For instance, the exit velocity of the two-
phase mixture may never exceed that required for two-phase forced convection to
take place, or the heat flux may be such that with an inlet velocity Vs, nucleate boil-
ing cannot occur and only forced convective heat transfer takes place.

The above explanation represents the picture qualitatively and if this is so, then
certain predictions may be made regarding the effects of such variables as pressure
and geometry. Many workers have investigated heat transfer in the nucleate boiling
region and a number of generalized correlations including the effects of liquid prop-
erties; pressure, etc., have been proposed. These indicate that, with an increase in
pressure, the line AB in Fig. 12 moves to the left, i.e.,, to A’'B’ or A”B”, so that a
somewhat higher velocity would be required for the suppression of nucleate boiling.

For the forced convective region, only limited data are available on the effects
of the different variables involved, since the existence of this region has only been
recognized recently. As previously mentioned, the velocity required for the suppres-
sion of nucleate boiling increases with pressure; further, an increase in pressure re-
duced the specific volume of the vapour and hence the linear velocity of the two
phase mixture at a given quality will be reduced. Thus higher velocities and steam
qualities would be required for the forced convective region to be entered at the
same heat flux. The effect of diameter is, as far as can be seen from the work of
previous experiments and from these experiments, that to be expected with con-
vective heat transfer, namely, that the coefficient is proportional to the diameter or
the equivalent diameter to the power —02.

Very little quantitative measurement has been made in the liquid deficient region.
The critical steam quality is known to be a function of heat flux and flow rate to-
gether with pressure and also geometry. The effect of pressure would be to markedly
increase the lower limit for the values of the coefficients to be found in this region.

One additional feature of upward vertical flow with heat transfer
needs to be mentioned. If subcooled liquid is present, local boiling may
occur, that is, vapor bubbles may be formed at the wall which will col-
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lapse upon moving into the bulk liquid. Hence the void fraction may not
be zero, even though the quality (by energy balance) is zero. Sher and
Green (87), and Hubers (H9) have discussed the uncertainty of void
measurements at low qualities.

B. CorreELATIONS OF FORCED-CONVECTION HEAT-TRANSFER
CoEerricieNTS FOR Two-PHASE FLow

1. Use of the Lockhart-Martinelli
Parameters for Heat Transfer

In order to achieve a meaningful correlation of heat transfer coef-
ficients for two-phase flow, it is necessary to measure local heat fluxes
and temperature differences. Relatively few studies have been made in
this category. Dengler and Addoms (D3), Guerrieri and Talty (G11),
Bennett et al. (B11), and Schrock and Grossman (S4) measured such
coefficients for the boiling of liquids in vertical tubes or in a vertical an-
nulus, Groothius and Hendal (G10) extended the earlier work of Stemerd-
ing and Verschoor (S12) on heat transfer to nonboiling two-phase mix-
tures in horizontal tubes. Johnson (J1) and Johnson and Abou-Sabe (J2),
have also reported data for the heating of air-oil and air-water mixtures
in horizontal pipes. Davis and David (D2) have measured coefficients for
water boiling in horizontal rectangular channels.

In the forced-convection region, Dengler and Addoms and also Guer-
rieri and Talty correlate their results by analogy to the Lockhart and
Martinelli approach, and show that the following equations can be used:

0.5
’%’ =35 <XL> (Dengler and Addoms) (91)
Ly it
0.45
%ﬂ’ = 3,4.(%) (Guerrieri and Talty) (92)
Lo 123

where Xy is the Lockhart-Martinelli parameter for turbulent-turbulent
flow, hrp is the heat transfer coefficient for two-phase flow, and hy, is the
coefficient calculated from a Dittus-Boelter equation for the total flow,
and hy, that for the liquid flowing alone; that is,

= kL\(DGu\*®( Corur \'*
hy, = 0.023 (D >< ‘- ) ( 5 ) o
or
D ML kL

Only the Reynolds number differs in these two expressions.
Bennett et al. (B11) used the same method of correlation, but allowed
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for a slight dependence on total heat flux with a relationship not entirely

dimensionless:
hTP q >0.11 _L)O.'“
e 064 ( 95 (95)

Departure of results from these correlations in all cases signified an ap-
preciable contribution by nucleate boiling to the heat transfer.

Schrock and Grossman (83, S4) also obtained a similar correlation for
boiling in very small tubes (4-in. diameter),

hB 1 0.75
- 25 ( X,,) (96)

However, an effect of total heat flux was also noted by these latter au-
thors, who ascribed this variation to a contribution due to nucleate boil-
ing, and therefore proposed the following over-all equation (54),

(’E«g%_i)‘ﬂ = 170 [(55‘1,;;) 415 X 10~ (XL“)O'N] 97)

where (Nu)jp is the Nusselt number for boiling = hpD/k;, the quantity
q/Guhse is called the boiling number By, and the Reynolds number is
based on the liquid mass-velocity. The quantity ¢ is the total heat flux,
and hs¢ the enthalpy of vaporization.

Wright (W3) has recently measured local boiling coeficients in verti-
cal downflow systems, which have the advantage of being free of hydro-
static-head effects. His results were correlated reasonably well by equa-
tions of the type of (91) or (92),

EZI_’ 1 0.581
uE 273 ( X,,) (98)

Better correlation over wide ranges was obtained by the use of the cor-
relation of Schrock and Grossman given in Eq. (97), with a numerical
coefficient of 320 rather than 170. Wright also gives modified empirical
correlations for downflow, based on his experimental findings, that corre-
spond to the general relationship:

hrp G(I)l-lﬁqo.axo.A (gg)

2. Dimensionless Group Correlations

In addition to correlations of the above type, that is, where the ratio
of a two-phase heat-transfer coefficient is compared to a fictitious single-
phase coefficient, relationships in terms of dimensionless groups have also
been presented. In general, these are of the form,
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(Nu)rp = a(Re)L*(Pr)L°

where (Nu)rp refers to the Nusselt number for two-phase convective heat
transfer. This type of equation, which has been found to apply success-
fully for forced-convection single-phase flow, can be justified for mixed
flow on the basis that the controlling heat-transfer mechanism in the two-
phase case is the same—that is, forced convection transfer from the wall
to the liquid, in this case usually present as a film. However, the Reynolds
number must now be correctly specified. It may be calculated from a
knowledge of slip ratio, or of void-volume in the channel. Alternately, a
homogeneous model may be assumed, which may well be satisfactory at
lower pressures and higher qualities, e.g. above 10%, as the bulk of the
liquid will be in spray form.

For water boiling in a horizontal rectangular channel at high quali-
ties (above 30%) and low pressures (below 150 psia), Davis and David
(D2) found that a model based either on the slip ratio or on the homo-
geneous model gave nearly equally good correlations for the forced-
convection region of two-phase flow. For the slip-ratio model, they gave

28 0.87 0.4
hzeD _ 4,060 (—'LL)O (D———xGM) (Qfﬁ) (101)
ky pa KL k /o
For the homogeneous model,
0.87 0.4
hﬁc”D = 0.033 (D——G“‘) (QP—“) (102)
L urP k /o

where urp was defined as for the homogeneous model, and D was taken
as the hydraulic radius of the channel, that is, as for single-phase flow.
Both equations fit the data to within =15%. Equation (102) was shown
by Davis and David to be practically the same as that obtained by
Groothius and Hendal (G10) for heat transfer to boiling air-water mix-
tures in vertical tubes,

0.87 1/3 0.14 A
hz’;D = 0.029 (DGM> (Q]::’f) (i‘—") (103)

MTP L \Hw

which is a modification of the Sieder-Tate equation for single-phase
forced-convection transfer.

3. Discussion of Correlating Methods

The procedure of taking a ratio of two coefficients, as done in equa-
tions (91) and (92), using a Dittus-Boelter equation for the hypothetical
liquid-only case, leads to the relation:
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hrp hrp _ (Nu)re
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From the above relationships, the strong similarity between all the pre-
ceding correlations is evident. For example, Eq. (101) may be rewritten,
by substituting Gy = 2G1/(1 — z),

(Nwre <&)o.2s( z )0.87
Evigae ~ 0000, (T—= (105)

If the viscosity dependence, which is small, is neglected, then the obvious
parallel with Eq. (91) or (92) is readily apparent.

The physical meaning of these correlations for the forced convection
region, and the observed occurrence of some nucleate boiling contribution
at high heat fluxes has been discussed clearly by Schrock and Grossman
(S4), in presenting their more general correlation, given in Eq. (97).
The following explanations are offered by Schrock and Grossman:

At sufficiently low values of the boiling number the local heat transfer coefficient
is a function of X alone, while for large values of the boiling number the heat
transfer becomes independent of X, and depends solely on Bs over a wide range of
exit qualities. This dependence may be explained by assuming that in the former case
one has a two-phase flow established in an annular pattern with the liquid flowing on
the wall while the vapor flows in the core. This occurs at very low quality at low and
moderate pressures for water because of the large difference between vapor and liquid
densities. If the thickness of the liquid layer is small enough so that the liquid can
sustain the necessary temperature difference to transmit the heat without nucleation
occurring, then there is evaporation at the interface but no boiling per se. It is this
case where X, is a sufficient parameter for correlating the heat transfer coefficients.

Without nucleate boiling in the liquid annulus, the heat transfer coefficient is
determined by the thermal resistance of the liquid layer which may contain laminar
and turbulent zones, or may be entirely laminar. The wall temperature then de-
pends on the temperature at the liquid-vapor interface, which is close to saturation
temperature, and the thermal resistance of the liquid layer. Recalling that the physi-
cal interpretation of X:,* is the ratio of pressure gradients of the liquid and the
vapor, each flowing alone at the same rate in the same pipe, we see then that a
correlation in terms of X:: alone is essentially a heat-momentum analogy. The heat-
transfer coefficient ratio expresses the reduction in thermal resistance which is brought
about by the vapor foreing the liquid to flow in a thin annular layer on the wall of
the tube. The pressure gradient ratio mentioned above characterizes the relative
velocity and temperature profiles.

A direct numerical relationship between heat and momentum fluxes, as for the
simple Reynolds’ analogy for a single phase, is not obtained in this case because of
a basic and significant difference in heat transfer coefficient definitions. For single-
phase flow in pipes, the mixed mean or integrated average temperature is used in
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defining temperature difference, while in the boiling case the bulk fluid temperature
is taken arbitrarily as the saturation temperature at the local value of the pressure.
A similar problem would arise in defining a friction coefficient for the vaporization
case, although here there is no convenient analog to saturation temperature.

It is interesting to note that the heat transfer coefficients due to this forced con-
vection effect, when it suppresses nucleation, may be higher than the coefficients for
nucleate boiling with the same heat flux and no forced convection effect.

Consider now increasing the heat flux after the condition described above is estab-
lished. The temperature drop through the liquid layer will increase, thus increasing
the wall temperature. Eventually the liquid superheat at the wall will be so large
that nucleation will occur. When it does, it augments the forced convection effect.
Now the heat transfer coefficient is higher than for cases where the heat flux is the
same, but where the higher mass flux suppresses the nucleation,

For sufficiently large heat flux to mass flow ratios, the nucleation mechanism
predominates and the heat transfer becomes independent of the two-phase flow char-
acteristics of the system. Thus at large values of the boiling number, the heat trans-
fer coefficients are virtually independent of the Lockhart-Martinelli parameter, X..

C. Burn-Our IN Fiom Frow

The problem of burn-out prediction is a difficult one, and one on
which a great deal of experimental work is being carried out, particu-
larly in connection with nuclear-reactor development. Much of the earlier
literature is rather confused, due to the fact that the mechanics of the
burn-out were not carefully defined. Silvestri (S8) has discussed the defi-
nitions applicable to burn-out heat flux. It appears possible to define
two distinctly different kinds of burn-out, one due to a transition from
nucleate to film boiling, and one occurring at the liquid deficient point
of the foreed-convection region. The present discussion treats only the
latter type of burn-out fluxes. The burn-out point in this instance is
usually determined by the sudden rise in wall temperature and the cor-
responding drop in heat flux and heat-transfer coefficient which occur at
high qualities.

The assumption commonly made in the forced-convection boiling
region is that heat is transferred to the liquid, and from the liquid to the
vapor, with a close approach to thermodynamic equilibrium being main-
tained at all times. Nearly all the evidence for steam-water systems not
too close to critical conditions suggests that over most of the quality
range, where fluid velocities are reasonably high, little heat transfer by
boiling occurs, although there are indications that nucleation might not
be entirely suppressed. At qualities over 10% the flow is annular-mist,
and the presence or absence of a liquid film may depend upon re-entrain-
ment of spray, or upon droplet diffusion to the wall, much more than
upon the mechanics of film flow.

An excellent review of the burn-out phenomena in climbing-film flow
has been given by Lacey et al. (L1). According to these authors, when
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the liquid deficient region is first entered, a moderately high heat-transfer
coefficient is still obtained, and this behavior might be ascribed to drop-
let impingement on the wall. At higher temperatures, the droplets would
bounce from the wall (the Leidenfrost point), and only normal convec-
tive heat transfer would occur. Goldmann, Fristenberg, and Lombardi
have developed this model (G2). Nevertheless, it suffers from a lack of
knowledge of expressions for the rates of droplet diffusion. Further, the
burn-out flux at constant burn-out enthalpy is found experimentally to
decrease as the mass-flow rate increases, while the droplet diffusion model
predicts the reverse.

The decrease in film burn-out heat flux with increasing mass velocity
of flow at constant quality has been explained by Lacey et al. in the
following way. At constant quality, inereasing total mass flow rate means
increasing mass flow of vapor as well as liquid. It has been shown that
above certain vapor rates increased liquid rates do not mean thicker
liquid layers, because the increased flow is carried as entrained spray in
the vapor. In fact, the higher vapor velocity, combined with a heat flux,
might be expected to lead to easy disruption of the film with consequent
“burn-out,” which seems to be what actually occurs at a constant steam
mass velocity over very wide ranges of conditions—that is, the critical
burn-out steam quality is inversely proportional to the total mass flow
rate.

Isbin et al. (I6) have proposed a model which attempts to include
both droplet diffusion and liquid flow along the wall. Empirical functions
for droplet diffusion and re-entrainment were determined from a limited
amount of data, and equal velocities for the two phases were assumed.
The resulting correlation (based on material and energy balances for the
liquid whieh were integrated numerically) predicted burn-out heat fluxes
closely for narrow rectangular channels, small-diameter tubes, and also
for uneven heat fluxes, all at pressures of 2000 psia. The assumptions
made in this derivation would tend to give better results at high pres-
sures. The method appears to predict correctly the observed reduction in
burn-out heat flux with increasing flow rates.

Another possible approach to burn-out prediction is to study film
breakdown due to hydrodynamic effects. Presumably, if thin spots occur
in a film for any reason, the film becomes hotter, the surface tension is
reduced, and increased vaporization tends to cause a break in the liquid
layer. Although studies of surface tension and wetting angle in thin-film
flow have been made, no successful correlation of burn-out in these terms
has yet been offered.

Finally, it has been suggested that oscillations in the flowing film may
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contribute to the occurrence of burn-out. The “upstream” history of the
film is thus important, as is the conduit geometry.

Lacey et al. (L1) summarize the present state of knowledge of film breakdown
in the following paragraph:

In film breakdown at burn-out, nucleation may be a factor together with loss by
entrainment and evaporation (in excess of spray deposition), and instabilities as-
sociated with surface tension. There is evidence for the existence of a critical vapor
mass velocity, independent of pressure, above which the film is easily disrupted by
heat flux; it is also clear that upstream conditions, including the inlet arrangements,
must strongly influence the film breakdown at the exit.

Specific studies of liquid-deficient burn-out have been reported for
various situations. For internally heated annuli with upward flow, Lacey
et al. (L1) have shown that burn-out occurs at a constant steam flow
rate over most of the range of total mass-flow rates used. Burn-out in
long tubes sealed at the bottom but connected to a liquid reservoir on
the top (in simulation of accidental heater-tube blockage) has been
studied by Griffith et al. (G9), who concluded that the burn-out heat
flux can be predicted from the critical flooding velocity. For vertical
upflow Bell (B8) has presented an empirical five-constant correlation
for burn-out flux, based on high-pressure data for the high-quality region.
Viskata (V4) gives burn-out fluxes for swirling flow, and states that they
are higher for this type of flow. Although he does not state the cause of
swirling-flow burn-ouf, it is probably film-boiling; this latter conclusion
also seems to apply to data of Sonneman (S10).

Levy et al. (L5) have studied the effect of eccentricity on the burn-
out flux in upward vertical annular flow, Eccentricity does not affect the
burn-out flux until the annular separation is about 20% or less of its
concentric value. Burn-out fluxes for great eccentricities are increased
about 30%, which is ascribed to poor fluid mixing; pressure-drop at the
same conditions is reduced. The small effect of moderate eccentricity in
downward annular flow of steam-water mixtures was also reported earlier
by Stein et al. (S11) in their study of pressure-drop and critical flow.

VIl. Mass Transfer in Cocurrent Gas-Liquid Flow

A. GENERAL

In the case of single-component two-phase flow, such as in vaporizing
water, physical equilibrium is commonly assumed and seems to yield
reasonable results, even though it might seem that supersaturation could
occur, The rate of mass transfer between phases, therefore, is not a limit-
ing process for single component flow.
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For mass transfer in two-component cocurrent two-phase flow, very
little work seems to have been carried on in systems analogous to those
for which pressure-drops have been measured, that is, in tubes, pipes, or
rectangular channels, Only two publications dealing with vertical flow
(V2, V3), and two concerned with horizontal flow (A5, S6), have ap-
peared.

In carrying out heterogeneous gas-liquid reactions, there are many
cases in which it is immaterial whether the gas and liquid flow are cocur-
rent or countercurrent. If a pure gas is being used, or if the chemical
reaction proceeding behaves irreversibly, nothing is lost by cocurrent
operation. Intuitively, one would suppose that certain of the two-phase
flow patterns might give high rates of gas absorption. Hence the use of
“pipe line” reactors could easily supplant packed-tower or agitated-tank
operations if design criteria were available.

B. VerTICAL FLrow

The use of the gas-lift pump as a chemical reactor has been studied
by Varlamov et al. (V2, V3) who used a variety of designs, including two
with 2 and 7 vertical passes in series, According to this work, the condi-
tions giving minimum pressure-drop correspond to a maximum value of
the overall gas-absorption coefficient. This overall coefficient applies spe-
cifically to the chemieally reacting system studied by Varlamov and his
coworkers, (solution of nitrogen oxides in 2.5 N sodium hydroxide), and
is based on the wetted surface area of the tube. Also, it would appear
that the effective lift in this work must have been essentially zero. Rec-
tangular channels were also used; this change of shape made little dif-
ference in the results, although somewhat higher pressure drops and ab-
sorption coefficients resulted. According to Varlamov, the gas-absorption
coefficients obtained exceed those for comparable packed-tower opera-
tions by a factor of 100,

Investigations have been undertaken by Baird and Davidson (B1),
and by Beek and van Heuven (B7) on absorption from rising gas bubbles.
In the former work, the bubbles were large (0.8-4.2 em.), rising in still
water, and in the latter case, bubbles were formed in narrow gas lift
tubes (0.48 and 0.238 cm.). For the large free bubbles, absorption rates
for carbon dioxide in water were 50% greater than predicted for absorp-
tion from the upper surface of a spherical cap bubble. The additional ab-
sorption was credited to rippling on the rear surface of the bubble. The
addition of surface-active agents which suppressed this rippling resulted
in absorption rates approximately as predicted. Large bubbles (over 2.5
em. diameter) absorbed at an unsteady rate, due apparently to increasing
saturation of the liquid carried up behind the bubble.
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In the narrow tubes used by Beek and van Heuven, the bubbles as-
sumed the shape of Dumitrescu (or Taylor) bubbles. Using the hydro-
dynamics of bubble rise and the penetration theory of absorption, an ex-
pression was developed for the total absorption rate from one bubble.
The liquid surface velocity was assumed to be that of free fall, and the
bubble surface area was approximated by a spherical section and a hyper-
bola of revolution. Values calculated from this model were 30% above
the measured absorption rates. Further experiments indicated that ve-
locities are reduced at the rear of the bubble, and are certainly much less
than free fall velocities. A reduction in surface tension was also indicated
by extreme curvature at the rear of the bubble.

C. HorrzoNTAL FrLow

Mass transfer controlled by diffusion in the gas phase (ammonia in
water) has been studied by Anderson et al. (A5) for horizontal annular
flow. In spite of the obvious analogy of this case with countercurrent
wetted-wall towers, gas velocities in the cocurrent case exceed these used
in any reported wetted-wall-tower investigations. In cocurrent annular
flow, smooth liquid films free of ripples are not attainable, and entrain-
ment and deposition of liquid droplets presents an additional transfer
mechanism. By measuring solute concentrations of liquid in the film and
in entrained drops, as well as flow rates, and by assuming absorption
equilibrium between droplets and gas, Anderson et al. were able to sepa-
rate the two contributing mechanisms of transfer. The agreement of their
entrainment values (based on the assumption of transfer equilibrium in
the droplets) with those of Wicks and Dukler (W2) was taken as sup-
porting evidence for this supposition.

Results of experiments in annular flow showed that the over-all mass-
transfer coefficient, K¢, based on the tube surface area and the liquid-film
compositions, was a function of both gas and liquid superficial Reynolds
number, but depended much more strongly on that of the liquid. When
plotted as jp factors, that is,

. K
io = —"%ZLM—" (S0 (106)
against the gas Reynolds numbers, nearly parallel straight lines were ob-

tained with liquid Reynolds numbers as parameters, and these lines in
turn were parallel to the Reynolds analogy for mass transfer,

io' = L = 0.0395(Re) (107)

It was shown by Anderson et al. that the increase in mass transfer,
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over that expected if transfer were from gas to liquid film only, was en-
tirely a function of the amount of exchange of liquid between film and
droplets. The percentage interchange of liquid was found to be nearly
constant at from 3% to 5% per foot of contactor for Req from 30,000 to
150,000, and for Re;, from 2750 to 12,000. For liquid Reynolds numbers
below 2750, entrainment becomes much less significant, and interchange
decreases. Hence the amount of transfer occurring in this type of annular
flow can be correlated by the same relationships as those used for wetted-
wall towers, but with an additional contribution directly proportional to
the liquid Reynolds number provided it is greater than 2750.
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Fia. 13. Typical result for absorption of pure carbon dioxide in water in hori-
zontal cocurrent flow for two liquid rates. Tubing: 0.0575 ft. inside diameter; 7.7
ft. long test section; 15°C.; outlet pressure 1 atm. abs.

Results for the absorption of pure carbon dioxide in water for a va-
riety of flow patterns in horizontal tubes with diameters up to 1 in. have
been reported by Scott and Hayduk (S6). In this case there is only a
liquid-phase resistance to mass transfer. Typical absorption data are
shown in Fig. 13, in terms of the number of transfer units in a test sec-
tion 7.7 ft. long, as a function of the gas volumetric feed rate. These data
apply to a smooth tube 1.75 cm. inside diameter, for two liquid rates,
and for bubble, plug, slug, and annular flow regions. Pressure-drops over
the same test section are also shown. In the slug and annular regions the
length of a transfer unit was found to depend only slightly on the liquid
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rate, to vary almost inversely as the gas rate, and to be a moderate
function of tube diameter. An empirical correlation based on these facts
is shown in Fig. 14, and covers three tube diameters, gas superficial
Reynolds numbers from 100 to 15,000, and liquid Reynolds numbers from
about 500 to 10,000,
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Fre. 14. Partial correlation of absorption results for the liquid phase controlling,
slug, and annular flow, for CO; in water.

A qualitative explanation of these observations was given by Scott
and Hayduk, based on the following assumptions:

(1) Transfer coefficients for the liquid phase can be described by
the kind of dimensionless relationship commonly obtained from
wetted-wall tower experiments.

(2) Void-fractions in slug and annular flow can be estimated from
the Lockhart-Martinelli correlations.

(3) The amount of interfacial transfer area created by the action of
the flowing gas on the liquid is proportional to some fraction
of the power transferred from the gas per unit volume of liquid.

On the basis of these assumptions and the experimental evidence given
in Fig. 14, an approximate relationship was derived,
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0.8 0.1
LU g (52) 4 5 (108)

Additional work under way in the author’s laboratory will be directed
toward further examining the effects of variables other than gas or liquid
flow rates and tube diameter on the rate of absorption in horizontal slug
or annular flow.

Again referring to Fig. 13, the same general trend is apparent in both
the pressure-drop and number-of-transfer-unit curves. This suggests that
another empirical correlating procedure could be arrived at; for example,
an approximate relationship exists between the length of a transfer unit
(LTU) and the Lockhart-Martinelli parameters, X.

VIIl. Miscellaneous Considerations

A. Frow oF Two LiQuip PHASES AND A Gas PHASE

One relatively recent investigation of multiphase flow has been car-
ried out in pipelines. Sobocinski and Huntington (89) used air, water,
and gas-oil having a viscosity of 3.38 ¢p and a surface tension of 23.5
dynes/cm. (both measured at 100°F.). Stratified, wave, and annular flow-
patterns were observed in horizontal 3-in.-inside-diameter plastic pipe.
The feed ratio of gas-oil to water was kept constant, a constant total
liquid mass velocity was used, and the gas mass-velocity was varied.
Under these conditions at low gas velocities [below 2000 1b./ (hr.) (sq. ft.) ]
stratified flow occurred; gentle ripples were visible on the oil-air surface,
but the oil-water interface was smooth. The oil layer moved at 1.5 times
the velocity of the aqueous layer. As the gas mass-velocity increased to
3000-4000, deep waves appeared on the oil surface, and smaller ones oc-
curred at the oil-water interface. The oil layer moved 2.27 times as fast
as the water; the relative velocity was a maximum in this region, ac-
companied necessarily by a maximum for the in-place ratio of water
to oil. Further increases in gas velocity caused wave motion on both
liquid surfaces, and emulsification began. At high gas velocities, complete
emulsification occurred when the flow became semiannular or annular,
both liquid phases moving with equal velocity. Pressure-drop in pipes
carrying two liquid phases is always higher than that occurring if only
one liquid phase is flowing at the same total mass-velocity. The pressure-
drop becomes a maximum at the point where oil emulsion dispersed in
water changes to a water dispersion in oil. In Sobocinski and Hunting-
don’s work this occurred at a liquid-feed mass-ratio of water:oil of 4.0,
and at this point the pressure drop was 3 to 5 times as great as that
expected for flow of gas and one liquid phase.



PROPERTIES OF COCURRENT GAS-LIQUID FLOW 271

Pressure-drop data obtained in these tests were correlated empirically
by defining a friction-factor based on gas-phase properties and super-
ficial gas-flow rates. This friction-factor was plotted against the group
Grus/Geug With the water-oil feed mass-ratio as a parameter.

B. Frow 1N INcLINED TUBES

In the original work on two-phase pressure-drops at the University of
California (B13), tests were made in tubes inclined at 1:6, as well as in
horizontal tubes. In general, these data for small inclinations also fitted
the correlations proposed finally by Lockhart and Martinelli for hori-
zontal tubes.

Kosterin (K3) investigated the effect of tube inclination on flow pat-
terns for air-water systems, As tube inclination increases, the flow pat-
terns become more dispersed; tube slope is an important variable at the
lower liquid or gas rates. At high gas rates, when annular or dispersed
flow normally occurs in horizontal tubes, tube inclination has little effect
on flow-pattern.

Pressure pulsations for incremental flow-patterns are of the least
amplitude in horizontal tubes, and increase steadily with tube inclina-
tion to become a maximum in vertical tubes. Apparently no correlations
for pressure-drops which allow specifically for the effect of tube inclina-
tion have yet been developed.

C. Two-Puase Frow 1IN LoNGg PIPELINES

Baker (B3, B4) has discussed design considerations and operating
experiences with two-phase pipeline flows. Flanigan (F1) has outlined a
procedure for obtaining test data from operating multiphase-flow pipe-
lines. .

In a recent article (B5), Baker reviews two-phase flow in long pipe-
lines, and presents individual empirical equations for estimating pressure-
drop for the major flow patterns. These equations are based on actual
operating experience with large diameter pipelines, and should be used
only for their valid range of variables as given by Baker. In general, the
correlations are based on those of Lockhart and Martinelli with the
parameter X modified as required to give a fit to experimental data.

The effect of hills is interesting, in that no credit can be taken for the
downhill side of the pipeline. The sum of all the uphill elevations appears
as a pressure loss in actual operating practice. Baker includes an “eleva-
tion correction factor” which attempts to allow for the fact that the fluid-
mixture density in the inclined uphill portion of the line is not accurately
known. The gas mass-velocity seems to be the major variable affecting
this correction faetor, although liquid mass-velocity, phase properties,
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and tube inclination have some effect. A correlation due to Flanigan (F1)
is recommended for estimating this elevation correction factor, Fz. Hence,
the elevation pressure drop, APrpz, is given by

APTPZ = L]).ZFTZCQ Eh.‘
where h; is the height of each hill. Apparently, froth flow is an exeeption,
and behaves like single-phase flow with respect to elevation pressure-
drops.

As a consequence of this type of behavior by two-phase flow in long
pipelines, it might be expected that such lines in hilly country would
show very high pressure-drops, and the elevation pressure-drop would be
the major factor. This appears to be the situation in actual practice.

(109)
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Nomenclature

In the text, the force-mass-length-time system of units has been used, with excep-
tions noted. Primed symbols refer to actual average values, as distinct from superficial

or apparent values. A double prime indicates a point value.

A Area k Thermal conductivity
b Film thickness K Mass transfer coefficient
B, Boiling number, dimensionless, I Length of tube
defined in text M Molecular weight
C Wetted perimeter Nu  Nusselt number
D Diffusion coefficient P Pressure
D Diameter AP  Pressure differential
Eg,E;. Energy dissipated by gas or lig- Pr  Prandtl number
uid in wall friction q Rate of heat transfer
E Mass of liquid entrained by gas Q Volumetric rate of flow
per unit time r Radius
{ Friction factor Re Reynolds Number
F Force, or momentum per unit R Volume fraction
time R, Volumetric gas-liquid feed ratio
Fr Froude number Sc  Schmidt number
g Acceleration of gravity u Velocity in a direction normal to
go Conversion factor the flow velocity
G Mass velocity, mass per unit area U Thermodynamic internal energy
per unit time V  Velocity in the direction of flow
h  Heat transfer coefficient W Mass rate of flow
ht; Enthalpy of vaporization We Weber number
Hyp Holdup ratio z Quality, mass percent vapor
jo j-factor for mass transfer X Dimensionless Lockhart-
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Martinelli parameter » Shearing stress
¥+ Film thickness ¢ Lockhart-Martinelli dimension-
less parameter
y: Dimensionless distance parameter ¢ Correlating parameter, various
Z Length of tube definitions (given in text)
a Constant A Tube length, or density correc-
T Volumetric film flow rate per unit tion term
width of film ¢ Gas-liquid interfacial tension
p Mass density u Viscosity
SUBSCRIPTS
a Acceleration WL Wall-liquid
b Bulk 1 Irreversible
B Boiling (heat transfer) or M Gas-liquid mixture property
bubble (velocities) o Entrance condition
C Critical R Reversible or relative (ve-
G Gas phase locities)
L Liquid phase 8 Slip (velocity) or slug (ve-
tG Interface-gas locity)
1L, Interface-liquid TP Two-phase
LG or GL Gas-liquid W Wall
WG Wall-gas Z Elevation or hydrostatic
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I. Introduction

Multistage separation operations have received the attention of chem-
ical engineers for many years now, and their importance in chemical
processing is apparent from the tremendous number of papers written on
the subject. The ability to achieve rational design of distillation columns
contributed greatly to the early success of the petroleum industry, and,
in turn, the continued emphasis placed on study of the separation opera-
tions has aimed mainly at improving or simplifying the design methods
used by the petroleum industry.

The first realistic and practical method of solving separation problems
was the stage-by-stage analysis shown by Sorel in 1893 (83). The only

* Present address: California Research Corporation, Richmond, California.
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assumption made by Sorel was that equilibrium was established between
the exit phases from each stage, an assumption which is unfortunately
still a part of almost every calculation procedure today. Heat balance
was included in vapor-liquid processes, and the method was capable of
providing much accurate and detailed information about separation
processes. As later elaborated by many people, this basic method of
calculating from stage to stage has become the standard tool of chemical
engineers for design of multistage systems.

The stage-by-stage procedure has defects. It is difficult to use with
many processes, and more important, in the period before computers
came into general use, it was extremely laborious and time-consuming.

Because of the tedious nature of stage-by-stage calculations, much
effort was spent to devise “short-cut” methods, correlations, and analyti-
cal methods which determined whole sections of a column of stages in
one calculation. These methods have much utility, in that they are in
most cases fast and simple, and are accurate enough for many purposes.
However, again, they have many defects. They are available only for a
few simple multistage processes, notably, distillation, absorption, and
stripping. The analytical methods involve severely restrictive assump-
tions whose effect is impossible to determine. The correlations are trust-
worthy only over the range of systems which were used to obtain the
correlation. In general, the engineer who uses such simplified calculational
means is left with considerable doubt about his results.

The advent of high-speed digital computers has again changed the
picture during the last few years. Without question, the great majority
of problems on stagewise operations will be solved on computers in the
future. Stage-by-stage calculations are no longer tedious and expensive.
Performed on the computer, they are often less costly than the engineer’s
time to obtain mueh less accurate answers. In addition, a whole new
group of methods identifiable as “iteration methods” has been highly
developed and widely used on the computer. Despite the fact that they
were introduced in 1933, the iteration methods were so prohibitively time-
consuming that before computers became available, they were essentially
not used at all.

Programs are presently available which can be used to obtain rapid
and cheap solutions to many problems. There is still a considerable art
in the use of the programs, however, and techniques have not been well-
established for the computation of unusual processes or unusual systems.
Frequently, existing programs for stage-by-stage ealculation or iteration
caleulation eannot be applied to a process without extensive and knowl-
edgeable modification. Further, too often, the programs fail to yield a
solution when applied to unusual cases, since the techniques used to
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obtain convergence are inadequate. Under such circumstances, computer
calculation can be exceedingly costly. The computation time to discover
that the technique will not yield an answer is costly, and the time to
develop a new technique is even more so.

In this article, the authors present still another method of solution, a
“relaxation” method, which can be used for any multistage separation
process, and which is conceptually extremely simple. The relaxation
method is most useful for certain processes, just as the stage-by-stage
and iteration methods are most useful for certain other processes, and
for certain types of problems on those processes. In order to clarify the
usefulness of each method, a general classification of problems on separa-
tion processes is briefly discussed; but, since space will not permit show-
ing each method in detail, only the relaxation method is given along with
a highly flexible program which allows calculation of vapor-liquid
processes of great complexity. It is hoped that the program will provide
the readers who do not specialize in multistage calculation with an effec-
tive means of solving essentially all vapor-liquid problems without
modification of the program, or with only slight and simple modification.
For those well-acquainted with other methods, it should yield solutions of
problems that cannot be solved by other methods. Moreover, it is hoped
that this presentation will stimulate additional work on the development
of techniques on relaxation solutions that will result in even faster solu-
tion of problems.

II. Calculation Methods
A. ProBrLEM DESCRIPTION AND VARIABLES

The description of any operation or design problem in a multistage
separation process requires assigning numerical values to, or “setting,”
a certain number of independent variables. The number of variables to
be set depends on the process, and is usually determined easily by the
method the authors have called the description rule (H1). Alternatively
the number of variables to be set may be determined by writing all of the
independent equations which define the process, then counting the num-
ber of variables and the number of equations. In order to solve the equa-
tions, a sufficient number of independent variables must be set so that
the number of dependent variables remaining equals the number of
equations.

As an illustration of this method of determining variables, consider
a distillation column with a partial condenser. The complete set of equa-
tions for this column is shown in Table I. The equations are self-explana-
tory, but a few points about them should be noted. First, even if written



TABLE I

EQUATIONS FOR DISTILLATION COLUMN WITH PARTIAL CONDENSER

Component material balance
around each stage
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Energy balance around each stage
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in other ways, they would consist basically of a mass balance for each
component around each stage, an energy balance around each stage,
and a relation between the concentrations of each component in the
phases leaving a stage. In the equations shown, this last set of relations
has been taken to be thermodynamic equilibrium. Second, the relations
defining the equilibrium constants (K’s) could have included composition,
and the enthalpy relations could have included pressure; but since no
new variables would have been introduced, the results would be the same.
Third, the pressure has been assumed constant for all stages. The pres-
sure in each stage could have been made a function of the pressure at one
point in the column; an additional set of equations would be necessary to
define these pressures, but no new variables except the pressures would
be introduced, and again the results would be unchanged.

The number of equations can now be counted. If R components exist
in the feed, n stages are above the feed stage, and m stages are below
the feed stage, the number of equations is:

[Rin+m+ 3)]+ [n+m—+ 3]+ [Rin+ m+ 3)] + [R(n +m+ 3)]
+[n+m+3]+[n+m+ 3]+ [n+m+3]
+n+m+4]=[BR+5n+m+3)]+1

Similarly, the number of variables is:

[RR)n+m+3)+ R+2n+m+38) + 1]+ [2(n + m + 3) + 3]
+ [R(n +m + 3)] + [n+ m + 4]
=[BR+5)n+m+3)]+E+5

For the column shown in Table I, then, B + 4 variables must be
assigned values in the set of equations in order to describe a meaningful
problem, Actually, in writing the set of equations, two other variables,
n and m, must also be assigned values; so that, in defining problems for
this column, B + 6 variables must be set.

The variables that are to be set must of course be independent. The
first one set is naturally independent, but all other variables that are
assigned values could be dependent on those previously set. Thus, care
must be exercised in choosing the variables to be set; fortunately, in most
problems which can be solved directly, it is relatively easy to determine
which variables are independent.

The result just obtained by writing the equations defining the process
and counting both equations and variables could have been obtained
much more easily by means of the deseription rule. The deseription rule
states that the number of independent variables is equal to the number
of variables that can be arbitrarily set in construction or through opera-
tion. For the same example, n and m can be arbitrarily set in construe-
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tion, i.e., one can build as many stages above the feed and below the feed
as desired. In operation, one can feed as much, Fzy, as he desires of any
component (R variables). The total molal enthalpy of the feed, hr, can
be arbitrarily set; the column can operate at an arbitrary pressure, P;
and the reboiler and condenser loads, Qr and Qg, can be arbitrarily
adjusted. Listing these variables, one has

n; m; R values of Fap; he; P; Qg; Qc.

Counting them, one obtains K 4 6, the same result as before.

Thus the description rule simplifies the counting of the number of
independent variables to be set for any process. However, few problems
of interest are described by the list obtained through counting with the
rule, and it is usually necessary to replace these independent variables
with others of more interest. Again, it is necessary that the variables
introduced as replacements be independent, and that the variables be
set within their allowable limits. Although independent variables may
always be arbitrarily set, there will usually be limits within which they
must be set. These limits are often difficult to determine, and the list of
problems which can be directly solved is severely restricted because of
this. For example, no one would define a problem by replacing n, m, Qg,
Q¢ in the above list with four consecutive stage temperatures in the
column, even though the temperatures are independent. Such a problem
would be prohibitively difficult to solve directly because the allowable
limits on the temperatures would be too small.

Counting variables is of obvious importance in setting up problems,
but it is relatively simple. Ensuring that the variables of interest are
independent may be difficult for complicated processes, and determining
the allowable limits of these variables can be extremely difficult.

Fortunately, in almost all problems of interest, certain variables are
always set. To enumerate, in vapor-liquid processes, usually all feeds to
a column and their enthalpies are set. Also, the column pressure is set.
Setting these variables reduces the number left to be set to a relatively
small number, small enough to be manageable.

B. STAGE-BY-STAGE SOLUTIONS

As the name implies, stage-by-stage calculations are useful for calcu-
lating from a composition and set of flows in one stage to the composi-
tion and flows in an adjoining stage. By successive repetition of the
procedure it is possible to calculate from one end of a column of stages
to the other end.

From the nature of the calculations, the problems which can be solved
straightforwardly by this method are those in which a partial separation
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of a mixture is part of the list of variables set. As the majority of design
problems in separation processes are of this type, this method is ideally
suited to design.

As an example, consider the distillation column of Table I with a feed
of six components, A, B, C, D, E, F. If one sets the amounts of each of
these in the feed, along with the enthalpy of the feed and the column
pressure, then four variables remain to be set. In the present problem,
one might choose to set the fraction of component C recovered in the top
product and the fraction of D recovered in the bottom produect. The
third variable set would probably be the reflux. The fourth variable,
the arbitrary location of the feed stage, would be set during the calcu-
lation.

The list of these four variables would be

(/C)a

(/D)

r

Feed stage location

Thus the number of stages, the answer sought, becomes a dependent
variable. Other problems, unless very similar to that above, would be
difficult to solve and would best be done by a parametric solution, plot-
ting answers to the problem above, to obtain the particular solution of
interest.

The general method of stage-by-stage calculation for multicomponent
systems was first shown by Lewis and Matheson (L1) and by Underwood
(U1) in 1932. The method of Lewis and Matheson was further improved
by Robinson and Gilliland (R1), but substantially unchanged. In its
most basic form, the concept of the method is simple. Consider the
example cited above. If the amounts of each component in both of the
products could be exactly calculated, it would only be necessary to start
at one end and calculate until a stage was reached at which the com-
position matched that of the other product.

However, the products cannot be calculated exactly and the procedure
outlined is difficult to accomplish. Instead, calculations are made from
both ends of the column to a match on an internal stage, perhaps first
neglecting certain components, and later correcting the calculation by
adding those components. The method has been well deseribed by Robin-
son and Gilliland, and is certainly useful for simple distillation columns.
Greenstadt et al. (G1) have shown its application to computers.

Extension of the method to more complicated columns presents more
problems; if more than one column and/or feed is present, the calculation
becomes formidable.
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C. ITERATION SOLUTIONS

Iteration methods are best-suited for solution of almost the reverse
problem for which stage-by-stage methods can be used. Consider again
the column of Table I with the feed variables and column pressure fixed.
Four variables remain to be set, and these must inevitably be the num-
ber of stages in both sections of the column, the total amount of either
top or bottom product, and the reflux (or some other flow). Thus the list
of set variables is

S~ oy s

Here the answers sought are the fractionation of each component which
will be obtained under the set conditions. Solution of other problems must
again be done parametrically.

Iteration solutions were first proposed by Thiele and Geddes (T1)
in 1933. In this method, all temperatures and flows must be estimated
before the solution can begin. The solution is broken into three parts:
first, solution of the mass-balance equations under the estimated flows
and temperatures; second, correction of the temperatures; and third,
correction of the flows. Assuming values for all temperatures and flows
reduces the set of mass-balance equations shown in Table I to a linear
set of equations which can be solved for the compositions at each point.
Because the starting assumptions are completely arbitrary, the composi-
tions will undoubtedly be wrong (the liquid and vapor mole-fractions
will not sum to unity), and better values of temperature and flows must
then be obtained for use in the next iteration.

Either the temperatures or flows could be adjusted first. The common
choice is to correct the temperature. Correction of temperatures is usually
done through either bubble-point or dew-point determinations on the
calculated stage compositions. After correcting the stage temperatures,
the liquid and vapor enthalpies may be obtained from the calculated
compositions, and the flows corrected by solution of the now linear heat
balance equations of Table I.

Many recent workers have contributed to the development of itera-
tion solutions, especially in the method of solving the mass balance
equations. Amundson and Pontinen (A1) have proposed a general method
of solution through matrices. Edmister (E1) has solved the equations
through development of a series expression relating the amount of a
component at a stage to the amount in a product. Matching relations at
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the junctures of sections of the column then allow calculation of the
products. Thiele and Geddes used essentially the same technique. Smith
(81, 82) and Hanson et al. (H1) have solved the equations by a method
which assumes the amount of a component in a produet and calculates
to the other end of the column, tracking the error made at each stage.
After the end of the column is reached, the initial error made in the
assumed amount can be caleulated and precise corrections applied at
each stage. Lyster et al. (L2) and Holland (H2) have developed correc-
tion methods to improve the calculated product compositions for com-
plicated columns, and have worked extensively on convergence tech-
niques.

The solution of the mass balances and the temperature correction
has been heavily studied, and is now quite rapid. In distillation columns,
the correction of flows through solution of the stage heat-balances is
also simple and well developed. Even for complicated columns, distilla-
tion processes are readily solved by the present iteration methods,
convergence often being reached after only a few iterations.

Many vapor-liquid multistage processes besides distillation are in
common use, however, for which the iteration solutions are not so re-
liable. Reboiled absorption is a familiar example of an intractable process.
Here the difficulty lies completely in the heat balance, the mass balance
still being readily solved for any process. Also, in certain processes, the
number of variables to be set will not permit setting the total amount of
product; for these processes, the simple heat balance can predict flow
changes in the wrong direction. An ordinary stream stripper shows this
effect. Since the top and bottom produets cannot be set if all feeds are
set, they must be guessed initially and corrected through use of the over-
all heat balance around the column. If the initial flows are assumed such
that the calculated temperature rises down the stripper, the bottom
product will be too high in enthalpy, and more enthalpy will be leaving
the column than entering. As the heat balance predicts new product
amounts, it will lower the amount of high-enthalpy produect, thus decreas-
ing the bottom product and predicting new product flows in the wrong
direction.

Iteration methods thus are very useful for problems on many proc-
esses, but their failure to converge in problems on other processes can
result in considerable waste of computer time.

D. RELAXATION SOLUTIONS

Relaxation solutions are conceptually the most simple methods of
solution for any multistage separation process. They were first proposed
by Rose et al. (R2) in 1958 and Duffin (D1) in 1959. Both authors in
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effect proposed that the unsteady-state equations be solved for each
stage in turn, through sufficient time that the steady state is approached
as closely as desired. Both authors also considered only the mass-balance
solution, fixing all flows in the column by postulating that the necessary
amount of heating or cooling be done at each stage to hold the set flows.
Extension of the relaxation method to include heat balance was proposed
by Hanson et al. (H1).

The relaxation method is restricted to the direct solution of the same
type of problem as the iteration methods; other problems must again
be solved parametrically. The relaxation method possesses one distinet
advantage and one distinet disadvantage in comparison to the iteration
solution. The disadvantage is one shared by all relaxation methods;
convergence is slow, because of asymptotic approach to the steady-state
conditions. However, the development of more rapid computers is fast
reducing the cost of even the slow solutions. Also, it has been observed
that processes such as absorption and stripping, which do not possess
large internal recycles, solve rapidly. Reboiled absorbers and refluxed
strippers are slower, and distillation columns can be quite slow. Fortu-
nately, the majority of processes which solve slowly are usually readily
attacked by the iteration methods.

The advantage of the relaxation method over the iteration methods is
simply that, in the experience of the authors, any process can be solved.
Processes for which the iteration methods will not converge, inevitably
converge by the relaxation method. Because of the surety of solution
the authors wish to stress the relaxation method in this article and have
presented a general program on vapor-liquid processes for the use of
engineers who need solutions to separation process problems.

Although simple, the conceptual base of the method should be dis-
cussed. Consider a stage P somewhere in a column of stages. In general,
for a vapor-liquid process, a vapor stream would enter the stage from
stage P — 1 and a liquid would enter from stage P + 1. The differential
equation for the mass balance on component 7 would be

A ‘ﬁ(%_)ﬁ +a CL;(;)—P = Lpyp(@dep + Vea(ys)p—a — Le(z)p — Ve(yi)e
where L and V are liquid and vapor flow rates, z and y are mole frac-
tions in liquid and vapor, A and a are the stage holdups of vapor and
liquid, and 4 is the time; If a knowledge of the time behavior of the stage
or column were desired, a set of these equations for all components and
all stages along with a set of equations for energy balance would have
to be solved.

However, if only the steady-state result is desired, the holdups on the
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stages may be assumed to be zero for calculational purposes, and the
equation written above simplifies to

Lp(z)p + Ve(y)r = Lep(@d)py + Veor(yi)p

If it is further assumed that the exit streams are in thermodynamic
equilibrium this equation reduces to the familiar flash equation,

Lp(zi)p = Len(@dpy + Vea(ydea
e [Ve(K)p/Lp] + 1

Any other streams could enter and would join the entering vapor and
liquid streams from the adjoining stages to constitute a “feed” to the
stage. Also the flows leaving the stage could be split into side streams
plus flows to the adjoining stages without changing the basic equations.

Thus a very simple concept is apparent; it is only necessary to
answer the question, “if a known feed is brought into the stage, what
will be the resulting streams leaving the stage?” For a vapor-liquid
process consisting of stages in which equilibrium is reached, the question
can be answered by an isenthalpic flash of the total feed to the stage.
A new estimate of exit flows, compositions, and temperature for the
stage will result. The new flows from this stage can be used in calculat-
ing the feed to the adjoining stages, and isenthalpic flash calculations
on these stages will yield new flows which are feeds to other stages, ete.
The stages can be considered in any order; the authors have found no
particular benefit in any specific order of consideration of the stages.
Complicated connections between stages and columns pose no problem
since the calculation concerns itself with only one stage at a time.
Furthermore, it is not necessary to converge the isenthalpic flash caleu-
lation, itself a trial and error calculation, on any given stage. Partial
calculation of the flash and prediction suffice.

In a process such as liquid-liquid extraction the enthalpy balance is
usually unimportant, and the temperature can be assumed constant
through the column of stages. Here the question is simply how do the
components of the input feed streams distribute. Any other process, such
as washing, isotope separation, ete. for which the enthalpy balance is
unimportant, requires only the answer to the same simple question.

The relaxation method is certainly slower than the other methods of
calculation. However, because of its simple nature, any process can be
calculated and the complexities of the process cease to be a major con-
cern. If future attention were directed toward performing an exact
calculation of the individual stage, these more exact calculations could
replace the flash calculations of the theoretical stages, and the calculated
process would then fit much more closely the actual process operation.
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Nomenclature

A Holdup of vapor in a stage P Column pressure
(moles) @ Heat duty in a reboiler or
a Holdup of liquid in a stage condenser (B.t.u./hr)
(moles) R Number of components fed
b Bottom product (moles/hr.) r Reflux (moles/hr.)
D Vapor top product (moles/ T Temperature
hr.) V Vapor flow from a stage
F Total feed (moles/hr.) (moles/hr.)
H Molal enthalpy of a vapor 2 mole fraction of a compo-
(B.t.u./mole) nent in a liquid
h  Molal enthalpy of a liquid y mole fraction of a compo-
(B.t.u/mole) nent in a vapor
K Component equilibrium con- ¢ Function
stant, = y/z ¢ Time
L Liquid flow from a stage (/?)» Recovery fraction of a com-
(moles/hr.) ponent in the bottom prod-
m Number of stages between uct, = b(z)o/F(zi)r
reboiler and feed stage (/9)a Recovery fraction of a com-
n Number of stages between ponent in the top product,
feed stage and condenser =d(z)e/F(2)r
Subscripts
b Bottom product p Stage or plate in general
¢ Condenser R Reboiler
D Vapor top product r Reflux
d Liquid top product t Top stage or plate in column
F  Feed 1,2,3 ... Plate number in column,
f Teed stage numbering up
t Component in general

lll. Description of the Program
A. ProBLEM FORMULATION

A general program for vapor-liquid processes has been written and is
presented as Program cenvL. The program is written in Fortran language,
for any number of components up to 20, for any number of columns up
to 5, and for any number of stages in a column up to 40. These ranges
can of course be altered by simply changing the DIMENSION statement.

An external feed of any amount, of one or more components, can be
fed to any stage in the system of columns. This stage may be a plate, a
reboiler, or a condenser. All external feed compositions, flows, and en-
thalpies are independent variables that are set in the problem deserip-
tion. A side stream of either vapor or liquid (or both) may be withdrawn
from any stage except a reboiler or condenser, and either removed as
product or sent to any stage of any column. The flow of each side stream
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of this type is treated as an independent variable (its total amount is
set). The flows leaving the end stages of the columns would normally
be the products from the system of columns. However, in the program,
each of them may alternatively be sent to any stage of another column;
these flows may or may not be independent variables whose amounts
are fixed.

Provision has been made for intercoolers between any two stages in
a column. Each intercooler introduces another degree of freedom into the
equations; and requires that an independent variable be set. In the pro-
gram this independent variable has been taken to be the temperature to
which the stream is cooled. The intercoolers could obviously also func-
tion as interheaters, but the program will calculate such heaters as if no
vaporization occurs in the heating; this is correct if the pressure in the
heater is high enough to prevent vaporization. Provision also exists for
introducing or removing a specified amount of heat on any stage—a feed
of zero mass and a positive or negative enthalpy equal to the desired
heating or cooling load is introduced into the stage concerned.

1. End Stage Flows

Each reboiler or condenser introduces a degree of freedom and re-
quires setting an independent variable. In the program, this variable
may be either the liquid flow or the vapor flow from a reboiler, or either
the reflux or product amount from any type of condenser. Again, the
“product” may not be a product, but can be sent to another column.

Three types of condensers are provided for: a partial condenser in
which the two streams produced are reflux and a vapor product, both
saturated; a total condenser in which the two streams are reflux and
liquid product, both at their bubble point; and a two-product condenser
in which reflux is produced, along with both a vapor and a liquid product,
if both are possible. The two-product condenser introduces one additional
degree of freedom over the other types of condenser. The temperature of
a two-product condenser can be arbitrarily set, thus controlling the ratio
between vapor and liquid in the product. There is no lower limit on speci-
fication of this temperature, since at a low enough value the product (as
well as the reflux) will simply be entirely subcooled liquid. However, there
may be an upper limit on the temperature; if reflux amount has been
chosen as the independent variable to be set, the highest temperature
permissible will be the dew point of the product, the product being now
completely vapor. If the condenser temperature has been specified above
this limit, the program will correct it downward to the highest permis-
sible value. A temperature specification intermediate between the dew
point and bubble point of the produect will produce two products, one
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vapor and one liquid. In the program, the total of these products may
be set, if desired, rather than the reflux. Again, either or both of the
products can be sent to other columns rather than being removed as
product.

It might be well at this point to summarize briefly the variables which
must be set in order to define problems to be solved by Program GENVL.
Other problems can be solved parametrically or by rewriting the program
to accommodate them.

The variables set are :

(1) Amount of each component in each feed.

(2) Enthalpy of each feed.

(3) Number of stages in each column (includes reboiler and con-
denser, if used).

(4) Pressure of each column (set through constants in equilibrium
expression for each component).

(5) Amount of each side stream.

(6) Destination (stage and column) for each side stream that is not
a product removed from the system of columns.

(7) Temperature to which liquid is cooled in each intercooler.

(8) Destination (stage and column) for each flow from an end stage
if the flow is not a product removed from the system of columns.

(9) Reboiler vapor or liquid flow from each reboiler.

(10) Reflux or vapor flow from each partial condenser; reflux or
liquid “product” flow from each total condenser; temperature
and reflux or total “product” flow from each two-product con-
denser.

This list of variables completely describes any problem in the system
of interlinked columns which can be solved by Program cenvi. Following
the description rule, (3), (6), and (8) are set by construction, the others
by operation,

2. Independence of Vartables

The only chotces of independent variables allowed by the program
come from the degree of freedom introduced by the reboiler, (9), and
one of the degrees of freedom introduced by the condenser, (10). Again
it should be emphasized that the variables set in these two instances must
be independent. For example, if the column system consists of the single
column of Table I and one sets the liquid bottom product from the re-
boiler, the vapor top product is no longer an independent variable and
hence cannot be set under (10). Instead the reflux must be set as the
last independent variable.
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Whether or not a variable is independent may be more difficult to
determine in other cases. For example, a distillation column with a side
stripper is shown in Fig. 1. The side stripper in Fig. 1(a) has a reboiler
and that in Figure 1(b) is stripped with steam. Under the program, the
liquid side stream which feeds the side stripper must be set. Also, in the
column arrangement of Fig. 1(b) the amount and enthalpy of the steam
fed must be set, since it constitutes an external feed. For illustration, we
assume that the bottom produet from the reboiler of the main column has
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F1a. 1. Process arrangements for illustration of dependence of variables.

been set in both cases. In the column system of Fig. 1(a), it might appear
that either the bottom product from the side stripper or the top product
from the main column is independent, but not both. However, while the
bottom product from the side stripper can be independent, the top prod-
uct from the main column cannot. In the column system of Fig. 1(b),
neither the bottom product from the side stripper nor the top product
from the main column is independent. If doubt exists as to whether or
not the flow leaving an end stage is independent (whether it is actually
a product or goes to another point in the system of columns is imma-
terial), the safest procedure is simply to use reboiler vapor and reflux
as the set variables, since they are of necessity independent.
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3. Variable Limits

In the discussion of the description rule, it was also pointed out that
limits exist on the possible values of independent variables. These limits,
for a particular variable, depend on the values assigned to all variables
previously set; as stated, determination of the limits is often prohibitively
difficult. Taking the variables in order, there are obviously no limits on
the amounts of components in the feed streams, or essentially on the
enthalpy of the feeds. Again there are no limits on the number of stages
in the columns, or on the linkages between columns in terms of the stage
and column from which the streams come or to which they go. However,
limits are possible on the amounts of side streams and of streams emanat-
ing from end stages of columns. A few illustrations will show the way
in which the limits occur.

For the first of these illustrations, Fig. 2(a) shows a reboiled absorber.
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Fic. 2. Process arrangements for illustration of limits on variables.

One degree of freedom is provided by the reboiler; a choice of setting
either the bottom product or the reboiler vapor is thus provided. If the
bottom product is chosen, the lower limit would be zero and the upper
limit generally something less than the total of the two feeds, since the
center feed would normally be vapor, and the absorptive capacity of
the lean oil feed for this vapor would not usually be high enough to ab-
sorb it all, even if the reboiler vapor shrank to zero. This limit would
be relatively easy to determine by calculating this same case as a simple
absorber, i.e., without the stripping section.
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Figure 2(b) shows a simple distillation column with two degrees of
freedom provided by the reboiler and condenser. For example, for liquid
feed, the top product might be set at an intermediate value between
zero and the amount of feed; although no upper limit would exist on
reboiler vapor, a lower limit would exist corresponding to zero reflux. It
would be quite easy to set the reboiler vapor below this limit, unless a
calculation had been made to determine what the limit was. Such a calcu-
lation would not be too difficult in this case.

Figure 2(c) shows a distillation column with four degrees of freedom
provided by the two reboilers, the condenser, and the liquid side stream
from the main column. Many possibilities of limits exist, depending on
what variables have been set first. One example might be taken in which
the liquid side stream was set last. The limits on the amount of this
stream would then be, as a lower limit, the amount of bottom product (or
reboiler vapor) in the side stripper; and, as an upper limit, the total
amount of liquid flow off the stage from which the stream was drawn.
(The latter of these limits would not be easy to determine.)

Any problem involving variables that are set outside the allowable
limits cannot be solved. If the solution of such a problem is attempted,
much computer time can be wasted, since the fact that the problem is
impossible may be difficult to recognize. Also, to determine the allowable
limits on variables in complex processes is essentially impossible.

4. Problem Alteration by the Program

Program cENVL has been designed to circumvent these difficulties. If
during the solution of the problem, the program finds the problem speci-
fications impossible, it will reset to the nearest possible problem for solu-
tion. This procedure is also time-consuming, but after solution the limit
which has been exceeded is clearly indicated. Thus, in the example on
Fig. 2(a), the amount of bottom product would be reset to as much
product as could be produced, and the reboiler vapor would be set to
zero. The stripping section of the column would operate essentially as a
pipe for the transport of liquid and would be calculated as such. In the
example on Fig. 2(b), the amount of top product would be reset down-
ward to that which could be made at the stipulated reboiler vapor, while
the reflux would be cut to zero. In the example on Fig. 2(c), the amount
of the liquid side stream would be set to all liquid available, producing
a zero liquid flow in the main column between that point and the feed
plate. If this amount were not sufficient to produce the specified bottom
product, say, of the side stripper, this product would be reduced to that
available and the reboiler vapor in the side stripper would be reset to
z€ero,
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Thus, Program GENVL has been designed to insure, in every way pos-
sible, the obtaining of a solution. All problems which have been at-
tempted to date have been solved, although several have been solved
to only a low degree of accuracy because of time limitations. One prob-
lem has been solved to an accuracy of 1 part in 100,000 in the total mass
balance close to the maximum accuracy allowed by the significant figures
carried in the computer. Many problems have been solved to an accuracy
of 1 part in 1000 in the total mass balance, and this accuracy appears to
be reasonable in terms of time consumption.

B. Basic PROGRAM

The basic program performs the function of using the existing esti-
mates of component flows and stream enthalpy values to prediet a new
stage temperature and the flows of components from the stage. This is
accomplished partly by calculation in the basic program and partly by
calling for calculation in various subroutines.

At the beginning of the basic program, the arbitrarily chosen funec-
tions for calculation of component equilibrium constants and component
enthalpies are shown: '

K = exp [A/(T + 460) + B + c(r + 460)]
H=YT+ 2z

where 4, B, ¢, Y, and z are component-dependent constants to be sup-
plied as data to the program. Both of these functions are independent of
composition, but any other functions could have been used. If it is desired
to add activity coefficients and/or heats of mixing, the program could
easily be changed to include them.

1. Stage Sequencing

The first step in the basic program is to call subroutine i¥puT Wwhich
reads in the program specifications. Next, the iteration counter, ITERAT,
and a calculational variable, KINVEN, are set to zero. The amount of each
component entering the system of columns is summed up in SUMFD(I)
where the subscript (1) refers to component. Subscript (5) refers to stage,
and subseript (k) refers to column. Also the total feed of all components
is summed in TOTFD.

At statement 3 the calculation of the stages begins. After every itera-
tion, the program returns to 3 to start the next interation. A calculational
variable, KALTER, is set to zero, to be reset to 1 later in the iteration if
the program changes the original problem specification in order to ob-
tain a workable problem. The program then calculates each column in
turn, performing all calculations through statement 140. For the particu-
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lar column being calculated, the number of stages, including a possible
reboiler and condenser, is set up as the index Jr. The stage index, J, is
set to 1, and a calculational variable JDELTA is set to +1. The program
has been written to calculate the stages in the following order: starting
at stage 1, up through stage sT, reversing direction and recalculating
stage JT-1, recalculating down through stage 1. This order is completely
arbitrary and could be changed at will. However, calculating in this way,
2(J1)-1 stage calculations will be made for the column in an iteration,
and hence a dummy counter, KTIMES, is set to this number to be used in
the next loop. The loop starting at statement 4 calculates through state-
ment 114 kTiMES number of times, thus twice for all stages in the column
except the top stage.

2. Stage Feeds

For any one stage, the first step is to determine the total amount of
each component entering from all possible sources, and the total energy
entering the stage. The total amount of each component entering is
summed up in a variable called rurEED, flash feed, since this is in essence
the feed to a flash calculation to be performed on the stage. The total en-
thalpy input is summed in QIN. The program first sets FLFEED at any
external feed of .component I to the stage and QIN at the enthalpy of
the external feed to the stage, plus any load associated with an inter-
cooler immediately above the stage. The possibility of one or more
streams entering the stage from another column or from another stage
in the same column is examined next. Statement 6 examines the array
KSVFRO at the position J, K where J is the number of the stage being cal-
culated and Kk is the column number in which the stage exists. If this
number is zero, no side vapor stream comes into the stage from any
point in the column system. If the number is positive, a vapor side stream
does come in. The caleulation then branches to statement 7 where the
stage and column from which the stream is coming are set up as the
variables Jv and xv. The amount of the side vapor flow from Jv and v
is examined; if it is zero due to a reset from the original specifications
on the amount of the stream, the program branches to statement 10; but
if the side stream is positive the program branches to statement 8, where
the amount of each component in the sidestream is added to FLFEED
and the enthalpy is added to qIn.

All other possibilities of streams entering the stage are examined in
the same way. At statement 10 possible liquid side streams entering the
stage are examined. At statement 14 the possibility of a vapor flow
coming from an end stage (either a condenser or an ordinary stage) is
considered. At statement 18 the possibility of a liquid stream coming



COMPUTING MULTISTAGE LIQUID PROCESSES 299

from an end stage is considered. The liquid stream could come from
either a reboiler or an ordinary stage, if the end stage from which the
stream comes is at the bottom of a column, or it could come from a
condenser. Jv is examined to see if it is unity. If so, unless the column
from which the liquid stream comes consists of only a condenser, the
liquid flow comes from the bottom of the column and is labeled as Quip.
If the stage number is greater than unity, the stream must come from a
condenser, and is qurrop for the column from which it comes.

2. Necessity of Flash Calculation

After all possible feeds to the stage have been determined, the calcu-
lation goes to statement 26 where a variable KEXTFD is set to zero. The
program then determines whether a flash calculation should be done on
the stage. If an external feed (from outside or through a stream coming
from another point) enters the stage, or if there is heating or cooling on
the stage, or if both a liquid and a vapor stream enter from adjoining
stages, a flash calculation should be done. If, on the other hand, no
streams come from outside and no heating or cooling takes place, and no
liquid stream enters from the stage above, but a vapor stream enters
from the stage below, then nothing will happen to the vapor stream in
the stage being considered, and the stage will simply act as a pipe for
transit of the vapor. This possibility, and the reverse possibility, are
allowed for.

In the next statement below statement 26, QIN is examined. If it is
not zero, the stage is being heated or cooled or an external feed is enter-
ing. If so, KEXTFD is set to 1. If QIN is zero, KEXTFD is left at zero. Next
the number of the stage is examined to see if the stage is the lowest
stage in the column, namely stage 1. If it is, no vapor can come from
the next lower stage. If not, the program branches to statement 31 and
the vapor coming from the next lower stage is examined. If the vapor
flow is not zero, all of the component flows in the vapor are added to the
feed to the stage, the enthalpy is added to QIN, and the variable xvIN is
set to 1, indicating that a vapor flow enters the stage from the stage im-
mediately below.

The liquid flow from the stage immediately above is treated in the
same way, except that the calculation is slightly different if the stage
above is a condenser. At statement 40, the entire feed of components to
the stage is added up in FLFEES and the data necessary to calculate an
isenthalpic flash on the stage is complete.

3. Reboilers and Condensers

At the statement immediately above statement 42, and at statement
44, the index of the stage being calculated is examined to determine
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whether the stage is the bottom or top stage in the column. If it is either
of these, either JRETYP or JcoryP for the column is examined to deter-
mine whether the stage is an ordinary stage or a reboiler or condenser.
If the stage is either a reboiler or a condenser, the calculation of the
stage is done in the appropriate subroutine, rREBOIL or conpEN. If the
stage is an ordinary one, the program goes to statement 47 to calculate
the isenthalpic flash on the stage.

At statement 47 the program sets a variable, KTRANS, to be used in
determining how the flash of the stage will be calculated. Next the total
amount of material fed to the stage is examined. If it is zero, all flows
out of the stage and their enthalpies are set to zero and the stage is not
calculated further. If material is entering the stage, there is still the
possibility that only one stream enters, either liquid or vapor from an
adjoining stage. This possibility is checked at statement 50. If vapor
comes from the stage below xviN = 1; if not, xvin = 0. If liquid comes
from the stage above, XxLIN = 1; if not, XxLIN = 0. If an external feed
from any source enters the stage or if the stage is heated or cooled,
KEXTFD = 1; if not, kExTFD = 0. The stage will act as a pipe only if
either KvIN or XKLIN = 1 and all others are zero. The program then de-
termines which stream is being transported through the stage and sets
the stage conditions and flows to simply pass the flow through.

4. Flash Calculation

If the stage does not act as a pipe, the program transfers to state-
ment 56. The program from this point to statement 65 sets up initial
estimates of the vapor and liquid flow rates from the stage, using the
existing values of the flows. Since the total input to the stage will change
from iteration to iteration, the flows leaving this stage cannot be the
same. If values exist for exit flows of both liquid and vapor, the program
estimates new flows in the same proportion as the old flows (statements
63 and 64). If one or both phase flows are zero, the program estimates
new flows respectively either by using a small percentage of the feed
for the missing flow or by dividing the input in two.

The program then predicts a new set of conditions and exit flows for
the stage by one of two methods, one starting at statement 65, the other
starting at statement 75. The choice of methods is controlled by KMODE,
as described later. In the first method, the existing temperature of the
stage is accepted, and a complete isothermal flash is calculated on the
total input of material to the stage at the stage temperature. The amount
of each component in the resulting vapor and liquid phases is then
known. The temperature is next set either 1° higher or lower, the direc-
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tion being chosen to increase the smaller phase, and the flash calculation
is repeated. A complete knowledge of two isothermal flashes is then ob-
tained. In the second method, the relative flows of vapor and liquid are
accepted, and a flash calculation is done at the estimated flows to deter-
mine the amounts of the individual components in the flows together
with the temperature. Again, a second flash caleulation is done with the
smaller flow increased by 1% of the total input, and two complete flash
calculations have been obtained.

In either procedure, the enthalpy of the streams resulting from the
first flash is calculated as qouT. At statement 80, the enthalpy of the
streams resulting from the second flash is calculated as TorH. In addition
the enthalpy of the streams of the first flash at the temperature of the
second flash is calculated as sExsH. The temperature of the first flash is
called T, the temperature of the second flash is called T1. In the same way
the vapor phases resulting from the two flashes are ¥Lv and rLvi. In the
ordinary case FLv1 would not equal rLv, nor would T1 equal T. These
differences are then used to predict temperature and flow amounts at the
solution to the isenthalpic flash. ToTce is the amount of energy which must
be added to the system to raise the temperature by 1°F. and is calcu-
lated by (ToTH — Qo0UT)/(T! — T). Similarly the amount of energy added
to produce one more mole of vapor (and hence one less mole of liquid)
is TotMCcP = (TOTH — QOUT) /(FLV1 — FLV). SENSCP is the amount of sensi-
ble heat which would have to be added to raise the temperature 1°F. if no
vaporization or condensation occcurred in changing from T to T1.

The predicted change in temperature, DELT, to be added to T is then
(QIN — qourt) /ToTCP, and the predicted vapor change, DELVS, to be added
to FLv, is (QIN — qouT)/TorMcP. These corrections, since they are linear,
only solve the isenthalpic flash approximately. As convergence is ap-
proached, however, the amount of correction to T and rLv becomes smaller
and smaller, and linear corrections suffice. The isenthalpic flash could of
course be solved as exactly as one desired, but the authors have found
the partial solution and linear extrapolation used here to be quite satis-
factory for the purposes of this program.

In the program section from the statement just below 81 to statement
85, precaution is taken against those systems in which T1 = T and FLv1
= rLv. Both circumstances can occur because of the way in which the
program is written, but the normal case, starting at statement 85, will
show changes in both temperature and vapor amount.

The amount of each component in the predicted flows of vapor and
liquid is obtained by a separate prediction for each component in the
loop ending at statement 97. If the amount of any component in either
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phase is less than 1 X 10—2°, its amount in the phase is arbitrarily set
at 1 x 10—2°, The summations of the amounts of the components in the
two phases, sumvy and SUMLX, are then obtained; if either of these is
less than 1 X 10—9 of the total input to the stage, that phase is set to
zero, Enthalpies of the phases are also determined.

5. Determination of Flash Type

Lastly, at statement 103, the result of the calculation is used to deter-
mine which method of flash caleculation should be used on the stage in
the next iteration. If the input to the stage is essentially pure component,
a very inaccurate calculation would result from arbitrarily moving from
T to T + 1.0 in the two flash calculations. Similarly, if very little change
in vaporization will oceur on moving the temperature, the calculation of
the temperature shift by moving FLv by 1% may yield a very inaccurate
extrapolation. In short, a system in which changes in sensible heat pre-
dominate when heat is added should be calculated by movement of tem-
perature, while a system in which changes in latent heat predominate
should be calculated by movement of the phase amounts. At statement
103, if the sensible heat capacity is more than half of the total heat ca-
pacity of the system, kMoDE for the stage is set at 1, and if less than half,
KMODE is set at 2. When the stage is next calculated, kMopE will direct
the calculation to the better path.

The predictions of the flash calculation show only the total amounts
of vapor and liquid resulting. If a side vapor or side liquid flow has been
specified from the stage it must be subtracted from the total phase, the
remainder constituting the flow to the adjoining stage. This is done be-
between statements 106 and 111. If it is found, for example, the predicted
amount of liquid is less than the set amount of side liquid flow, all of
the predicted liquid phase will be used as side flow and the flow of liquid
to the stage below will be set at zero. The vapor is treated in the same
way, but in either case the program notes that the problem has been
altered.

At statement 111, the number of the stage being calculated is ex-
amined. If the stage is the top stage, the program goes through statement
112 at which spELTA is changed from +1 to —1. When JpELTA is added to
J, the next lower stage is next calculated, and in this way the order
of treatment of stages is made to go from the bottom to the top stage
and back to the bottom.

The next section, statements 115 through 140, is used to calculate the
heat unbalance on each stage, the input of energy minus the output of
energy. If the stage is a reboiler or condenser, the unbalance is of course



COMPUTING MULTISTAGE LIQUID PROCESSES 303

zero and the reboiler or condenser load is calculated instead. Intercooler
loads are also calculated.

The program repeats the entire calculation through statement 140 for
each column in turn and then proceeds to the next section in which the
calculated amounts of each component in all products leaving the system
of columns are summed in prosuM. Each side flow or flow from an end
stage is examined to determine whether it goes to some other point in
the column systems; if not, it is a product. The over-all unbalance for
each component is calculated as cunBaL, equal to the total input of the
component to the column system minus the total output.

6. Accuracy Check

In the section titled ouTpurt, the iteration counter is raised by unity
and a variable, PRSERR, is generated to indicate the extent of error in the
over-all mass balance. PRSERR is taken as the sum of the absolute values
of the component unbalances, since the simple sum of component un-
balances would often give a falsely low answer for the error due to
cancellation of plus and minus terms. Provision is made to print the
value of PRSERR along with the iteration number by depressing sense-
switch 1. By this means the calculation can be followed quite well, and
this feature has proved quite useful to the authors. At statement 169
PRSERR is checked against the acceptable limit of accuracy of the calcula-
tion, PROERR, which is read into the computer in the input data. If PrSERR
is below the limit, the program will write a complete output of answers
and return to statement 1 which calls the input subroutine and starts
the calculation of a new problem.

However, if the accuracy of the calculation is not good enough the
program will examine sense switch 5 and sense switch 6. If 5 is depressed,
a complete output will be written; if 6 is depressed, a short output will
be written. In either case, the program then goes on to statement 175.
The last section of the basic program is used to call a subroutine for the
correction of the column inventory of components which are not in bal-
ance. The program examines sense switch 2; if it is depressed, the pro-
gram will call the subroutine, but only under the conditions that the
energy balance is reasonably correct, i.e., if the sum of the absolute
values of all stage unbalances is less than 1% of the heat loads in the
reboilers and condensers of the columns). If the subroutine is called, a
variable, KINVEN, is set to 1; if not, the variable is set to 0. KINVEN is
used in the on-line printing of results to show whether or not the sub-
routine was used. The program then returns to statement 3 to perform
the next iteration.
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C. SUBROUTINE INPUT

The first step in the basic program is to call subroutine inpuT. The
subroutine serves two purposes; to bring in the data defining the problem,
and to set up the conditions under which the first iteration will be calcu-
lated.

The reading in of data requires only a little explanation. The first
two data cards have been specified as cards on which any statement can
be typed in columns 2 through 72. The statements typed in these columns
are read into ForMaTs 1000 and 1001 and immediately written out to
serve as a label or identification of the problem. Column 1 of the cards
can be used to control the spacing of the identification, as suggested by
the 1 and 0 of the formats shown.

Next, the number of components, number of columns, and all physical
data are read, followed by the two preset error-limits used by the pro-
gram. PRDERR is the highest acceptable sum of component unbalances, and
is expressed in moles. BDFERR is the accuracy to which bubble-points,
dew-points, and flashes are calculated, expressed as a fractional error.
The authors have found a tight limit on this error is beneficial, and have
commonly used 1 x 1078,

The external feeds to the columns are read; first the stage and column
to which the feed goes, then the amount of each component in the feed,
and last the total enthalpy of the feed.

Next, side streams are read as shown in the program, and possible
linkages through streams from end stages being sent to other points are
read. The liquid stream from the bottom of a column, for example, will
be considered a product leaving the system of columns unless it is speci-
fied as going to some other point. Since such a stream could be a de-
pendent variable with its amount unknown, it cannot be sent back to the
same column.

Any intercoolers are specified by reading the numbers of the stage
and column to which the cooled flow goes and by reading the temperature
to which the flow will be cooled. The flow is always taken to be the
liquid flow from the stage above, QuID in the program nomenclature.

Any reboilers are specified next. If a reboiler exists, either the vapor
flow or liquid flow leaving it, respectively FIXRv or FIxBL, must be
specified. Both are read in from the input card, but only the one which
corresponds to JRETYP will be used, so that the other can simply be read
in as zero.

Any condensers are specified in the same way. Here several choices
of variables can be made for each condenser. Again only the one or two
numbers corresponding to Jcoryp need be punched; the others can simply
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be zero, but the numbers needed must be in the field on the card which
corresponds to their position in the list of statement 33.

The last data required are an estimate of top and bottom tempera-
tures for each column,

The program then writes out the input data to provide a record of
the constants used and specifications made, zeroes certain variables used,
and sets up a maximum temperature 300° higher than the highest esti-
mated end temperature and a minimum temperature 200° lower than the
lowest estimated end temperature. In caleculation, the program will not
predict temperatures outside this range.

D. SusrouTINE QUTPUT

The output subroutine is used to write out either the final converged
results of the calculation or, if desired, the results at the end of any
iteration. A complete set of results is written when the problem is con-
verged, including compositions of both phases on every stage. The short
output, which can be obtained by depressing sense switch 6, omits these
compositions, but writes all other pertinent data. It might be noted that
the output subroutine will report that the originally specified problem
has been altered if any of the flows specified in the problem description
have been changed from their set values during the last iteration.

E. SusrouTINE REBOIL

Any reboiler is calculated in the subroutine written specifically for
this purpose. The subroutine first checks the variable rLrEEs which is
the total mass input to the reboiler. If FLFEES is zero, the exit streams
from the reboiler are set to zero, it is noted that the problem has been
altered, and the calculation returns to the basic program.

If FLFEES is not zero, the value of JRETYP is examined to find which
of either the reboiler vapor or bottom liquid has been set in the problem
description. If reboiler vapor has been set, the program examines FLFEES
to see if it is less than the fixed amount of reboiler vapor, Fixrv. If so,
all of FLFEES is taken as reboiler vapor, the bottom liquid is set at zero,
KALTER is set to 1, the temperature is determined by a dewpoint calcula-
tion on the reboiler vapor, and the calculation returns to the basic pro-
gram. On the other hand, if FLFEES is more than large enough to supply
FIXRY, the remainder is taken as bottom liquid and the temperature and
compositions are obtained by calculation of a flash for which the total
vapor and total liquid are known (1sovrr). If the bottom liquid is speci-
fied, exactly the same procedure is followed except that in the case of a
mass input less than the specified bottom liquid, FIxsrL, all of the input
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is taken as this liquid, reboiler vapor is set to zero, and the temperature
is determined by a bubble point calculation.

F. SusrouTINE CONDEN

Subroutine coNpEN is used to calculate all condensers. It operates in
very much the same fashion as subroutine rEBOIL, except that more pos-
sibilities occur. If reflux has been fixed, the amount of FLFEES is examined
to see if it is larger than rixre. If not the product is set to zero and
temperature is determined by bubble point, If the condenser is a two
product condenser with a set temperature, Tcser, this temperature is ac-
cepted if it is below the bubble point, indicating subcooled reflux. If
FLFEES is large enough, the remainder after subtraction of Fixge is taken
as the appropriate product, and temperature is determined either by
ISOVFL or BUBPT for the cases of partial and total condenser respectively.
For two-product condensers, the division of the total product at Tcser
must be determined and calculation transfers to statement 21.

If the end (or “product”) flow has been specified, the calculation, at
either statement 14 or statement 18, is simply the reverse of the calcula-
tion for fixed reflux. Again, for two-product condensers, the calculation
transfers to statement 21.

Two-produet condensers must be considered differently from the other
condensers, since the temperature has been specified and will determine
the relative amounts of vapor and liquid produet along with their com-
positions. This analysis is performed from statement 21 through state-
ment 53. The temperature specification may be such that it will pro-
duce superheated vapor product or subcooled liquid product, or any ma-
terial in between. Superheated vapor product, however, is outside the
realm of possibility if reflux is to be made; the program has been written
to lower the condenser temperature arbitrarily to the dew point of the
product, if this circumstance occurs. The analysis of a two-product con-
denser is additionally complicated by the fact that a flash of the total
mass input at TcserT may produce less liquid than the amount fixed as
reflux. If so, the program arbitrarily changes the condenser temperature
to yield an amount of liquid equal to the fixed reflux, assigning the re-
maining produect as vapor. Neither of these temperature changes is re-
ported as an alteration of the problem specifications.

G. SuBrOUTINE INVEN

The relaxation calculation, as mentioned previously, converges quite
slowly after the component unbalances in the individual stages have be-
come small. Other circumstances can also cause the calculation to proceed
slowly. For example, if the internal flows of material (reflux and reboiler
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vapor) are high compared to the product amounts, the initial iterations
can build up high inventories of a component in the column which are
reduced only slowly to the steady-state amounts if the amounts of the
component in the products are small. Subroutine INVEN is designed to
speed up the depletion of such inventories, by calculating through the
column several times in an approximate and rapid fashion before re-
turning to the next iteration.

Each component is calculated in turn. It is assumed that the relative
split of the component on a stage is correct as reported from the itera-
tion just calculated. A simple mass balance then gives new estimates for
the amount of the component in the phases without any calculation of a
flash. If the component is in exact balance at all points, no change will
be made in its flow amount at any point by this procedure. However, if
there is an unbalance at any point, this unbalance will be lessened and
propagated outward.

The program calculates each component completely through the sys-
tem of columns five times before returning to the basic program. The
five is arbitrary, but there is not sufficient evidence to justify any particu-
lar figure. The subroutine has proved to be of great value in some cases,
but also may have been harmful in others. Whether or not it is of benefit
in a particular case can best be determined by following the calculation
on the on-line printer. By depressing sense switch 2 the subroutine can
be called. After a few iterations, if it appears to be aiding the calcula-
tion, its use can be continued; if not, it can be removed by raising the
sense switch. In any event, there is no question that the use of the sub-
routine changes the pattern of the calculation, and its sporadic use may
be of value if the convergence is slow.

H. SUBROUTINES BUBPT, DEWPT, ISOVFL, ISOTFL

These subroutines are used to calculate respectively, the bubble tem-
perature of a liquid composition, dew temperature of a vapor composi-
tion, equilibrium temperature and composition of the phases produced by
the flash of a particular stream at known values of total vapor and liquid,
and the composition and amount of the phases produced by the flash of
a particular stream at a known temperature. All are done at the column
pressure which applies.

The first three subroutines, BUBPT, DEWPT, and ISOVFL, are very
similar in form. Using an estimated temperature, 3(Kz), 3(y/K), or
S (VY/V assumea) together with 3 (Lx/Lgssumea) is calculated. This (or these)
summation must be within BDFERR of unity; if not, the temperature is
moved by TINT (10° originally) in the correct direction until the sum-
mation crosses unity. The correct temperature is then estimated by inter-
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polation, TINT is reduced by a factor of 10 and the process repeated. In
the subroutine 1SovFL, the slope given by the smaller of the two flows is
used for the interpolation.

Subroutine 1s0TFL calculates in similar fashion, except that the smaller
phase is changed by a fraction of itself, the fraction being 109 at the
start and diminishing by a factor of 10 each time the calculation crosses
the correct solution. A flash calculation at a set temperature can result
in all vapor or all liquid, if the temperature is above the dew point or
below the bubble point of the feed; this possibility is provided for by
setting the small phase to zero if it falls below one millionth of the feed.

I. ExAMPLES

Many problems of varying size and complexity have been solved with
Program cENvL. The most difficult problem solved (with a slightly altered
program to allow for the large number of components) was a crude distil-
lation unit containing four side strippers. The total number of stages was
57 and the number of components considered was 76. Sixteen solutions
under varying conditions were obtained on an IBM 7094 computer with
an average solution time of 20 min., successive solutions being derived
from the data of the previous solution.

To illustrate the use of the program, two short examples are shown
below.

1. Example 1. Reboiled Absorber

The column is a nine-stage reboiled absorber, fed with a vapor of
seven components, the feed entering stage 3 of the column. The feed
consists of:

Component Moles

245.5
31.6
221.8
1314
7.5
2.1
7.4

647.3

OO WK

A lean oil (pure component 7) is fed to the top stage in the amount of
1055 moles.
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The feed enthalpy is 3,606,728 B.t.u. The lean oil is almost at a tem-
perature of 0°F and its enthalpy is 5,330,915 B.t.u.

An intercooler -is to be placed between stages 4 and 5 and will cool
the liquid flow back to 2°F.

The equilibrium-constant coefficients at the column pressure are

Component A B (¢

1 0 5.0 0

2 —226.106 1.11346 0.002865
3 —2782.98 7.7319 —0.003341
4 —1995.21 4.60582 —0.000686
5 —4289.97 9.47394 —0.004080
6 —6017.13 13.1817 —0.007132
7 —5930.29 6.38204 —0.000142

and the enthalpy coefficients (with liquid enthalpy equal to kT + 1 and
vapor enthalpy vt + w) are:

Component K L U w
1 6.80 1310 6.80 1360
2 15.20 2990 9.00 4600
3 16.80 3250 13.50 7020
4 17.30 3330 16.50 7870
5 23.00 4330 22.60 9360
6 30.70 5740 30.20 12500
7 36.40 4980 23.90 18660

The total feed to the column is approximately 2000 moles. The calcu-
lation will be done to an accuracy of 2 moles. BDFERR = 1 X 10—¢ will
be used.

The separation desired is between components 2 and 3. The total feed
of component 3 and heavier components is 1425.2 moles. On this basis the
bottom product was set at 1420 moles for the calculation. The top tem-
perature was estimated to be 50°F. and the bottom temperature 225°F.

The results of the computer calculation are shown in the next two
pages. (The program was altered to produce only a short output, omitting
the mole fractions.) It is apparent that the number of iterations to the
converged solution, 80, is large. The time of solution on an IBM 704
computer was 10.3 min., which when roughly translated into operation
on a more modern machine at prevailing industrial rates costs about
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$13.00. Actually, the example represents a problem which was particu-
larly difficult by other methods probably due to the rapid changes in
temperature near the feed plate, but which was solved with no difficulty
on the present program.

2. Example 1A4.

As a further example, the same problem was solved with the reboiler
vapor set instead of the bottom product. The reboiler vapor chosen was
that calculated in Example 1, hence the two calculations should yield
identieal results. The pages which follow show that the same results were
obtained within the error of the calculation. Also they show that Example
1A converged in 22 iterations as compared to 80 for Example 1. Since
the time per iteration is the same, the cost of solving with a set reboiler
vapor is obviously much less, not just in this case but for many systems.
If a flow such as reflux or reboiler vapor is not set, the program uses
many iterations to finally adjust the internal flows, since the energy-
unbalance driving-forces become much smaller near convergence. From
the design standpoint, it is usually more desirable to set produets and
leave the reflux or reboiler vapor unset; nevertheless, if many cases are
to be run to provide a parametric solution to a problem, it is advan-
tageous to set the reboiler vapor or reflux in the various runs.

3. Example 2. Distillation Column with Side Stripper

Example 2 shows a distillation column of 13 stages with a side strip-
per of 5 stages. The side stripper receives liquid from stage 9 of the
main column and returns vapor from its top stage to stage 10 of the main
column.

The feed, introduced into stage 6 of the main column, is 1635.3 moles.
The reboiler vapor of the main column is fixed at 1200 moles; the reflux
is also fixed at 2500 moles. The liquid side stream is set at 1210 moles,
and the bottom product from the side stripper is fixed at 945 moles in
order to recover component 3 in fairly pure form in the side stripper.

The input data and results of the computation are shown in the fol-
lowing sheets. The calculation required 22 iterations to converge to an
accuracy of 0.5%, and took 4.5 min. on an IBM 704.

J. PROGRAM NOMENCLATURE

A1, K) = component dependent constant appearing in the equilibrium rela-
tion (EQUILKF),

B(1, K) = component dependent constant appearing in the equilibrium rela-
tion (EQUILKF).

BDFERR = limit of accuracy on bubble point calculation, 2Kz must be

within BDFERR of unity; on dew point calculation, =y/K must
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be within BDFERR of unity; on isothermal flash calculation,
(V) cate/Vassumea must be within BbFERR of unity; on set V
flash calculation, Z(Vy)eu1e/V must be within BbFERR of unity.

BOTT = initial estimate of bottom stage temperature (°F).

BUBPT = subroutine for calculation of bubble point. Calculates equilibrium
temperature and vapor (vary) for a liquid composition given by
QUIDX.

c(1, K) = component dependent constant appearing in the equilibrium rela-
tion (EQUILKF).

CHECK = code number to determine length of output printout.

CIN = summation of feed streams to a stage (moles).

CONDEN = subroutine for calculation of condenser,

CONDLD(K) = condenser heat load for column k (B.tu.).

cooLp(J, K) = intercooler heat load for stage 7 of column x (B.t.u.).

COOLH = enthalpy of liquid leaving intercooler at TcooL(s, k) (B.t.u.).

CUNBAL(I) = mass unbalance of individual components over entire system;
that is, the difference between the amount of 1 entering the system
and the amount leaving the system (moles).

DELL = predicted change in amount of a component in the liquid from
a flash calculation (moles of 1).

DELT = predicted temperature change of stage (°F).

DELV = predicted change in amount of a component in the vapor from
a flash calculation (moles of 1).

DELVS = predicted increase in vapor flow from a flash calculation (moles).

DEWPT == subroutine for calculation of dew point. Calculates equilibrium
temperature and liquid composition (quipx) for a vapor composi-
tion given by vapy.

PUTY = set intercooler load (B.t.u).

ENTHK (1) = component dependent constants for enthalpy of liquids appearing

ENTHL(1) in the relation THALPF.

ENTHU(1) = component dependent constants for enthalpy of vapors appearing

ENTHW (1) in the relation THALPF.

EQK(1) = value of the equilibrium constant of component 1.

EQUILKF = equilibrium function defined by the equation

(A, B,C K, T)

exp TEMP(;: ;’)K_*_ 2600 + B(1, X) + ¢(1, K)(TEMP(J, K) -+ 460.0)]
EXTFD = array for external feed flow of any component 1 to any stage J
(1, 3, K) of a column K (moles of component 1).
EXTFDH = array for enthalpy of total external feed to each stage s of
1, ) column K (B.t.u.).
Fp(J) — summation of feed streams to stage J (moles).
FIXBL(K) = fixed liquid flow from reboiler of column x (moles).
FIXRE(K) = fixed liquid reflux for column x (moles).
FIXRV(K) = fixed reboiler vapor of column X (moles).

FIXSL(J, K) = fixed amount of liquid arbitrarily withdrawn from a side stage
J of column x (moles).

fixed amount of vapor arbitrarily withdrawn from a side stage
7 of column x (moles).

FIXTL(K) = fixed nonreflux liquid from condenser of column K (moles).

FIxsv(J, K)
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FIXTV(X)
FIXTVL(K)

FLINT
FLL

FLLIS
FLLISO
FLLO
FLL1

FLLIQ(1)

FLLIQ1(1)
FLV
FLVAS
FLVASO
FLVO
FLVI

FLVAP(1)

FLVAP1(1)
FLFEED(1)
FLFEES

GENLX
(i, 7, x)
GENLXN
GENVY
(1, J, K)
GENVYN
HL

HY

I

INPUT
INVEN

i

i

Il

I

Il

mnamn
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fixed vapor flow from condenser of column k (moles).

fixed sum of nonreflux liquid and vapor from condenser of
column x (moles).

factor used to alter vapor and liquid streams in ISOTFL.

assumed total liquid flow in iterative flash calculation of a stage
(moles).

general calculational variable for sum of individual component
amounts in liguid (moles).

old value of calculated total liquid flow from a stage used to
predict movement of liquid (moles).

old value of assumed total vapor flow in iterative flash calculation
of a stage (moles).

assumed total liquid flow in iterative flash calculation at condi-
tions slightly altered from rLL (moles).

calculational vector used for the liquid amount of individual
components resulting when rLrEED(1) is flashed one step in an
iterative flash caleulation (moles of 1).

predicted value of component 1 in liquid from a flash calculation
(moles of 1).

assumed total vapor flow in iterative flash caleulation of a stage
(moles).

general calculational variable for sum of individual component
amounts in vapor (moles).

old value of calculated total vapor flow from a stage used to
predict movement of vapor (moles).

old value of assumed total liquid flow in iterative flash calculation
of a stage (moles).

assumed total vapor flow in iterative flash caleulation at conditions
slightly altered from rLv (moles).

calculational vector used for the liquid amounts of individual
components resulting when rLFEED(1) is flashed one step in an
iterative flash calculation (moles of 1).

predicted value of component 1 in vapor from a flash calculation
(moles of 1),

vector set aside for amounts of individual component feeds to a
flash process (moles of 1).

sum of individual amounts of components to a flash calculation
(Z rurEED(1)).

amount of component 1 in liquid on any stage J of column X
(moles).

predicted value of component liguid amount of any stage (moles).
amount of component 1 in vapor on any stage J of any column K
(moles).

predicted value of component vapor amount on any stage (moles).
enthalpy of component 1 in liquid on any stage (B.t.u.).
enthalpy of component 1 in vapor on any stage (B.t.u.).
component index.

subroutine for reading all problem input into arrays.

subroutine that may be used to correct the component mass
balance.



ISOTFL
ISOVFL
ITERAT

J

JeooL(J, K)
Jeoryp(K)

JDELTA

JELFRO(J, K)

JeLTo (J, K)

JEVFRO(J, X)

JEVTO(J, K)

JFROM
JRETYP(K)

JSLFRO
(1, x)

JSLTO
@, x)

JSTAGE
JSVFRO

@3, )

JSVTO
G, x)

JT
JTO

Jv

Il
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subroutine to determine the liquid and vapor amounts of an
isothermal flash calculation.

subroutine for calculating the flash temperature when the vapor
and liquid amounts are known.

counter used by program to tally the iterations.

stage index.

array set aside for indicating if there is an intercooler at stage J
of any column X.

vector set aside for indicating type of condenser, if any, used
with a column k.

code number for indicating whether calculation is proceeding up
or down a column.

array set aside for storing JrroM value of a liquid stream leaving
the end stage of any column. It is stored in the array at a point
corresponding to where the flow is to go; that is, at the (JT0, KTO)
array position,

array set aside for storing JTo value of liquid stream leaving the
end stage of any column. It is stored in the array at a point cor-
responding to where the flow is from; that is, at the (srrom,
KFROM) array position,

array set aside for storing JrroM value of a vapor stream leaving
the end stage of any column. It is stored in the array at a point
corresponding to where the flow is to go; that is at the (sTo, XT0)
array position.

array set aside for storing Jro value of vapor stream leaving the
end stage of any column. It is stored in the array at a point
corresponding to where the flow Is from; that is, at the (JFRoM,
KFROM) array position.

number specifying which stage of a column an interconnecting
stream is from.

vector set aside for indicating type of reboiler, if any, used with
a column k.

array set aside for storing JrroM value of SLFLO at a point in the
array corresponding to where SLFLO is to go; that is, at the (JTo,
KTO0) array position.

array set aside for storing Jto value of sLFLO at a point in the
array corresponding to where sLFLoO is from; that is, at the (JFrOM,
KFROM) array position.

counter set to current value of stage number.

array set aside for storing srroM value of svFLO at a point in the
array corresponding to where svFLO is to go; that is, at the (JTo,
KTO) array position.

array set aside for storing Jro value of svFLO at a point in the
array corresponding to where svrLo is from; that is, at the (JFrOM,
KFROM) array position,

index set to number of stages in column x, ie., set to NsTes(X).
number specifying which stage of a column an interconnecting
stream is to go to.

calculation stage index set to the number stored in JsvFRo, JSLFRO,
JEVFRO, JELFRO, at the J. position in the array. J then gives the
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KMODE
@, x)
KSLFRO
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KSLTO
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KSVTO
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KTIMES
KTO
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stage to which the flow comes and Jv gives the stage from which
the flow comes.

column index.

code number used to note whether the problem set can be solved.
variable counter used during calculation up and down a column.
array set aside for storing xrroM value of a liquid stream leaving
the end stage of any column. It is stored in the array at a point
corresponding to where the flow is to go; that is, at the (310, KTO)
array position.

array set aside for storing x7o value of a liquid stream leaving
the end stage of any column. It is stored in the array at a point
corresponding to where the flow is from; that is, at the (JrroM,
KFROM) array position,

array set aside for storing KFroM value of a vapor stream leaving
the end stage of a column. It is stored in the array at a point
corresponding to where it is to go; that is, at the (yro, KTO)
position.

array set aside for storing xTo value of vapor stream leaving the
end stage of any column. It is stored in the array at a point
corresponding to where the flow is from; that is, at the (JFrROM,
KFROM) array position.

code number used to note if there is any feed stream to a column.
number specifying which column an interconnecting stream is
from.

code number used to note whether INVEN has been used.

code number used to indicate presence of liquid stream entering
a stage.

array used in determining how flash ealculation will be done.

array set aside for storing KFroM value of sLFLO at a point in the

array corresponding to where SLFLO is to go; that is, at the (Jro,
KTO) array position,

array set aside for storing xTo value of SLFLO at & point in the
array corresponding to where SLFLO is from; that is, at the (JFroM,
KFROM) array position.

array set aside for storing XFroM value of sVFLO at a point in the
array corresponding to where sVFLO is to go; that is, at the (JTo,
KTO) array position,

array set aside for storing KTo value of svFLo at a point in the
array corresponding to where svrFLo is from; that is, at the (JFrOM,
KFROM) array position.

fixed number used during calculation of a column.

number specifying which column an interconnecting stream is to
go to.

general code number used in calculation.

calculation column index used with Jv.

code number used to indicate presence of vapor stream entering
a stage.

number of columns in the system.

number of components fed to the system.
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REBOIL
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total number of intercoolers in system of columns.

total number of feed streams entering the system of columns.
total number of fixed side liquid streams leaving the system
and/or interconnecting any stage in any column with any other
stage in any column.

total number of liquid streams interconnecting the end stage of a
column with any stage of any column.

vector for storing number of stages in each of x columns. Includes
a stage for reboiler and/or condenser if either is used.

variable counter used during calculation up and down a column.
total number of vapor streams interconnecting the end stage of
any column with any other stage in any column.

total number of fixed side vapor streams leaving the system
and/or interconnecting any stage in any column with any other
stage in any column.

subroutine for printing solution to problem.

limit below which PRSERR must be in order for mass balance to
be satisfied.

the sum of the amounts of component 1 in all product streams
leaving the system of columns.

sum of absolute values of individual component unbalances; ie.
Z|cunsaL(1)|(moles)

total enthalpy input to any stage (B.t.u.).

total enthalpy leaving any stage (B.t.u.).

array set aside for variable liquid flow from stage J of column x
(moles).

caleulation vector used for liquids.

sum of calculated liquid mole fractions for a given feed and set
temperature.

molal enthalpy of liquid from stage 7 of column x (B.tu./lb.
mole).

energy unbalance at stage P of column K, input-output (B.tu.).

vector set aside for liquid top product amount from the condenser
of a column x (moles).

reboiler heat load for column x (B.t.u.).

subroutine for calculation of reboiler.

sum of recovery fractions of component I in all product streams
leaving the system of columns.

combined heat capacity of vapor and liquid at any stage tempera-
ture (B.t.u./lb. mole °F.).

combined enthalpy of vapor and liquid streams at a temperature
above assumed stage temperature (B.t.u.).

fixed amount of vapor withdrawn from stage J of column X as a
product or for interconnecting stream.

slope used in predicting new values in BUBPT, DEWPT, ISOVFL, ISOTFL.
vector for amounts of all external feeds of component 1 to the
system of columns (moles of 1).

sum of condenser and reboiler loads for entire system of columns
(B.tu.).
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counter for summing liquid flows.

counter for summing vapor flows.

counter used in summation of y/K during pewer.

old value of summation of y/K (sumx) during DEWPT.

counter used in summation of Kz during BUBPT.

old value of summation of Kz, (sumY) used in prediction.

fixed amount of vapor withdrawn from stage J of column KX as a
product or interconnecting stream.

assumed value of stage temperature (°F.).

adjusted value of temperature used for prediction of new value
(°F.).

array for storing exit intercooler temperature for any stage J of
any column x (°F.).

vector set aside for set value of condenser temperature of any
two-product condenser used with column x (°F.).

array for storing temperature at stage ¥ of column x (°F.).
interval of temperature change in prediction of new temperature
value. Used in BUBPT, DEWPT, ISOVFL.

upper limit of temperature for system (°F.).

lower limit of temperature for system (°F.).

old value of temperature used in predicting new values of temper-
ature in BUBPT, DEWPT, ISOVFL.

initial estimate of top stage temperature (°F.).

heat capacity of combined vapor and liquid flows, including latent
heat effects (B.t.u./mole °F.).

summation of external feeds to a stage (moles).

summation of outlet vapor and liquid enthalpies for flash calcula-
tion of temperature T1 (B.t.u.).

heat absorbed per mole through vaporization of liquid on any
stage (B.t.u./mole).

sum of absolute value of stage unbalances for any column K, ie.,
Z|QuNBAL(d, K)).

molal enthalpy of vapor from stage 5 of column x (B.tu./lb-
mole).

array set aside for variable vapor flow from stage J of column K
(moles).

calculational vector used for vapors.

sum of calculated vapor mole fractions for a given feed and set
temperature.
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IV. Program GENVL

C GENERAL PROGRAM FOR VAPCR LIGQUIC EQUILIBRIUM STAGE PROCLSSES
[

C PROGRAM GENVL BASIC PROGRAM

C

[

CIMENSIUN A(2049)9B(2095)9Ct2045) ¢NSTGSIS) yuNTHK{20) (ENTHLI20),
LENTHUL20) yENTHWI20) JEXTFDI2094U+5) oEXTFCHI40,5) ySVFLOG4C,5)
2SLFLOACIS) o JSVFRO(4095) oKSVFRU( G049 ) y JSVTOL40,5) (KSVIO(4092)
3JSLFRCI40y 5 o KSLFKOI4C5) o ISLTO(4U45) 4KSLTDL40,5) s JEVFRCI40,5),
GKEVFRO(4095) o JEVTO{4045) oKEVICI4U45) ¢JELFRO(4045) yKELFRC(4045),
SJELTCLAU5) 4 KELTOLAC5) y JRETYP(5),JCATYPLS) 4 JCOCL(40,5),
6TCOULIGUD) oy TEMP(40,5) s VAPOR{4045)2CUID(40,5),QUITCPI5) ,TCSET(5),
TEIXRVIO ) o P IXBLUS) gFIXRE(S)GFIXTVIS) o FIXTLIS) FIXTVLIS),
BFIXSVI4U S}y FIXSLI4CsS5)oCUINONT4045) ¢yVAPMCH(40¢5) yGLNLX(20,440,5),
9GENVYL20¢40+5) ¢yKMODE(4045) yFLFECD(20)FLVAP(20),FLLIQL20)

DIMENSIUN SUMFO(20) FLVAPLL20),FLLIGLI(20) +QUNBAL{40,45),
1COOLLD{ 4045} yRESLD(S5) yCCNCLD(S) 4 PROSUMIZO) ¢ RFSUKF(20) s CUNBALL20)
2GQUIDX(20) ¢ VAPY(20) 4ECK(20)4FD{40)

COMMCON AsByCoNSTGS ¢ ENTHK yENTHL ¢ ENTHU ENTHW e XTF Do EXTHORSVFLU
LSLFLOsJSVFRUIKSVFROyJSVICKOVIOsJSLFROJKSLFROyJSLTO,KSLTO,
2JEVERCyKEVFHC ¢ JEVIO W KEVICoJELFRUYKELF RO JELIOWKELTCyJRETYP,
3JCOTYP, JCCOL ¢ TCUOL » 1EMP o VAPUR ¢ QUIT »QUITUP, TCSETFIXRY,y
GFIXBLoFIXREFIXTV FIXTL oFIXTVLF 1XSVoF IXSLyQUIMCHVAPMOKH,GENLX s
SGENVY ¢ KMODE y FLFLED s SUMFT ¢ GUNBAL yCGOLLD y REBLD» CONOLD» PRDSUM RFSUM,
GCUNBAL g GUIDX ¢ VAPY yEGKoFC yNCCMPS oK oBOFERR oF LFEES ¢ KALT LRy ACCLSy
TPROERR, ITERAT,CHECK yPRSERR s TMAX, TMIN

EQUILKF(A4B,CoT)2bXPFIA/Z(T4+460.,0)¢B+Co(T+460,.0))

THALPFIY 2ol )2YeT42

1 CALL INPUT

ITERAT=y

KINVEN=G

TOTF0=0.0

D0 .2 I=1,NCUMPS

SUMFB(1)=0.C

CO 2 K=1,NCULS

JT2NSTGS(K)

CO 2 J=1,47

SUMFC{I)2SUMFDU L) #EXTFDUL,J 4K}

2 TOTFO=TOTFD4EXTEDIL 4 J4K)
3 KALTER=Q

DO 140 k=1,ACOLS

JT2NSTGS(K)

J=l

JDELTA=]

KTIMES=204T-1]

4 CO 114 KCOUNT=L,KTINES

[
C DEVERMINAVION CF CUMPONENY FEECS AND ENTHALPIES TO THE STAGE
C

00 5 1=14NCCMPS
5 FLFEECUI)=EXTFD(14J4K)
QINSEXTFDH(JyK}-COOLLD{JyK)
6 IF (KSVFRCUJsK}) 10,10,47
7 JV=JSVFRO{JyK)
KY=KSVFRO(J,K)
IF (SVFLOGJVKV)) 1C11048
8 DO 9 I=1,NCCMPS
9 FLFEEO(IVSFLFEECII)+GENVY (1 vJVoKVIESVFLO(JIVKV)I/ISVFLO(JVIKVI ¢
LVAPOR(JVKVI)
QIN=QIN+SVFLO{JVKV)#VAPMCH(JVKV)
10 IF (KSLFRGUJWK)) L4sl4,ll
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11 JV=JSLFRO(JyK)
KV=KSLFRO(J4K)
IF (SLFLO(JVsKV)) 14,14,12
12 CO 13 [=1,NCUMPS
13 FLFEED(I)=FLFEEDIT)+GENLXIT yJVyKVI@SLFLOUJIVIKV)I/ISLFLOLJIV,KV)+
LQUICIJV,KV))
* QIN=QIN®SLFLO(JV,KV)*QUIMCH{JV,KV)
14 IF (KEVFRU(JoK}) 18418415
15 JVaJEVFROLJ,K)
KVEKEVFRO(J,K)
IF (VAPOR{JV.KV)) 18,18,16
16 CO 17 I=1,NCOMPS
L7 FLFEEC(L)=FLFEED(I)¢GENVY (L 4 JVoKV)I#VAPORIJIVKVI/IVAPCRIJVIKV)+
1SVFLO(JVKV))
QIN=QIN¢VAPCRIJV,KV)ISVAPMCH{JV KV)
18 IF (KELFRG{J4K}) 26,26419
19 JV=JELFRO(JyK)
KV=KELFRO{JsK)
IF {JV=1) 2C,20,23
20 If (QUICIJVIKVI) 26,426,521
21 DO 22 I=1,NCOMPS
22 FLFEEC(I)=FLFEED(I)+GENLXIT ¢y JVyhV)#QUID(JIVIKVI/ZIQUIDIJIV,KV)+
1SLFLO(JV,4KV))
QIN=QIN¢QUID(JVKV)*QUINOH{ JV,KV)
GO Y0 26
23 IF (QUITOPIKV)) 206,264,24
24 DO 25 I=1,NCOMPS
25 FLFEEC(I)=FLFEESII)+#GENLX(T ¢JVyKV)®QUITOPIKVI/IQUITCPIKV)+
1QUIC{JV,KV))
QIN=QIN+QUITOP{KV)I®CUIMCHIJVKV)
26 KEXTHOD=0
IF (GIN) 29,27.,29
27 CO 28 1=1,NCOMPS
IF (FLFLED(I)) 29,28,29
28 CONTINUL
G0 TC 3u
29 KEXTFC=1
30 KVIN=0
KLIN=0
IF (J-1) 31,34,31
31 IF (VAPOR{J-1,K)) 344934,32
32 CU 33 [=1,NCOMPS
33 FLFEECUI)=FLFELD UL #GENVY (] 4 J=~14K) #VAPOR(J=1 4K}/ (VAPCR{J-1,K) ¢
1SVFLO(J=1,4K))
CIN=QIN+VAPLR(J=14K)#VAPMCH(J=1,K)
KVIN=1
36 IF (J=JT) 35,40,35
35 IF (QUIDIJ+L1sK)) 4040436
36 DO 39 1=1,NCOMPS
IF (J={JT=1)) 37,38,37
37 FLFEEC(1)=FLFLECUTIICGENLX (T 4J+1oKI®QUIDII*+]1,KI/Z(QUIC(J+L1,K)e
ISLFLULI+14K))
GO TG 39
38 FLFECC( L) =tLFEtD(I)GENLXIT 4J¢1 oK) SQUIDIJI+1 K}/ ISUICII*LoK)+
LCUITCPIKI#SLFLO(J#1,K))
39 CONTiNUE
CIN=QIN®QUIC(J+L KI#QUINOR(J¢L4R)
KLIN=1
40 FLFEES=0.0
DG 41 I=1,NCONMPS
41 FLFEES=FLFELS*FLFEEC(I)
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CALCULATION OF REBCILER

IF (J=1) 42442444
42 1+ (JRETYPIK)) 4To47443
43 CALL REBOIL

GO fC 111

CALCULA)ION CF CONDENSER

46 IF (J-J1) 47,445,45
4S5 IF (JCOTYPIK)) 4T,47,46
46 CALL CONDEN

GO0 YO 111

CALCULATION CF COMPONENT FLOWS FROM TYPICAL STAGE

47 KTRANS=RMODE(J,K)
IF (FLFLES) 45448450
48 SUMVY=0,.0
SUMLX=0.0
VAPMGH{ J,K120.0
QUIMOH{JsK)=0.0
DO 49 I=1,NCOMPS
GENVY(14J,K)=0.C
49 GENLX(I,JsK)=0.0
GO TO 106 ,
50 IF {29KEXTFCHRVINGKLIN-2) 51456456
51 IF (KVIN-KLIN) 54,68,52
$2 SUMVY=FLFEES
SUMLX=0.0
VAPMOR(J,K) =VAPMOHIJ=14K)
QUIMOK{J4R)=0.0
TEMPLJ,K) =TEMP (4=1,K}
D0 53 §=1,NCOMPS
GENVY(I,J,K)=FLFEED(T)
53 GENLX(I,JsK}=0.0
G0 TG 106
54 SUMLX=FLFEES
SUMVY=0,0
QUINON(SoK1=QUINOH{J+1 oK}
VAPMOH{J,K)20.0
TEMP(J oK) =TEMP [J+1,K)
DO 55 1=1,NCOMPS
GENLX(1,J,K}=FLFEED(1)
55 GENVY(I,J,K)=C.C
60 1O 106
56 1F (VAPUR{JyK)+SVFLG{JoK)=1,0E~48FLFEES) 5T,57,59
57 IF (KVIN) 62462,58
58 VAPOR(J(K)=VAPOR(J=1,K)+1.0E-4oFLFEES
KMODE (J,K) =2
KTRANS=2
59 IF (QUIDIJ,KI+SLFLOIJ,K)=1o0E-4FLFEES) 60,60,63
60 IF (KLIN) 62462,61
61 QUIDIJ,K)=QUID(J#1,K)+1.0E=-4oFLFEES
KMODE (J K ) 22
KTRANS=2
GO T0 63
62 FLV=,SeFLFLES
FLL=FLFEES-FLV
KMODE (J,K =2
KTRANS=2
GO TO (65,75) Kk TRANS

319
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FLY*FLFCES/ ({QUIDIJ+K)#SLFLCIJ (K} I/ UVAPCRIJIK)+SVFLU(J9K) ) +140)
FLL*FLFEES/ (L IVAPORUJoKI4SVFLO(J 1K) )/ (QUIDIJIKI+SLFLC(J4K) ) 41.0)
GO TC (65,75)4KIRANS

TsTEMP(JyK)

CALL ISOTHL (FLVAPGFLLIGC,FLVFLL,T)

IF {FLV=-1.0E~4#FLFEES) 66,66,67

FLV=1.0E~-4oFLFELS

FLL=FLFEES-FLV

KMODE(JyK)=2

KTRANS=2

GC TO (65,75)9KTRANS

IF (FLL-1.0E~4¢FLFEES) 68+68,69

FLL=1.0c-48FLFELS

FLV=FLFEES-FLL

KMODE(J K )=2

KTRANS=2

GO TC (65,75)4XTRANS

QOUT=0.0

DO 70 I=19NCOMPS

QOUT=QOUT+FLVAP (L)@ THALPF(ENTHULT) oENTHWLI ) o T)+FLLIG(I) o THALPF(

LENTHK( L) o ENTHLET) o T)

IF (FLV=-FLL) T1.,71,72

Tl=T+1.0

GO Tu 73

Ti=T-1.0

FLVi=FLV

FLL1=FLL

CALL ISUTFL (FLVAPL,FLLIQL.FLVL,FLLL,T1)
GO0 10 80

TaTEMP(J4K)

CALL ISOVFL (FLVAPFLLIGFLVFLL,T)
QOUT=0.0

00 76 I=1.NCOMPS
QOUT=CGOUT+FLVAP{I)® THALPF (ENTHU(I) oENTHW(I )4 TI4FLLIGUI) e THALPF(

LENTHKUT ) 9ENTHLUT),T)

IF (FLL=-FLV) 77,77,78
FLL1aFLL+.01eFLFEES
FLVLIsFLFEES-FLLL

GO 70 79

FLV1=FLV+.0l*FLFEES
FLLL=FLFEES-FLVL

Ti=T

CALL ISOVFL (FLVAPL1FLLICLoFLVIFLLL,TD)
TOTH=0.0

SENSH=0.0

00 81 I=1,NCOMPS
HV2THALPFLENTHU(T ) ENTHR (] ),11)
HU=THALPFLENTHK (1) pENTHLIT),T1)
TOTH=TOTHeHVRFLVAPLIT)¢hLoFLLIQL(E)
SENSH=SENSHOHVSFLVAP (]} ¢HLOFLLIGLI)
1F (T1-1) 83,62,83

ToTCP=1.0E2¢C

SENSCP=0.C

TOrMCP={TUTH-QOUT) /{FLVL1=-FLV)
CELV=C.0

CELVS=(QIN-COUT ) /TOTHMCP

GO T0 86

IF (FLVI-FLV) 85,84,85
TOTMCP=1.0E20
TOTCP=(TOIH-Q0UT)/(TL-T)
SENSCP=(SENIH-QUUT)/(TL-T)
CELVS=0.0
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DELT={QIN-QCUT)/TCTCP
GO TO 86
85 TOTMCP={TOTH-QOUT}/ (FLVLI~FLV])
TOTCP={TOTH-QOUT)/(T1-T)
SENSCP={SENSH-QUOUTIZLTI-T}
DELVS=(UQIN-QOUT}/TOTMCP
DELT=(QIN-QUUT)/TOTCP
86 TEMPIJyK)=T+DELT
SUMVY=0.0
SUMLX=0.0
VAPMOH(JsK)=20.0
QUIMOH{JyK}=0.0
DO 97 [=1,NCOMPS
GO TO (87,88)yKTRANS
87 DELVsDELT/(T1-T)e{FLVAPL{I)-FLVAP(I))
DELL=DELT/(T1-T)®(FLLIQLUI)-FLLIQ(I))
GO TO 49
88 DELV=CELVS/(FLVI-FLV)®(FLVAPLII)-FLVAP(IL})
DELL=DELVS/(FLVI-FLV)®(FLLIQLID)-FLLIGIL))
89 IF (FLVAP{I)+DELV-1.0E-20) 90,+90,91
90 GENVY(I,J,K)=21,0E-20
GENLX{IsJsK)=FLFEED(I)
60 TQ 95
91 GENVY(Il,JsK)=FLVAPII1)¢DELYV
92 IF (FLLIQUI)+DELL-1.0E~20) 93,93,94
93 GENLX({sJ9K)=1.0E-2C
GENVY(14JsK)=FLFEED(])
GO TO 95
9% GENLX(1oJeK)=FLLIG(1)*DELL
95 VAPMOM(JoK)=VAPMOH(JoK)¢GENVY (T 4J9K) *THALPFIENTHULT) ENTHWL LD,
LTEMPLIK))
QUIMOH{J oK )=QUIMOH{JoKY$GENLX UL 9 J oK) #THALPF (ENTHK(T) +ENTHLIL)
1TEMP(J,K))
SUNVYsSUMVY+GENVY (] +JsK)}
97 SUMLX=SUMLX+GENLX{I+JyK)
VAPMOH[ JyK)2VAPMOHIJ,K)/SUMVY
QUIMOH(JyK}2QUIMOHT JyK ) /SUMLX
IF (SUMVY-1.0E-6+FLFEES) 98,98,100
98 SUMVY=0.0
SUMLX=FLFEES
VAPMOH{JsK)=0.0
QUIMCH{Jx1=20,0
0O 99 1=1,NCOMPS
GENVY(IyJyK) 2040
GENLX(14JyK)=FLFEED(])
99 QUIMOH(J ok} =QUIMOH{JsKI+FLFCED (L) s THALPF (ENTHK{ L) ENTHL(L)
LTEMP (JyR )} /FLFEES
G0 To 103
100 IF (SUMLX-1.0t-GeFLFEES) 101,101,103
101 SUMLX=0.0
SUMVY=FLFEES
QUIMOMIJok)=0.0
VAPMOH(JsK)=0.0
00 102 E=1,NCOMPS
GENLX(I¢JsK) =00
GENVY([4JsK)=HLHEED(])
102 VAPMDH(JsK)=VAPMOH{JyK)¢FLFCEC LI ) e THALPFIENTHUCL) yENTHW(I) o
LTEMPLJ K ) }/FLFELS
103 IF (SENSCP/ICTICP-.5) 104,104,410
104 KMODE(JoK)=2
GO YU 106
105 KMODE(JK)=]

321
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106 SVFLU(J K)=FIASVIJyK])
SLFLOtJIon)=FIXSLIJsK)
VAPOR(J K ) =SUMVY=SVFLC{J oK)
QUID(J R ) =SLMLX-SLFLC(J+K) .
IF [VAPUR{J,K)) 107,108,1C8

107 VAPCR{J¢KI=(W0
SVFLOUJ oK )=SUMVY
KALTeR=1

108 IF {QUICTJsk}) 109,111,111

109 CuiBlJ,Kx)=0.0
SLFLULJ K ) =S5UMLX
KALTER=1

111 IF (J9=-31) 113,112,112

112 JOELTA=-1

113 JsJ+JCELTA

114 CONTINUE

CALCULATION CF HLEAT UNBALAANCLS

115 0O 136 J=l,J1
IF (J=1) ll6ylle,117
116 QUNBALIL,K)=EXTFDH(1,K1+GLIL(2,K) #QUIMONI24K)
6o TC 120
117 1F (J-J7) 119,118,118
118 QUNBAL{JTK)=EXTFDHIJT ¢K)}+VAPCRIJFI=]1 K] #VAPMOH(JT~],K}
60 TC 120
119 GUNBAL(JsR)IZEXTEDHUJ LK)+ VAPLR (J=1 K} eVAPHMCH [J=1,K) +GUID (Jo1 K} ®
1QUIMCH{ J+l 4Kk}
120 QUNBAL{TJoK) =QUNBALIJyK)=IVAPCR{J4K)+SYFLULJK) )} eVAPMUHT JyK )~
LIGUICTJ2K)¢SLFLG (oK) ) CUIMCHI K )
IF (KSVFROGJ,K)) 122,1224121
121 JV=JSVFRO(J 1K)
KV=KSVFRO(J4K)
QUNBAL{J K1 =GUNBAL (44K ) #SVELULIV KV ) SVAPHUH [ JV o KV)
122 IF (KEVFRO(JsK)) 124,124,123
123 JVsSJEVFRO{J4K)
K¥=KEVFROLIK)
GUNBAL [ JyR ) =QUNBAL {J,K ) ¢ VAPLRIJY 4KV ) sVAPNGH LIV, K V)
124 TF (KSLFRO(J,K1) 126,126,125
125 JV=JSLFROLJ (K)
KVsKSLFRO{J+K)
CUNBAL (J oK1 2OUNCAL L J oK)+ SLFLULJV KV ) #QUIMOH IV KV
126 IF (KELFRO(J,K)) 13C,130,127
127 JV=JELFRO(J,K]
KV=KELFRO(J 4K
TF (Jv=11 128,128,129
128 QUNBAL{J,K)2QUNHAL(J,K)+CULD(IV oKV e CUIROR TV KV)
GO TC 130
129 QUNBAL(JyK)=QUNBAL{J,K)+QUITOP (RV)*QUIMCHIJV4KV)
130 IF (JCOULUJ,K)) 136,136,131
131 COOLH=0.0
DO 132 [=1,NCOMPS
132 COOLH=COOLH* THALPF (ENTHKAL) oENTHL (L), TCCUL(JoK) ) 8GENLXLLoJ+1,K)
IF (QUIG(J+1,K)) 133,133,134
133 COOLH=0.0
GG 10 135
134 COOLH=CGOLHOQUIC(J+1,K)/(GUIDIJ+L,K)+SLFLOLI¢L,K))
135 COOLLCIJ oK )=QUIBIJI+1,K)#QUIMON(J+14K)-CCOLR
QUNBAL{J K )=QUNBAL(J,k)-CCOLLD{JX)
136 CONTINUE
IF (JRETYP(K)) 138,138,137
137 REBLECIK}=-QUNBAL (1,K)
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CUNBAL(1,kK}1=0.0

138 IF (JCOTYP(K)) 140,140,139

139 CONDLL(K}=QUNBALLJIT +K)}=-CUITOPIK)®QUIMOH(JT4K)
QUNBAL{JTK)=0.G

140 CONTINUE

CALCULATION CF COMPONENT RECCVERY FRACFIONS ANC PRCDUCTS

00 141 I=1,NCOMPS
141 PROSUM(I)=0.0

CO 161 K=1,NCOLS

JT=NSTGS (K)

0O 149 J=1,JT

IF (SVFLO(JsK)) 1654145,142
142 IF (KSVTOU(JeK)) 143,143,145
143 DO 144 1=1,NCOMPS
144 PRDSUM{L)=PRDSUME1)4GENVY (1) oK) @SVFLO(JsK)I/{SVFLOGIWK) 4

LVAPOR{J.K))
145 IF (SLFLOLJ,K)) 149,149,146
146 IF (KSLTOLJ,XK)) 147,147,149
147 DO 148 1=1,ACOMPS
148 PRDSUM[1}=PRDSUMITI+GENLX{IsJeK)#SLFLOTJ4K)/ZISLFLCLUK)4QUILTJ,K))
149 CONTINUE

IF (KELTO(L+K}) 15041504153
150 IF (QUID{1¢K1} 153,153,151
151 DO 152 1=1,NCOMPS
152 PRDSUM{ 1) =PROSUMITI+GENLX(T+1eK)I#QUIB(L1,K}/(QUID(L1+KI+SLFLO(L4K})
153 IF (KEVTOULJT4K)) 15441544157
154 IF (VAPUR(JTK)) 157,157,155
155 DO 156 I1=1,NCONMPS
156 PROSUM( I )=PROSUM(TI+GENVY (I, JT KI®VAPGR(JT oK}/ {VAPORIJTK) ¢

ISVFLO(JT K )
157 IF (KELTOIJT,K)) 158,158.161
158 IF (QUITOP{K]) 16141614159
159 00 160 1=1,NCOMPS
L60 PROSUM{T)=PROSUMITI4GENLX{L+JTK)eQUITOPIK}I/IQUITOPIRIFQUIDIJIT X))
161 CONTINUE

DO 162 [=14NCOMPS

RFSUMIL)=PRCSUMLT)/SUMFC(T)
162 CUNBAL(I)=SUMFD(I)-PROSLMI(IT)

CuTPUT

ITERAT=ITERAT#]
PRSERR=0.U
00 163 [=1,NCOMPS
163 PRSERR=PRSERR+ABSE (CUNBAL(I))
IF (SENSE SwITCH 1) 166,169
164 FORMAT (15,£20.4}
165 FORMAT (IS5,£20.8,9H tn
166 IF (KINVEN) 167,167,168
167 PRINY 164, 1 1ERAT PRSERR
GO T0 169
168 PRINT 165,11ERAT,PRSERR
169 IF (PRStRR-PROERR] 170,176,171
170 CHECK=1.0
CALL aurput
60 TG 1
L71 IF (SENSE SWITCH 5) 1724173
172 CHECK=1.0
CALL OUTPUT
60 10 175
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173 IF {SENSE SalTCi 6) 1744175
174 CHECKR=0.0
CALL ouTPuT

[4 .
C CORRECTION GF INVENIORY OF LNHALANCED COMPONLANTS
c

175 TUNBAL=U.0
IF (SENSE SWITCh 2) 1764181
176 SUMLD=0.0
DO 178 Kk=1,ACCLS
JTaNSTUS (K)
00 177 =147
LT7 TUNBAL=TUNBAL®ABSF{CUNBALLJ,.K))
L78 SUMLO=SUMLD+CONCLOIN) #REBLDIK)
IF (SUMLD) L8L,18LeLT79
L79 IF (TUNBAL/SUMLD-.01) 180,100,151
180 CALL INVEN
KINVIN=L
GO 70 3
181 KINVEN=Q
60 Tu 3
END
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C PROGRAM GENVL SUUROUTINE FCR INPUT
C

[

SUBROUTINE INPUI

DIMENSIUN AL2049)9Bl2095)yCl20Us5 )} yNSTGS(5) oENTHK{20) 4ENTHLE20),
LENTHULZ2U) ¢ ENTHWI20) o EXTFD{ 20940451 s EXTFOHI4US5) ySVFLCI4CS),
2SLFLUL405) 1 JSVERC(40,5) yKSVFROU4U5) 4 JSVTO(40,5) +KSVIDL40,5),
FUSLFRO( @052 oKOLFROUACe5) g USLTOL4U %) 4KSLTD{40,5) yJLVFRCI40,5),
AKEVFROU40,5) ¢ JEVTII40+5) oKEVTCI4U %) ¢JELFROI4U49) oKELFRCI40,5),
SJIELTULS015) o KeL 1D oS ) o JREIYPIS) 4 JCLIVPLS) yJCOLLI4US)
6TCOOLI4US) s TLMP(4045) ¢ VAPUR(405) oCQUIDIGUS) +QUITCP(S) 4TCSLTIS),
TFIXRVIS) ¢FLABLIS )9 FIXRE(S) o IXTVIO} 4 FIXTLIS }9FIXTVLISY,
BFIXSV(QU5) o FIXSLIACsS)oQUINON{4045) 4 VAPMUH(&04%) yGLNLX(20,40,5)
GGENVYL20,40+5) oKMUDE{4045) ot LFLED(20) ,FLVAP(20),FLLIGCE20)

DIMENSICN SUMFO(20) ¢FLVAPLI20) oFLLICL(20) +QUNBAL{40,45),
1COOLLU{«045) o+ REBLD{S) ¢CONCLL (5) o PROSUMI20) ¢ RFSUM(20) ,CUNBAL(20),
2QUIDXE2UY o VAPY(20) yEQKIL20) ot DI4U)

COMMON ApBsCoNSTGSoENTHK G ENTHL o ENTHUGLNTHn o EXTFOEXTFOH SVFLUD,
1SLTLC o JSVERGWRSVFRO W JSVIC,KSVTUy JSLFRO(KSLFROyJSLTGCoKSLTO,
2JEVFROyREVERDy JEVTID o KEVTIO o JELFRUGKELFROyJELTUWKELTOW JRETYP,
3JCOTYP,JCOUL» FCOOL o TEMP o VAPCR 4 QUIDYQUITGPyTCSETHFIXRYy
GFEXBLoFIXRE2FIXIVoFIXTLoFIXIVL)FIXSVoFIXSLyQUIMOHVAPMORGENLX
SGENVY ¢ KMOCE s FLFLED ¢ SUMFC y QUNBAL y COOLLD ¢REBLC yCONDLD » PRDSUM, RFSUM,
G6CUNBAL y QUIDX ¢ VAPY 4 ECK yFC yNCUMPS 4K pBDFERR oFLFEES yKALILRyNCOLS
TPROERRy 1 TLRAT,CHECK s PRSERR 9y TMAXy TMIN

1000 FORMAYT (72H1
1 )
READ INPUT 1APE 5,1C00
WRITe QUTPUT TAPE 6,1000
PRINT 1000
100t FCRMAT (72HC

1 )
READ INPUY TAPE 55,1001
WRITE OQUTPUT TAPE 6,1001
PRINT 1001

1 FORMAT (513)
READ INPUT 1APE 591 4NCOFPS,NCCLS
READ INPUT TAPE SoLs(NSTGS(K)K=LsNCCLS)

2 FURMAT {9¢8.0)
DO 3 Kk=1,NCLLS
REAC INPUT TAPE 5,24 {A(1+K),1=1,NCOMPS)
READ INPUT TAPE 5,24(B(1,K)I=1,NCCMPS)

3 READ INPUT TAPE 5,2,(CI1,K)4121+NCCMPS)
READ INPUT TAPE S5+2,(ENTHK{L) 4131 yNCOMPS)
READ INPUT TAPE S¢2y (ENTHLEL) o121 ¢NCCMP3)
READ INPUT TAPE S5¢2¢ LENTHULI),1=)4NCOMPS)
READ INPUT TAPE 542, {ENTHW(1) 4 1=14NCCHPS)
READ INPUT 1APE 5+2+PRDERRBDFERR

SPECIFY FEEDS NFEEDS IS THC TOTAL NUMBER OF EXTERNAL FEEC STREAMS,
A PARTICULAR FEED ENTERING STAGE J GF COLUMN K

[a N aNaNal

4 D0 5 K=1,NCCLS
JTaNSTGSIK)
CO S J=1.47
EXTFOH({Jok)20.0
DO 5 1=1.NCCMPS
5 EXTFO(lsJeK}=0.U
READ INPUT TAPE 541.NFEEDS
DO 6 JV=14NFEEDS
READ INPUT TAPE S5¢1+J9K
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READ INPUT TAPE 5,2, (EXTFDUIsJoK)y1=1,NCOMPS)
6 READ INPUT TAPE S542+EXTFDH{J4K)}

SPECIFY FIXELD SIDE STREAMS LEAVING ANY STAGE NO! A REDBOILER OR
CONDENSER IN ANY COLUMN AND EITHER LEAVING AS PRODUCTS LR ENTERING
ANY OTHER STAGE IN ANY COLUMN NVFLOS IS THE TOTAL NUMBER OF FIXED
SIDE VAPOR STREAMS, NLFLOS IS THE TGTAL NUMBER CF FIXED SIDE LIGUID
STREAMS, A PARTICULAR SIDE STREAM OF AMOUNT FIXSV OR FIXSL LEAVING
STAGE JFROM OF COLUMN KFRCM AND ENTERING STAGE JTC CF CCLUMN KTC

If THE STREAM LEAVES AS PROCUCT, JTO AND KTO ARE ZERC

7 DO 8 X=)1,NCCLS
JT2NSTGS (K)
CC 8 J=1,J7
FIXSVIJ4K)=Ca0
FIXSL{J,K)=C.0
JSVFRO(J+K)=0
KSVFRO{J,K)=0
JSVTO{J,K)=0
KSVTO(J,K)=C
JSLFRC(J4K}=0
KSLFRO{J,K)=0
JSLTOUJ,K) =G
8 KSLTC(J,K)=0
REAC INPUT TAPE S5414NVFLUS,NLFLOS
IF {NVFLOS) 13,13,9
9 0O 12 JVv=14NVFLCS
READ INPUT TAPE Syl JFRCM,KFRCM,JTO,KTQ
READ INPUT TAPE S542+FIXSVIJFRCM/KFRUM)
IF 1J70) 11,11,10
10 JSVFROUJTO4KRTO)=JFROM
KSVFRC(JTUKTO)=KFRCOM
11 JSVTOUJ+ROMKFRUMYSJTC
12 KSVTIO(JFROM,KFRGM) =K TO
13 IF (NLFLOS) 18418414
14 DO 17 Jv=14NLFLUS
READ INPUT TAPE S5,1,JFRCM,KFRCM,JTO,KTO
READ INPUT TAPE 592+FIXSLIJFRCHyKFROM)
IF (JT0) 16416415
15 JSLFRO(JTULKTO)=JFRCM
KSLFRO{JTUWKTO )} =KFRCM
16 JSLTO(JFROM,KFRCM)=JTC
17 KSLTOUJFROM,KFRUM)=KTO

SPECIFY STREAMS LEAVING ANY END STAGE IN ANY COLUMN AND ENTERING ANY
STAGE IN ANY OTHER COLUMN NVAPLS IS THE TOTAL NUMBER OF END VAPOR
STREAMS LINKING CULUMNS, NQUIDS IS THE TOTAL NUMBER OF END LIQUID
STREAMS LINNING COLUMNS, A PARTICLULAR STREAM LEAVING STAGE JFROM CF
COLUMN KFROM AND ENTERING STAGE JTO OF COLUMN K10 VAPCR STREAMS
WILL BE VAPORUIJT.K) FROM EITHER AN ORDINARY STAGE CR A COUNDENSER
LIQUID STREAMS wiLL BE QUID{1,K) FROM AN ORDINARY STAGE OR A REBOUOILER
OR QUITOP(K) FRCM A CCNDENSER

18 DO 19 K=1,NCOLS

JT=NSTGSIK)

CO 19 J=1447
JEVFRO{J,K)=0
KEVFRO(J4K)=0
JEVIULY,K)=C
KEVTO(J K120
JELFRO(JoKk) =0
KELFRO(J k120
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JELTO(JoK) =0

19 KELTOUJK)=0
READ INPUT TAPE S+14NVAPOS,NQUILS
IF (NVAPDOS) 23,23,2C

20 00 22 Jv=1,NVAPUS

21 READ INPUY TAPE Sy1lyJFRCMyKFRCMyJTO,WKTO
JEVFRC(JITORTO)=JFRCM
KEVFROIJTUWRTO) =KFRCM
JEVIO{JFRUMyKFRUM) =JTC

22 KEVTOUJFROM,XFR(M)=KTC

23 IF (NQUIDS) 27427424

26 DO 26 JV=l,NQUICS

25 READ INPUT {APE 541 +JFRCMyRFRCM,JTOHKTO
JELFRCIJTOWKTO) =JFRCM
KELFROUJTOUKTO) =KFRCM
JELIO(JFROMKFRCM)=JT0

26 KELTO{JFROM,KFRUM)=KTC

SPECIFY INTcRCOULERS NCOCLS IS .The TOTAL NUMBER OF STREAMS TC BE
COOLEDy A PARTICULAR LICQUID FLOW LEAVING STAGE J+1 10 Bt COCLED 1O
TCOOL(J,K) BEFORE ENTERING STAGL J CF COLUMN K

27 00 28 K=1,NCOLS
JT=NSTGS(K)
CO 28 J=1,J¥
28 JCOOLUJWK)=0
READ INPUT TAPE 5,.1.NCOCLS
IF (NCOOLS) 31,431,29
29 00 30 Jv=1,NCCOLS
READ INPUT TAPE SylsJdeK
JCOOL{JsK)=]
READ INPUT TAPE 5,2,VCOCLUJK)
30 CONTINUL

SPECIFY REBOILER TVYPE AND FIXED FLOwS AT BOTTOM OF COLUMN K FOR ALL
COLUMNS JRETYP(K)=0 INDICATES NU REBUILER JRE1YP{n)}=1 INDICATES
PARTIAL REBCILER, VAPOR FLUOw FRGM RLBUILER witl BE HELD CCNSTANT AT
FIXRVIK) JRETYP{K)=2 INDICATcS PARTIAL REBUILER, LICUID FLOW FROM
REBOILER WILL Bt HELD CCNSTANT AT FIXBL(K) ONLY VALULS OF FLCwS
READ WHICH CORRESPOND TU JRETYP{K) WILL BC USED BY ThHi PROGLRAM

31 0O 32 K=1,NCOLS
READ INPUT ITAPE S4¢1,+JRETYP(K)
32 READ INPUY TAPE 592 FIXRVIK) pFIXbLIK)

SPECIFY CONUENSER TYPE AT TCP OF COLUMN K FCOR ALL CULUMNS
JCOTYPIK)I=0 INDICATLS NC CONDENSER JCUTYPIK)=1 INDICATES PARTIAL
CONDENSER, REFLUX WILL Bt HELC CONSTANT A1 FIXRE(K) JCCTYPIK)=2
INDICATES PARTIAL CUNDENSER, VAPUR FLOW WillL BE HELC CCNSTANT AT
FIXTVIK) TJCOIVPIKYI=3 INDICATLS TCTAL CUNDENSLRe SATURATEC REFLUX
WILL BE HELD CONSTAAT AT FIXRE(K) JCOTYPUIK)=4 INDICATLS TOTAL
CONDENSER, NON-REFLUX SATURATED LIQUIC fLUW wilLL BE HELD CONSTANT AT
FIXTLIX) JCOIYP(K)=5 INDICATES TwO PRLGIUCT CONDENSER, REFLUX WILL
BE HELD CONSTANT AT FIXRE(K) JCOTYPIK)=6 INDICATES TwG PRODUCT
CONDENSER, SUM CF VAPOR AND NCN-REFLUX LIGUID FLUWS WILL BE HELD
CONSTANT AT FIXTVLIK) TEMPLRATURL CF TWO PROCUCT CCNLCENSERS WlLL
BE MELD CCNSTANT AT TCSLY(K) If PCSSIBLL ONLY VALUES OF FLOWS READ
WHICH CORRESPOND 10 JCOTYP{K) WILL BE USED BY ThE PROGRAM

00O 33 K=1,NCOLS
READC INPUT TAPE 541,JCOTYP(K)
33 READ INPUT TAPE Se2 FIXRE(K) oFIXTVIK) o FIXTLAK) oFIXTVLIK)TCSET(K)
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C INITIAL ESVIMAYTLS Ur TEFPERATLRES
[o

34

CC 34 K=1,NCULS

JT=NSTGS(K)

REAC INPUT TAPE 5,2,TCPT,0017
TINT=(TOPT-8OTT)/FLCATF(JT-1}
TEMP(1,n)=0CTT

00 34 J=2,47
TEMPIJoK)=TEMP(JU-1,K)¢TINT
CONT INUL

4
C PRINT INPUT DATA
[

37
38

39 FORMAT (63HCR0enonessasnusasssersoseenenasssssssnssss

FORMAT (11HCINPLT DATA)
MRITE OUTPUI TAPE 6,37

FORMAT (3THCNO. OF CCPPUNENTS NO. OF COLUMNS/ZI10,120)

WRITE QUTPUT TAPE 6438,NCOMPS,NCULS

1 COLUMN [1,56H SR50cussatssansesntansscnssnesss

28088 )

40 FORMAT (20HCNUMBER CF STAGES = [2)

41 FORMAT (LBHCEXTERNAL FEED Ot El>.8+16H KOLES TO STAuGE 12,11 OF CO
LLUMN 1)

42 FORMAT (20n COMPONENT AMOUNTS/(S5E20.8))

43 FORMAT (22H ENTHALPY CF FiEC = E15.8)

&4 FORMAT (12HGCNU REBOILER)

45 FORMAT (34HOREBUILER, FIXED REBCILER VAPOR = £15.8)

46 FORMAT (31HUREBOILER, FIXED LIQUID FLOW = E15.8)

47 FORMAT (13HGNO CONDENSER)

48 FORMAT (3S5HUPARTIAL CCNCENStRs FIXED REFLUX = E15.8)

49 FORMAT (39HUPARTIAL CONCENSER, FIXED VAPOR HLON = E15.8)

50 FORMAT [43HUTOTAL CCNCENSER, FIXED SATURATED REFLUX = E15.8)

51 FORMAT (49HGTOTAL CCNDENSER, FIXED NON-REFLUX LIQUIC FLCW = E15.8)

52

FORMAT (39MHOTWO PRODUCT CUNDEASERy FIXED REFLUX = E19.8922H

LNOENSER TEMP = t£15.84120 IF PCSSIBLE)

Cco

53 FORMAT (74HCTWD PROCUCT CCNCEANScR, FIXED COMBINED VAPOR AND NON-RE
LFLUX LIQUID FLOW = £15.8/22H CONDENSER TEMP = E15.8412H IF POS

54
55

56
57
58
59
60

61
62

2s1BLE)

DO 104 K=1,NCOLS

JTSNSTLS(K)

WRITE OUTPUT TAPE 6,39,k

WRITE QUTPUT TAPE 64404ASTLSIK)
CO %6 J=1,41

TOTFC=0.0

DO S4 [=x1.NCOMPS
TOTFO=TUTFO+EXTFDIT »JdoK}

IF (TQTFO) %5,56,55

WRITE OQUTPUT TAPE 64414TUTFC,JyK
WRITE OQUTPUT TAPE 64429 (EXTFDUI+JyK) oI=1+NCCHPS)
WRITE QUTPUT TAPE 6,43,EXTFCH(JK)
CONTINUE

IF (JRETYP(K)) 98,58,57
KTRANS=JRETYP(K)

GO T8 (59,60)KTRANS

WRITE OQUTPUT TAPE 6,44

60 TO 61

WRITE OUTPUT TAPE 6+45,FIXRVIK)
60 10 61

WRITE QUTPUI TAPE 6,46,FIXBLIK)
1F (JCOTYP(K)) 03,63,62
KTRANS=JCUTYP(K)
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GO TO (64,65,066167908,65)4KTRANS
63 WRITE OQUTPUT TAPE 6447
60 TO 70
64 WRITE OUTPUT TAPE 6,48,FIXRE(K)
GO YO 70
65 WRITE QUTPUT TAPE 6,49 FIXTvVIK)
G0 TO 70
66 WRITE QUTPUT TAPE 6,404FIXRc(K)
G0 TQ 70
67 WRITE OUTPUT TAPE 6,51 FIXTLIK)
GO Y0 70
68 WRITE QUTPUT TAPE 6+52+FIXRe(K),TCSETIK)
GO TO 70
69 WRITE OUTPULI TAPE 6453+FIXTVLIK),,TCSETIK)
70 CONTINUE
71 FORMAT (29HOFIXeD SIDE VAPOR PRCDUCT OF E15.8418H MULES FROM STAGE
1 12,11H OF COLUMN 1)
72 FORMAT (3Q0HOFIXLD SIDE LIQUID PRODUCT OF EL15.84918h MULES FRCM STAG
1E 12,11H OF COLUMK I1)
T3 FORMAT (28HOFIXeD SIDE VAPOR STREAM CF ElS.8s18H MOLES FROM STAGE
112+ 41K GF COLUMN T1,10H TC STAGL 12,11H CF COLUMN 11)
T4 FORMAT (29HUFIXeD SIDE LIQUIC STREAM OF E15.8,18H MCLES FRCM STALE
1 12411H OF COLUMN I1,100 TO STAGE 12411H OF COLUMN 11)
75 FORMAT (4SHCINTERCONNECTING VAPCR STREAM FRCM END STAGE 12,11H OF
1COLUMN 11,1CH TU STAGE [2,1iH OF COLUMN 1)
76 FORMAT (46HUINTLRCONNECTING LIQUID STREAM FROM END STAGE 12,11H GF
1 COLUMN 11,104 TO STAGE I2y11KH CF CULUMN [1)
00 84 J=1,J7
IF (FIXSV(J4K)} 80,80,77
TT IF [JSVIC(JaK)) 78478,75
18 WRITE OUTPUT TAPE 697L9FIXSVIJK)sJsK
GO TO 80
79 WRITE QUTPUT TAPE 6473 4FIXSVIJeK) e JrReISVTOIJIK)1KSVTICIJ4K)
80 IF (FIXSL(JyK)) 84,84,81
81 IF (JSLIDUJK)) 82,482,883
82 WRITE OUTPUT TAPE 64724FIXSLIJsK)2dsK
GO 1O 84
83 WRITE QUTPUT TAPE 64T4sFIXSLIJsK] 1 JrKeJSLTOUJ 9K} 4KSLTC(JsK)
84 CONTINUE
DO 88 J=l,J7
IF (KEVTO(JsK)) 85,86,85
85 WRITE QUTPUT TAPE 64754 J9hs JEVTGLJK) 4KEVIOLJoK])
86 IF (KELTOUJsK)) 87,8887
87 WRITE OQUTPUL TAPE 69T60J 1Ky JELTCIJK) ¢KELTO(JHK)
88 CONTINUE

89 FORMAT (32HOHEATER SUPPLYING HEAT T STAGE 12,19H HEATER LOAD
1= £15.8)

90 FORMAT (33HUCUNLER REMOVING HEAT FRUM STAGE 12419H COOLER LOAD
1 = L15.8)

91 FCRMAT (27HUINTLRCOCLER BETWEEN STAGE 12,11H AND STAGE 12,3GH CCUL
LING L1QUID FLUW TO STAGE I2,19H TO TEMPERATURE CF E15.81}
00 96 J=1,41
IF (EXTEOH(J4K)) 92,96452
92 CO 93 1=1,NCOMPS
IF (EXTHO(14JeK)) 96493496
93 CUNTIAUE
IF (EXTFQHIJ,K)) 94,94495
9% DUTY=-EXTHDF(J4yR)
WRITE OUTPUT TAPE 6,904J,DUTY
60 TO 96 .
95 WRITE OUTPUT TAPE 6,89, J+EXTHCHIJ K}
96 CONTINUL
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0O 98 J=1,47
1F {JCOOL{J.K)) 98,98,97
JvsJg+l

WRITE OQUTPUT TAPE 649L9JsdVeJs TCOULIJ4K)

CONTINUE

FORMAY (82HCEQUILIRRIUM CONSTANTS A

EQUILIBRIUM CONSTANIS B

EQUILIBRIUM CCNSTANTS C/{ELY9.8+2E29.8))
WRITE QUTPUT TAPE 6499, (ALI 4K} oBUL oK) oCOI4K)oI=1,NCCMPS)

FORMAT (13HOTEMPERATURES/{5k20.8))

FORMAT (ELT.8)

WRITE OUTPUT TAPE 641CLs (TEMPJeK) 4 d=1,JT)

CONTINUE

FORMAT (120HO# 080 st re st st ntaoseaniesc it sconiisssniiaicntaosssnsones
1 ALL COLUMNS oot s aessnsasn st sntinssinoitasossntonsionnesunasosnnes

2)
106 FORMAT (99HCENTHALPY CONSTANTS K

1

THALPY CONSTANTS U

107 FORMAT (SZ2HUPROCUCT ERRCR LIMIT

SET

108
109

110
11
112
13
114
115
116
17

1

1

17.84£28.8))
WRITE OUTPUT TAPE 6,105

ENTHALPY CONSTANTS L
ENTHALPY CONSTANTS W/{C18.843E26.8))
BUBBLE DkW FLASH ERRCR LIMIT/ZIE

WRITE -OUTPUT TAPE 691064 (ENTHKII) oENTHLUI) o ENTHULT ) 9 &NTERIT )9 Ex1,

NCOMPS)

WRITE QUTPUT TAPE 64+1C7+PRDERR+BOFEKR

UP INITIAL CONDITIONS

DO 109 K=1,NCOLS

JT=NSTGS (K]

QUITCP(K)=0.,0

REBLOIK)=0.0

CONDLC(K)=0,0

0O 109 J=1,JT

VAPOR(JyK)=20.0

QUID(JyKI=0.0

SVFLO{J4K}=C.0

SLFLO{J+K)=0,0

COOLLO{JoK)=0.0

VAPMCH{ J+K)=20.0

QUIMCh{J+K)=0.0

KMODE(J,K}=2

DO 108 [=1,NCOMPS
GENVY(1,J¢K)=0.0
GENLX(I,yJ,K)=0.0

CONTINUE

JT=NSTGs{}

TMAX=TEMP{1,1)

TMIN=TEMP(JI, 1)

DO 117 K=1,NCOLS

JTaNSTGS (K}

IF (TEMP(LsK)=-TMAX) 11141114110
TMAXZTEMPIL,K)

IF (TEMP(JT,K}=1MAX) 113,113,112
TMAX=TEMPIJT 4K}

1F (TEMPULyK)I-TMIN) 114,115,115
TMIN=TEMP (1K)

IF LTEMPLJT K)-TMIN) 1164117,1127
TMIN=TEMP (U ,K)

CONT INUE

TMAX=TMAX+300.0

TMIN=TM[N-2G0.0

RETURN

END
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C PROGRAM GENVL SUURCUTINE FCR CLTPUT
C

C

SUBRCUTINL QuTPLY

DIMENSIUN AL120+5)+s8(2C95),C1205) s NSIGSEIS)ENTHR(20),CNTHL(20),
LENTHULZ20) oENTHWI20) oEXTFDU20 040 o519 EXTHLHI4U¢5) oSYFLLUL4C,5)
2SLFLOGAU5) g JSVERGU4045) ¢k SVFRO(405) 4 JSVTINL40,5)4KSVTO(40,5),
3USLFROC&0,5) JKSLFROCACe9) 9 J5LTO(4U ) oKILTO(4099} 9 JuVFRUI405)
AKEVFRO(40Q:5) ¢ JEVTIGLA0:5) ¢KEVIC(40¢5) 2+ JELFROI40+5) 1 KLLFRCI40951,
SJELTO(L0¢5) oKELTO(GU oS 4 JREIVYPUS) 2 JCCIYP(SH) yJCOCLIA0L,5),
O6TCOULI4US) o TENP(©0y5) s VAPORI&0¢5) sQUIDI4U5) QUITCP(5),TCSLT(S},
TEIXRVIS) oFIXBLUS ) yFIXRELS) o FIXTVID) o HEXTLIS ) WFIXTVLIS),
BFIXSVIG05) o FIXSLI4C5) 3 QUIMCHIGUS) s VAPMGH(4045) s GLNLX (20440451,
QGENVY{2U440,5) s KMCOEL40,5) ot LFEED(20) 4FLVAPL20)}FLLIGI2C)

CIMENSION SUMFD(20)+FLVAPLIZU)} 4FLLIGLI20),QUNBAL(40,45),
LCOOLLD(60,5) +RELBLDIS) +CONDLC(5) o PRDSUMI20) 4 RFSUM{20) CUNBAL (20},
2QUIDX(201,VAPY(20),eQK(20)4FD140)

COMMON AsBsC oNSTIGSyENTHK oENTHL oENTHUENTHN o EXTE Lo EXTFDHSVFLO,
LSLFLCyISVFRU ¢KSVFROJSVTOKSVIUs JSLFRUGKSLFRO«JSLTCIRSLTO,
2JEVFROVKEVFRO»JUVTOWKEVIOsJELFRUWRELFROWJEL TCyKELTC o JRETYP,
3JCOTYPyJCCOL + TCCUL 2 TEMP y VAPCRyQUID s QUITOP s TCSETHFIXRY,
SFIXBLoFIXREyFIXIVoFIXTLoFIXIVLoFIXSVFIXSLyQUIMCHyVAPMURyGENLK
SGENVY KMODE ¢ FLFLED+ SUMFC,CUNBAL yCOULLU yREBLE ¢ CONDLD » PROSUM, RFSUM,y
G6CUNBAL yQUIDX ¢ VAPY 2 EQK 9 FOJNCCMPS oK yBOFERRyF LFEES ¢+ KALTERZNCOLS
TPRDERR ¢ ITERAT CHECK ¢yPRSLCRR y TMAX o TMIN

FORMAT [(L7HLIFERATICN NC.o = [3)

WRITE QUTPUT TAPE 641+ [TERAT

FORMAT (A4THGSPECIFIED PROBLEM ALTERED TC ORTAIN A SULUTION)

IF UKALIER) 444,3

WRITE OUTPUT TAPL 6,2

CO 113 k=]l NCOLS

JT=aNSTGS(K)
FORMAT (63HU SR s ansss s cacsssnntisiascecssonnioseonessssarsnsnonnssy

L COLUMN J1,56H #9000 nctencescosetcnntosscaasniesnsnsedsannuenssnes

-

W > w n

2euen)
WRITE QUTPUI TAPE 6,5+K

If (CHECK) 33,33,7
6 FORMAT (63HCLIQUID AND VAPOR MOLE FRACTIONS LISTEC AS CCMPUNENTS P

LER STAGE)
T WRITE OUTPUI TAPE 6,6
8 FORMAT {194y STAGE NG. = 12/7H LIQUID/{5£20.8))

9 FORMAT (6H VAPOR/({5L2C.8))
0O 24 J=1,J1
IF (VAPOR{J,KI+SVFLGUJWK)) 10,10,12
10 DO 11 I=1,NCOMPS
11 VAPY(I}=0.0
GO0 TU 14
12 D0 13 I=1,NCOMPS
13 VAPY(I)=GENVY(I4JoK)/IVAPOR(J4K)+SVFLOIJHK))
14 1F (J=JT) 19420420
15 IF (QUID(JIK}SLFLOLJK)) 16416418
16 DO L7 1=1,NCOMPS
17 QUIDX{1)=0.0
60 1O 23
18 DO 19 1=1,NCOMPS
19 QUIDX{T}=GENLAULvJoeK}/{QUIDIJIWK)+SLFLUIJINK))
60 TOo 23
20 IF [QUID(JR)I*QUITOPIKIASLFLO(I(K)) 16,16421
21 DO 22 1=1.NCOMPS
22 QUIDX{IY=GENLX{1odoK)I/IQUIDIIIK)QUITOPIK)#SLFLCIJ D)
23 WRITE OQUTPUT TAPE 6484d4(CUIDXIIN »1=1sNCUNMPS)
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WRITE OUTPUT [APE 6,92 {VAPY(1}41=1L NCOMPSI
24 CONTINUL
25 FORMAT (59HUVAPUR AND LIQUIL PRODUCT AMCUNTS AND INTERCCNNECTING F

1LCWS)

26 FORMAT (34HU  LIQUID SICE PROCUCT FROM STAGE I2,5H OF E15.8+7H M
1otes)

27 FORMAT (33HU VAPUOR SIDE PRUDUCT FROM STAGE [2,5H UF EL15.8+7H MO
1LES)

28 FORMAT [21HC BCTITGM PRCOUCT CF tl5.8.7H MCLES)
29 FORMAT {(25HC LIQUID TOP PRCDULCT OF k154847 MGLES)
30 FORMAT (24HC VAPOR TCP PROTUCT OF EL5.8,7H MOLES)
31 FURMAT (23H COMPUNENT AMCUNTS/(5620.8))
32 FORMAT (34H COMPCNENT RECOVERY FRACTIONS/Z{%E20.8))
33 WRITE QUTPUT TAPE 6,25
34 JF (KELTOUl.Kk)) 35,35,38
35 WRITC QUTPUE TAPE 6,28,CUIDTL4K)
IF (QUIDIL,K}Y) 3843B,36
36 CO 37 [=1,NCOMPS
QUIDXEI)=GENLX Ui Lo KI*QUICTL,K)/ZIQUIDILSK)+SLFLU(LpR)})
37 vAPY{I)}=QUICX{T)/SUNMEDLL)
WRITE OQUTPUT TAPE 64314 (CUIDX(T)41=1,NCOMPS)
WRITE OUTPUT TAPE 64325 {VAPY{]),1=1,NCOMPS)
38 DO 49 J=1,447
39 IF (FIXSL(J4K)) 44,y4444C
40 IF (KSLTOUJsK)) 4lealy44
41 WRITL QUTPUT TAPE 6¢264J9SLFLCIJYKR)
IF (SLFLO(JK)) 44y44,42
42 DO 43 I=1,5N(0MPS
QUIDXCL)=GENLAL Lo JoK)#SLFLO(J)K)/(SLFLDLJ,KI+QUIDIJ,K))
43 VAPY(1}=QUICXI1)/SUMFDLI)
WRITE QUTPUT TAPE 6,431, (QUICX(I)L=14NCCMPS}
WREITE OUTPUL TAPE 6,324 (VAPY([)41314NCCMPS)
46 IF (FIXSVIJeK)) 49,49,45
45 IF (KSVIO(JoK}] 46446449
46 WRITE QUTPUL TAPE 602T74JySVELCLIHK)
IF {SVFLO{J4K)) 49,449,417
47 DO 48 1=1,NCUMPS
QUIDXIT I =GENVY{I oo K} #SYFLOIJK)I/{SVELOLJ»K)+VAPORLGK))
48 VAPY{J)=QUICX{1)/SUMFC(])
WRITE QUTPUS TAPE 6431, (QLIDX(T)}sE=1,NCCMPS)
WRITE OUTPUT TAPE 6,32y (VAPYLi),I=1)NCOMPS)
49 CUNTINUL
IF (JCOTYPIR)}-2) 55,55,50
50 IF (KELTO(JI4K)) S1451454
51 WRITE OUTPUY TAPE 6429,CUITUPIK)
IF (QUITQPIKR}] 54454,52
52 D0 53 I=1,NCOMPS
GUIDXUT)=GENLXUL 2 JT oK) #QUITLPIK}ZLQUITAP(K) +QUIDIJT,K))
53 VAPY(I1)=QuUIuX{I)/SUMFD(])
WRITE OUTPUI TAPE 6431,(QUIDXII)+1=14NCOMPS)
WRITE OUTPU) TAPE 6432y (VAPY(L)s1=1+sNCOMPS)
54 IF {JCOTYPIK)-4) 59,459,55
55 IF (KEVTOLJT4K)) 56456,59
56 WRITE QUTPUT TAPE 6430, VAPOR(JT,K)
IF (VAPGR (JT¢K)) 59459,57
57 CC 58 [=1,NCOMPS
QUIDXITIY=GENVY ([ JT  KI#VAPORIJT oK}/ EVAPGRIJIZK)#SVFLOIIT,K))
58 VAPY(I[)=QUICX{L)/SUMFC(1}
WRITE QUTPUT TAPE 6431y (QUIDX(1}y131,NCCMPS)
WRITE OUTPUT TAPE 6,32,(VAPY([1),[=1sNCOMPS)
59 CONTINUC
60 FORMAT (23HC  SIDE LIGQUID FLUW CF E15.8,19H MOLES +RCM STAGE [2,1
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11H  TC STAGE 12,12H CF CCULUMN 11)
61 FORMAT (22HC SI1DE VAPOR FLUW OF E15.B419H MCLLS FRCM STAGE 12411
1H  TU STAGE 12,12H OF COLUMN 11)
62 FORMAT (18HGC LIQUID FLCw OF £E15.8+19H MOLES FROM STAGE [2411H T
10 STAGE 124120 UF COLUMN 11}
63 FORMAT (18HO LIQUIL FLUW OF t15.8431 MOLES FROM REBOILER TO STA
1GE 12,12H UGF CCLUMN [1)
64 FORMAT (1dHC LIQUID FLUw OF £15.8,32H MOLLS FROM CCNDENSER TO ST
1AGE 12,12Hh OF COLUMN [1)
65 FORMAT (17HC VAPOR FLOW CF E15.8419H MOLES FROM STAGE [2,11H TG
1 STAGE I2+12H CUF CCLUMN I1)
66 FORMAT (17HC VAPOR FLOW CF E15.8,32H MOLES FROM CCNDENSER TO STA
1GE 12,120 CF CULUMN [1)
J=1
IF (KELTOUL.K)) T73,73,67
67 IF (JRETYP(K)) 68,68+69
68 WRITE OUTPUT TAPE 6,62 CUIDILIK) 2 JsJELTCIL K} KELTC{1,4K)
GO TG 70
69 WRITE OUTPUT TAPE 6463 4QUIDILWK)»JELTO(LK) +KELTO(L,K)
70 IF (QUIC(LlsK)) 13,73,71
71 DO 72 1=1,NCOMPS
72 QUIDXTI)=GENLX{To1yK)#QUID{L K}/ (QUIDILyKI*SLFLCILsK]})
WRITE OUTPUT TAPE 64319 (QUIDX(1)+sI=1,NCUMPS)
73 D0 83 J=1,J7
IF (FIXSLUJ,K)) 78,478,474
T4 [F (KSLTO{JsK}) 78478475
75 WRITE QUTPUT TAPE 6+60sSLFLG(J2K) 9 J9JSLTO(J4K) 9KSLTGIJpK)
IF (SLFLOUJ,K)) 78,478,476
76 CO 77 1=1,NCOMPS
TT QUIDX{ I =GENLX{L g JoKI#SLFLO(JK) /(SLFLOGJIKI+QUIDIJKY)
WRITE OUTPUI TAPE 6431, (QUICX{I),1=1,NCOMPS)
T8 [F (FIXSV(J,K)) 83,63,79
19 IF (KSVTO(J,K)) 83,83,8C
80 WRITE OUTPUT TAPE 6461 ySVFLCIJWK) o JeJSVTOUIWK) W1KSVTGdWK)
If (SVFLO(J,K)) 83,83,81
81 D0 82 I=1.,NCCOMPS
82 QUIDX{I)=GENVY (L4 JoK)#SVFLO(JsK)/(SVFLU{J+KI+VAPCRIJ4K})
WRITE OUTPUL TAPE 6,31, (QUIUXIL)+131,NCGMPS)
83 CONTINUL
IF (JCOTYP(K)-2) B89,89,84
B4 IF (XELTO(JT,K}) 88,88,85
85 WRITE OUTPUT TAPE 6464,GUITCPIK) yJELTUJT K} KELTOLUT,K)
IF (QUITOPI(K)) 88,88,86
86 DO B7 1=1,NCCMPS
87 QUIDX{L)=GENLX{I,JT,K}#QUITCP(K)/(QUITOPIK)I+QUIDIJTK))
WRITE QUTPUI TAPE 6431, {CQUICXIL),I=1,NCCMPS)
88 IF (JCOTYP{K)=~4) 96,964869
89 IF [KEVIOUJT4K)) 96496450
90 IF (JCOIYP{K)) 96491,92
91 WRITE QUTPUT TAPE 6465, VAPOR(IJT oK) 9 JToJEVTO(IT 1K) KEVTOLJIT4K)
GO TO 93
92 WRITE OUTPUL TAPE 6,66y VAPORIJT oK) 9 JLVTO(JT oK) 9yKEVTC(JT4K)
93 IF (VAPOR(JT K} 96,96,494
94 DO 9% [=1,NCOMP>
95 QUIDX{I)=GENVY ({47 sR)*VAPOR{JT,K)/IVAPCGRIJTK)+SVFLCIJITK)})
WRITE OQUTPUT TAPE 6431 4{QUICX{I) 1=1,NCCMPS)
96 CONTINUE

97 FORMAT (16HOSTAGE VARIABLES/118HOSTAGE TEMPERATURE VAPO
1R FLOW LIQUID FLCW VAP MOL ENTH LIG MOL ENTH
2 heAT UNBALANCE/(l4,6E19.8))

WRITE DUTPUT TAPE 64974 (JeTEMPJ4K) 9 VAPGRIJSK) »QUIDIJIK]),
LVAPMOR{J K )+ QUIMOH(J oK) 9 QUNBALIJ R} 9 d=14JT)
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98 FORMAT (E6l.B)
IF (JCOTYPIR)-3) 102,499,498
99 WRITE OUTPUT TAPE 6,9H,CUITCP(K)
100 FORMAT (17THCREBULILER LOAD = £1%5.8)
101 FORMAT {18HUOCUNCENSLR LCAC = £1%.8)
102 IFf (JRETYP(KR))} 104,104,103
103 WRITE OUTPUI TAPE 6,1COWREBLDIK)
104 [F (JCUTYP(K)) 108,108410%
105 WRITE OUTPU) TAPt 6,101,CCNGLL(K)
106 FORMAT {2THCINTERCOULER BETWEEN STAGE 12,11 AND STAGE 12,3LH COOL
LING LIQUIL FLOW TO STAGE [2,19H TG TEMPLRATURE LF ElY.8)
107 FORMAT (2CHOINTeRCOGLER LCAC = tl5.81
108 DO 110 J=1.J1
IF LaCOOL(JyK)) 110,110,1C9
109 Jv=j+l
WRITE OUTPUT TAPE 6,1065J9JVedsTCUOLIJWR)
WRite QUTPUT TAPE 6,107,CCOLLDIJK)
110 CONTINUL
111 FORMAT (31HUTOTAL CCLUMN REAT UNBALANCE = E15.8)
TUNBAL=0.U
DO 112 J=1447T
112 TUNBAL=TUNBAL +QUNBAL(J4K)
WRITE QUTPUT TAPE 64111,TUNDAL
113 CONTINUE
1[4 F[)RMA]' (IZUhOI'.I..II..llll.Illll'.l.........l.l.l.l...'I......IIQ
ll..l.l.lldlQ.IQI'D.!.lI.l..l.......l..l.'.l!lllI.I.l‘......'..l...
2)
115 FORMAT (SLHCTOTAL PRODUCT MASS BALANCES AND RECCVERY FRACTIUNS)
L16 FORMAT (46HORECUVERY FRACTIUN SUMMATIONS FOR EACH CCMPONENT/(5E20.
18))
117 FORMAT (9L1HUEXCESS MOLES OF LACH COMPONENT £NTERING THE SYSTEM IN
LFEEDS OVER MOLES LEAVING IN PRODUCTS/(5E20.8))
WRITE OQUTPUT TAPE 64114
WRITE DUTPUT TAPE 64115
WRITE OUTPUT TAPE 64116, (RFSUM(1)41=1,NCOMPY)
WRITE OUTPUT TAPE 64117, LCUNBALLL) o I=14NCOMPS)
118 FORMAT (7THUTOTAL MASS UNBALANCE (SUM OF ARSOLUTE VALUES CF COMP
LONENT UNBALANCES) = E15.8)
WRITE QUTPUI TAPE 64118,PRSERR
RETURN
END
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C PROGRAM GENvVL SUSRUOUTINE #CR CALCULATION UF REBOILER
C
[

SUBROUTINE REBCIL

DIMENSIUN AT2099)¢B12045)+CL2095) ¢NSTLSI5) stNTHK(20) ENTHLIZ20),
LENTHUL20) s ENTHW(20) o EXTED(2G 040 ,5) ¢ EXTFLHI&U5) o SVFLUI4C,5)
2SLFLUL4095) s JSVFRO(4G»5) 1KSVFRO(40+9) 4 JSVTOL40,45) 4KSVTO(4045),
JJISLFRO(40+5) ¢KSLFRO(4095) 9 JSLTO(40¢5) o KSLTOU4095) ¢ JLVFRC{40+5),
GRKEVIRGC(4045) yJEVTOL40,5) yKEVIC(4045) s JELFRO(4045) yKuLFRCU40450
SJELTCI405) o KELTOU4C)5) ¢ JREIVYPLS) 9 JCOGTYP(S5) »JCOCLLGUS)
6TCOUL(40¢5) 9 TEMP(4045) o VAPOR{4045)yQUID(4045),QUITOP(5) TCSETIS ),
TRIXRVIS) gFEABLUS) yFIXREIS) o FIXTVIS) oFIXTLIS )4 FIXTVLID)
BFIXSVI4AUS5) s FIXSLE4C¢5) yQUINMOH(40,5) ¢ VAPMCH{40,%) 4GENLX(20,44045)
9GENVY120,40,5) s nMODL(4045) yFLFEEC(20),FLVAP(20),FLLIGC(2C)

DIMENSIUN SUMFD(20) FLVAPLI20) b LLIQL(20)+QUNBAL(40+5),
1COOLLD140s5) yREBLDIS5) yCENDLES) 4 PRDOSUM(20) 9 RFSUM{20) o CUNBAL(20]),
2QUIOXT20) oy VAPY(20)y£QK120G) 48D (40)

COMMON AgBoCoNSTUS)ENTHK ¢ENTHL st NTHUENTHWEXTFDyEXTFDH,SVFLO,
LSLFLO s JOSVIROD IKSVFRO s JSVTO KSVTO s JSLFRUGRSLFROJSLTO,KSLTO,
2JEVFROyKEVFROy JeVTO W KEVTIOyJELFRUJKELFRO9JELTGoKELTCy JRETYP,
3JCOVYP JCLOL ¢ ICCOLy TEMPZVAPCR ¢ QUIDQUITCP o TCSETFIXRY,
GFIXPLyFIXKE o FIXTVFIXTL o FIXTIVLyFIXSVoFIXSLy QUIMCHy VAPMON9GENLX ¢
SGENVY yKMODE 4 FLFEED s SUMFC yGUNBAL  CGOLLD +REBLDyCONDLD » PROSUM¢RFSUM,
GCUNBAL ¢ GUIDX s VAPY JELK o FO G NCUMPS 4Ky BOFLRRYFLFEES yKALTERGANCOLS,
TPRDERR 9 ITLRATJCHECK ¢y PRSERR y IMAX, TMIN

THALPH (Yol ol )aYaTHZ

IF (FLFEES) 14143
1 QUIT(14K)=0.0

VAPUR([ 14K )sC0D

CC 2 I=14NCCMPS

GENVY(1,14K)20,u

2 GENLX{Is14K)=0.0
KALTER=1
GO 1C L4
3 KTRANSsRETYP(K)
GO TC (4,8),KTRANS
4 IF (FLFEES-HIXRVIK)) 545,7
S VAPCRI1,K)=FLPEES

QUICIl,k)=2Q.C

00 & IslyNCCHPS

GENVY (Lol eK)=FLECEDI])

GENLX(1,14K)20.0

6 VAPY{1)aFLFLED(I)/FLFEES

CALL CEWPT (TEMPIL,4K))

KALTLR=1

GC 1L 14
T VAPOR(1 K }sF IXRVIK)

QUID(LeRISFLFLES-FIXRVIR)

GO 1L 12

8 IF (FLFEES~) JABLIK) ) $,49,11
9 CUIDILonIsFLFELS

VAPORI1sK)sL.0

CO 10 1:=14NCONMPS

GENVY(Io4loK)=000

GENLXLT 1ok DSFLFEECTT)

10 QUIDX(E)=FLFELDIT)/FLFELS

CALL BUHBPY (T MPil,x})

KALTER2]

GO TC 14

11 QUICILyn)=FiXBLIK)

VAPUR(L1 4K )=t LFCeS-FIXBLIR)



336

12

13
14

15

16
17
18
19

D. N. HANSON AND G. F. SOMERVILLE

FLY=VAPCR(1,K)

FLL=QUIDIL,n)

CALL ISOVEL (FLVAP W FLLIQFLVFLLTEMPIL4K) )}

CO 13 I=1,NCOMPS

GENVY (141K )aFLVAP(T)

GENLX{T 1y )=FLLICTL)

VAPMOH{1,K)=20.0

CUIMCML1,K)=0.0

CO 15 I=1,NCOMP>

VAPMOH (14K }=VAPMOH{ Lo R ) 4GENVY T4 1 oK) STHALPFIENTHULT) yENTHWII),

LTEMP (14K}

QUIMCHI Ly K )aQUIMOMIT oK) +GENLXUT » 1 oK) STHALPFLENTHKII) JENTHLLL)
1TEMP(1,X D))

IF (VAPURI(L1sK)) 17417416

VAPMOM( Ly K)=VAPMOH( 1K) /VAPLRIL4K)

IF (QUIDUL.K))} 19419,18

QUIMOHI L ok }=QUINMOH{ LK) /QUICTLyn)

CONT inUE

RETURN

END
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C PROGRAM GENVL SUBROUTINE FCR CALCULALIGN UF CONDLNSER
C
C

SUBROUTINE CONDuN

DIMENSICN A(2045)¢B(2Cs5)+4C{2Co5) o NSTGSES) ¢ ENTHK(20),ENTHLI20),
LENTHULR2O) yENTHR{20) yEXTFD(20+140+5) yEXTFDH{40+5) »SVFLL(40,5),
2SLFLG(4U5) s JSVFRO(40,5) ykSVFRO(404%) 9 JSVIO(4049)4KSVTU(40,2),
JJSLERCI40+5) s KSLFROGEC19) 9 dSLIOT4D45) KSLTOL40,45) s JeVFRC(40,5),
SGKEVFRC( 4045}y JEVTD(40,S5) yKEVTU{40,5) yJELFRO(40,5) KL LFRC(40,45),
SJELTOU405) yKELTO(SLC5) yJRETYPUS) ,JCLTYP(5) ,JCOCLIGL,5),
6TCO0LI%UYS) s TEMPI40+5) ¢ VAPOR(4045) ,GUIDI4Cy 9} yQUITOP(5)TCSET(S),
TEIXRVIS) oy FIXBLID) oFIXRE(S) 4t IXTVIS)FIXTL(S) FIXTVL(S),
BFIXSVI40s5) s FIXSLIAG5) 4 QUINMOR(40,5) o VAPMCH (40 05) ¢GENLX(20,440,45),
IGENVY (20U 940¢5) +KMEDE(4D045) o LEELD(2C)oFLVAPL2C),FLLIC(20)

CIMENSIUN SUMFDI20) ¢FLVAPLL20)4FLLIGLI20),QUNBAL(40,5),
LCOOLLO(40,5) 4REBLDIS) yCCNCLL(5) yPRDSUMIZU) 9 RESUM(20) ,CUNBAL{20),
2QUICXI2G) o VAPY{20),eQK(20)yFDL40)

COMMON AsByCoNSIGSoENTHRJENTHLycNTHU  ENTHW EXTFC,EXTFCH,SVFLO,
LSLFLC s JSVFRUyKSVFRO 9y JSVTCsKSVIQ, JSLERDyKSLFRO4JSLTOWKSLTOy
2JEVFROyKREVEROy JEVTO 2 KEVIC s JLLFRUCoKELFROSJEL TUSKLLTOy JRETYP,
3JCOTYPJCUOL »TCUCL» TEMP s VAPLURyQUIDsQUITCPTCSET4FIXRY,
GFIXBLOFIXRESFIXIVFIXTL FIXTVLIFIXSVoFIXSLyQUIMCH, VAPMOF+GENLX
SGENVY o KMODE s FLFcEDySUMFL yCUNBAL yCUCLLD 9 REELL 9y CONDLDy PRDSUMy RFSUM,y
GCUNBAL yLUIDX 3 VAPY yECKyFC yNCCMPS ¢ Ko BDF ERRyFLFEES yKALTURyNCGLS,
TPRDERRy ITERATCHECKyPRSERR ¢ IMAXy TMEN

EQUILKFUA,BCyTI=EXPFIAZ(T4+46C,0)+B+Co(T+46C.0)})

THALPHIY o2y T)zY2T42

JT=NSTGH{K)

IF (FLFLES) Llo1,3
1 QUIDIJT,K)=(.0

VAPOR(J14K)=0.0

QUITOP(K)=0.0

CC 2 I=14NCUMPS

GENVY([,J7,K}=0.0

2 GENLX{[,JT,K)=0.0
KALTER=]
GO TC 6v
3 KTRANS=JCOTYP(K)
GO TO (4914s4918+4+21)+KTRANS
[
C FIXED REFLUKX
[4
4 IF (FLFEES-FIXREIK)) S5,5,10
5 QUID{JT,K)=FLFECS
VAPOR[JTK}=0.0
CUITOPIK)=0.0
D0 & I=14NCCMPS
GENVY(1,JT7,x)=0.0
GENLX({I,J1yn)=FLFEECI(I)
6 QUIDX{E)=FLFEEC{I)/FLFEES
CALL BUBPT (TEMPIJT,K))
GO TC (9460+4996Us7460)4KIRANS
IF (TEMP{JT,K)-TCSET(K)) 9,9,8
TEMP(JT,K}=TCSET(K)
KALTER=1
GO0 TG 60
10 QUIC(IT k}=FIXRE(K)
GO TO (1146C912+60+21+6C),KIRANS
11 VAPOR(JTyK}=FLFEES-QUID(JT4R)
GO TC 5o
12 QUITGPIK) =FLFLES-QUIDIJT k)

O ® -
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13 GC TC 54
C
C FIXEC ENC FLOWS
C

C PARTIAL CCNDENSER
L4 IF (FLFEES-FIXTVIK)) 15415,17
15 VAPORIJT4K}=FLFLES
16 QUID(JT,K)=U.0
KALTER=}
60 TC 56
LT VAPOR(JTyKI=FIXTVIK)
QUID(JT yK)}=FLFEcS~VAPCR(JT k)
GG 10 58
C TOVAL CONCENSER
18 IF (FLFEES-FIXTL(K)) 19,19,20
19 QUITOPIK)=FLFEES
QUIDIJT,K)=UL0
KALTER=1
GO TG 54
20 QUITOPIR)=FiXTLI(K)
QUID(JT,K)=FLFEES-QUITOPIK)
GO 10 54
C TWO PROUDUCT CONCENScR
21 TEMP{JT4KI=TCSET(K])
VAPYS$=0.0

QUIDXS=0.¢
LO 22 I=1,NCOMPS

EQK=EQUILKF(ATTyK) ¢ BUL oK) CLT K)o TCSLTIR))

VAPYS=VAPYSH+FLFCED( ) /FLFEESREQR
22 QUIDXS=CUIDXS+FLFEEC(I)/FLFEES/LQK
IF (VAPYS-1.0) 23,23,30
23 VAPOR(JI4K)}=0.0
GD TG (60+60460+60927+24)4KTRANS
24 IF (FLFEES-FIXTVLIK)) 25,25,26
25 QUITUP{K)=¥LFEED
QUIC(JT,,K)I=C.0
GO TU 28
26 QUITOPIK)=FHIXIVLIK)}
QUIDIJT K)sFLFELS-QUITOPIK]
GO TG 24
27 QUIBLJTK)=FIXRE(K)
QUITOPIK)=FLFEES-QUIDIJTK)
28 DO 29 [=1,NCOMPS
GENVY{14JTyK)=0.0
29 GENLX(I4JTK}=FLFEEC(])
GC TO 69
30 IF (QUIDXS~1.0) 31,431,36
31 CUITOPiIN)=0.0
GU TO (60460+160,60+32433)+KTRANS
32 QUID(JY,K)=F IXRE(K)
VAPOR(JT oK) =FLFEES~QUID(JT K}
L0 10 Su
33 IF (FLFCES-FIXTVLIK))} 34,34,35
34 QUIDIJT,K)=20.0
VAPOR{JTyK)=FLFLES
KALTER=1
GO TG So
35 VAPODR(JT+K)I=FIXTVLIK)
QUIDIJT yR)=FLFECS~VAPCRIJT 1K)
GC IC 5»
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IF (QUIDUJT,K)+QUITCPIK)) 37437438
FLL=1.0c-4eFLFELS

FLVaFLFEES-FLL

GO TL 43

IF (VAPOR(JT,K}) 39,39,40
FLV=1.,00L-4®*FLFEES

FLL=FLFLES-FLYV

GO TG 43

IF ({QUID(JT +KI+CUITOPIK)}I=VAPORIJTK)) 4ly41442
FLL=FLFEES/UIVAPURIJT K ZIQUIDIUT yKIHCUITOPIK) ) +1,.0)

FLV=FLFEES-ILL
GO TC 43

FLVSFLFCES/ (LQUIDIJT oK) +QUITCP IR} I/ VAPCRIJT yK)+1.0)

FLLsFLFEES~FLY

CALL ISCTHL (FLVAPFLLICFLVIFLL TEMPLIJI,K))
GO TO (60,6U160+160444947) 9 KTRANS
IF (FLL-FIXRE(K)) 45,645,468
QUITOPI(K}=0.0

CUIB(JTyK)=F IXRLIK)
VAPCRUJT 4 K)=FLFEES~CUIN(JIT k)
GO TO 53

QUID(JT 1K) =FIXRLIK)
QUITOPIK)=FLL-CUIDLJT,K)
VAPCRIJTyK)=FLV

60 TC 52

[F (FLFEES-F IXTVLIK)) 48,48,49
CUID(JT,K)=C.0

VAPCRUJI K}=FLV

QUITOPINR)=FLL

KALTER=]

uC IC 52

IF (FLV=FIXTVL{K)) 51451450
QUITOP(R)=0.0
VAPOR{JT K )=FIXTVLIR])

CUIDIJIT 4K =HLFLES-VAPCRUJT4K)
GO TC 58

VAPOR{JTyK)=FLY
QUITOP(R)=FIXTVLIK)=VAPCR(JI k)
QUIDIJT +K)=FLFELS-FIXTVLIK)

DL 53 [=1,NCOMPS
GENLX(LsJlan)=FLLIQ(T)

GENVY (I +JT,K)=FLVAP(L)

GC TC U

CALCULATIGN OF CONDLNSER TEMPERATULRE

BUBBLE PCINT

54

55

OEwW
56

57

B0 55 [=1,NLOMPS
GENLXII)JYeK)=FLFEECIL)
GENVY(I,4J¥,x)=0.0
QUIGXIL)=FLEEED(T)}/FLFEES
CALL BUBPT (TeMP{JT4K))
GC 10 &2

POINT

CO 57 [=1,NCOMPS
GENLX{TIJTyx)=0.0
GENVY(I1,JT,K)=FLFEEC(I)
VAPY{I)=FLFLED(L)/FLFLES:
CALL CEWPT {TERPIJT,K))
GO TO 60

FLASH

58

FLVaVAPUR(JI4K)
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FLL=QUIDIJT,K)+LUITCPIK)

CALL ISUVEL (FLVAPSFLLICFLVsFLLITEMPIIT,K))

CO 59 I=1,NCOMPS

GENLX(I JTyx)=FLLIQUI)

GENVY(14JT,n)2FLVAP(I)

VAPMGHIJT4K)=0.C

CUIMORIJT,K)=0.0

DO 61 1=14NCOMP>

VAPMOK{JT K ) VAPMOH{JT oK) +GENVY (L7 oK) #THALPFILNTHULT) JENTHW (),
LTEMPLUT K}

QUIMOR(JT K ) =QUIMCHIJT 4K I+LUNLX LT 9 JT oK) @ THALPF (ENTHR UL ) JENTRLET),
LTEMP(JT,K))

IF (VAPGR(JT,x}) 63,634€2

VAPMCHUJT,K)=VAPMUHIJT+K}/VAPCRIJI K]

TF (GUIDIJT,,KI4GUITCPIK)) 65,65,64

CUIMCHIJT k) =CUIMCHIJT R )}/ {QUIDIJTKI+QUITLPIK))

CONTINUL

RETURN

END
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C PROGRAM GENVL SUBROUTINE FCR CCRRECTION CF INVENTORY CF COMPCNENTS

C
c

SUBRUUTINE INVEN

CIMENSION AL20,5)4B(20,51+9C(2C5)yNSTGSI5)ENTHKIZ20) ENTHL{20),
LENTHULZO) o ENTHWI20 ) yEXTFLI2U¢40+5) yEXTFOH(405)+sSVFLE{4G5)
2SLFLO(4045) s JSVFROL4045) ¢KSVFROU40¢5) 9 JSVTO(4095) 4+ KSVTQ(4045),
3JSLFRO(40,5) 2KSLFRO(40+5 )4 JSLTO(4045) ¢ KSLTO(404%) s JEVFRC{4045)
GKEVFRO(4095) 9 JEVTOL4045) +KEVTC(4095) yJELFROI4045) ¢KELFRC(40,5)
SJELTO(4US)yKELID(4CyS) yJRETYP{S) o JCCTYP(S) 4 JCOCLIAGS)
6TCOOL(4U,5) s TEMP(4045) ¢ VAPOR{40,45) yQUID{40+5)+QUITOP{5) 4TCSET(S),
TEIXRVIS) o FIXBLIDY 4FIXRE(S)oFIXTVIS) 4FIXTLIS)FIXTVLID),
BFIXSVI4US)oFIXSLI40+S5),QUIMOHI40,5) s VAPMOH{40,5) ¢GENLX(2054045)
QGENVY{20440,5) yhMODE(4045) ot LFELD(20) o+ FLVAP(20),FLLIQL2C)

DIMENSION SUMFDU(20) 4FLVAPL{20),FLLICL(20) ,QUNBAL{40+5),
1COOLLE(40,5) 4REBLO(S) yCCNGLD{5) 4 PRDOSUM{20) s RFSUM{20) yCUNBAL (20},
2QUIDX{20),VAPY(20) QK (20)+FD(40)

COMMON A ByCoNSTGS o ENTHK yENTHL »ENTHUJENTHW EXTFOEXTFDHSVFLO,
1SLFLOyJSVFRLIKSVFRO s JSVTOWKSVTO s JSLFROYKSLFROJSLTO,KSLTD,
2JEVFROVKEVFRO s JEVTO ) KEVTO o JELFROGKELFROyJEL IO KELTO o JRETYP,
3JCOIYP4JCUOL s TCOOL o TEMP s VAPGR,QUID QUITOP TCSET W FIXRY,y
GFIXBLFIXRE JFIXVVoFIXTLyFIXTVLoFIXSVoFIXSLyCUIMCH, VAPMOFGENLX
SGENVY ¢KMODE ¢ FLFEED » SUNFD yQUNBAL »CUOLLD yREBLDy CONDLD ¢ PROSUM RF SUM,
6CUNBAL s GUIDX ¢ VAPY JECK ¢FC yNCCMPS 4K ¢ BOFERRyFLFEES yKALTER¢NCOLSy
TPRDERRy L TERAT,CHECK s PRSERR s TMAX, TMIN

DO 30 1=1,NCOMPS

1 DO 29 K=1,NCOLS

JT=NSTGS(K)

DO 16 J=1,J1

FOUJ)SEXTED(T4J4K)

IF (KSVERO(J9K)) 44,2

2 JV2JSVFRO(J,K)
KV=KSVFRO{J,K)
IF (SVFLO{JUVIKV)) 44443
3 FO(J)=FDUJ)+GENVY (L ¢ UV KV)#SVFLC(JVIKV)/ISVFLOIJV KV )+
LVAPOR(JVKV) )
& IF (KSLFRO{JyK)) 74745
S JV=JSLFRO(J4K}
KV=KSLFRO(J 4K}
If (SLFLOUJVKV)) T47,46
6 FOUJI=FO(J)OGENLXIL oIV oKVI#SLFLOGIVeKV)/ISLFLOLJYVeKVI*
LQUIC(JVKV))
T IF (KEVFRO(JK)) 1041048
8 JV=JEVFRO{JK)
KV=KEVFRO{J WK}
IF (VAPURIJVsKV)) 10s10,9
9 FOULJI=FDIUI4GENVY (T o JVoKV)I#VAPOR{IV KV )/ IVAPURIJIV oKV )+
LSVFLOGJVKVI])
10 IF (KELFRO(JWK)) 16,116,411
11 JV=JELFRO(J,K)
KV=KELFRO(J+K)
IF (Jv=1}) 12,112,414
12 IF (QUIDIJV.KV)) 16416413
13 FO(J)=FOIJI)+GENLXIT 4V oKVISQUIDIJIVKV)/{QUILIJIVKVI+SLFLOLJIV,KV))
GO TO 16
14 IF (QUITOP{KVI) 16416415
15 FO(J)ISFOIJI)+GENLX(T oIV oKV)®QUITCPIKVIZ(QUITCPIKV)+QUIC(JV.eKV))
16 CONTINUL

DO 29 NTIMES=1,4>

J=1

JOELTA=L
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KTIMES=280T-1

DO 29 KCOUNI=L,KTIMES

CIN=FD(J)

IF (J-1} 17,19417
17 IF (VAPORUJ=14K}) 19,19,18
18 CINSCIN+GENVY(IJ=1,K)#VAPOR(J~1,K)/{VAPOR(J=~1,K)+SVFLO(J-1,4K))
19 IF (J=JT1) 204+24420
20 IF (QUILIJ+14K) ) 24,424,421
21 IF (J=(JT-1)) 23,22,23
22 CINCIN#GENLX{I jJ#1 oK) 2QUIDIJI+L oK)/ (SUIDII+L,KI+QUITOPIK)+

ISLFLO(J+14K))

GO 1O 24
23 CIN=CINGENLX{T4J+1 oK) *QUID(J+1L4K)/Z7(QUIDIJI+14KI+SLFLGUJ+14K])
24 IF (GENLX{IJoKI+GENVY(LyJeR)) 264206425
25 GENLXN=CINOGENLX{I2J9K)/Z(GENLX{L9dsK)+GENVY (19JeK))

GENVYN=CIN®GENVY Ty JoK)Z{GENLXLT ¢ JsKI+GENVY (1 4dsK))

GENLX[1¢JoK}zUENLXN#1.0E-20

GENVY{IsJoK)=GENVYN+1,0L-20
26 IF (J=-JT1) 208.27,28
27 JDELTA=-]
28 J=J+JDELTA
29 CONTINUL
30 CONTINUE

RETURN

END
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C PROGRAM GENvVL SUBRCUTINE FLR BUBBLE PCINT CALCULATICA

¢
c

o« -~

10
11

SURRUUTINL kuBPE (1)

CIMENSIUN A(2045)eBl20U,51,CL2Cy9) yNSTGS(5) +eNTHRIZO) ytNTHL{20),
LENTHULU ) gEHTHWI20) +EXTED(20 04099 ) gL XTFCHI4U5) o SVFLC(40,5),
2SLFLGI4U D) 1 IUSVFRUL4US) JKSVFROTGU5) 9 JSVTU(4095) s KOVTOL4U D),
3ISLFRO(«045) e KSLFROC4Ge5) ¢ JdOLIC(4U¢5) ¢KSLTUILC 191+ JEVERC 140,451,
GREVFREGG0,5) ¢ JEVTUL4U025) yKEVTICI4US) «JELFROAGU+5) KLLFRC (40451,
SJELTULGU9) 9 KELIOI4CeS) ¢ JRETYP(3),JCCTYP(5) ,JCUCLIALIS),
OICOULL4U S s TEMPLGO,S) o VAPOR{4US)CULDI0+5) ,QUITCPLS) 4 T1CSETI5),
TRIXRVIS) o IXDLEY) ¢ FIXRE(S o IXTVISHoFEXTLIS ) FIXTVLIO),
BEUIXSYLGU5) o FIXSLI4G S ) yQUIFURIGC5) yWAPMTHISD,5) 4 GeNLX120440,5)
YUENVY(2U4s40¢5) s KMCOE (4D 45) 4 FLFECDI20) oFLVAP(20),FLLIGL2C)

DIMENSICN SUMFDI20) oFLVAPLIZ20) 4FLLIGLI20) ,QUNBALIGOD,5 ),
LCOOLLLI40¢5) yREBLDIS) S CONCLL(5) o PRDSUM(20) »RFSUME20) ,CUNBAL(20),
2C0UIDX(20),VAPYLZ0),LQK(20),FDleU)

COMMCN Ayl oCoNSTGSyENTHR G ENTHL o eNTHUSENTHI s EXTFCoEXTHOH o SVFLU,
LSLFLOeJISVFRU ' KSVFROGJSVTO KSVIU ¢ JSLFRO¢KSLFRO4JSLTOWKSLTO,
2IEVFRCGKEVFROy JLVTOIKEVTIU ) JELFRGyRELFRO  JELTOWKLLTC  JRETYF,
3JCOTYPyJCUOLy TCOOL» TEMP ¢ VAPCR 4QUIDQUITCP, TCSET »FIXRY,
GFIXALoFIXRL o FIXIVyFIXTL oFIXTVL yFIXSVFIXSLoCUIMCHVAPMOF«GENLX,
SGENVY ¢ KMUDE » HLFLED s SUFFC o QUNBAL yCUOLLD + REBLE 4 CONDLD » PROSUMy RFSUM,
6CUNBAL ¢ GUIDX»VAPY s ECKyFL o NCUMAS oKy BOFLRRFLFEES o KALIER/NCDOLY
TPROERRy L TERAT,CHECK yPRSERR y TMAX, TMIN

EQUILKF (AyByCyTI=EXPF{A/(T4+460.0)+B+Co1T+460.0))

KYEMES= L

TINY=10.0

SUMY=C,u

00 2 I=1.MCCMPS

SUMY=SUMY¢QUIDXIT I #cQUILKF (AL oK) 4BUI oK) oCl1sK)yT)

IF {ARSHISUMY=1.0)-BDFERR) 944,13

KTIMES=K T MES-1

IF {(K1IMES) T40,4

SUMYQ=SUMY

TC=1

IF (SUMY-1.0C) 54546

TaT+TINT

1F (T-TMAX) L,y10Gs10

T=T-TINI

1F (T=TMIN) 1lellst

IF ((SUMYU=1.0)8(SUMY=-1,0}) He4s4

SLOPE= [ 5UMY-SUMYD) /(T=-TL)

SUMYC=SuUMY

TO=T

T2{{1.0-SUMY)/SLOPE) +Y

TINT=TINT/1Ge0
Go 106 1
RETURN

T=TMAX
RETUKRN

T=TMIN
RETURM
END



344

D. N. HANSON AND G. F. SOMERVILLE

C PROGRAM GENVL SUBROUTINE FOQR DEW POINT CALCULATICN

[
C

&+ W N

@ o W

i0

11

SUBRUUTINE CEWPT (T)

DIMENSION A(20,5)+8{2045)4C120,5)yNSTGS(5)+ENTHK(20) ,ENTHL(20),
1ENTHUL20) ¢ENTHWI20) ,EXTFD{20+40+5) yEXTFOH{4045) ySVFLO(404+5),
2SLFLOU40¢5) 9 JSVFRO14045) yKSVFROU40¢5) 4 JSVT0D{40,5)4KSVTO(40,5),
JJSLFRO( 40,5} sKSLFRO(4045)yJSLTO(40+5) +KSLTO(40¢5) +JEVFRC(40,5),
4KEVFRO(4095),JEVTOL40,5) yKEVTOL{4045) 2 JELFRO(40,5) KELFRC(40,5),
SJELTO(40,5) sKELTOL{40,5) 4 JRETYPU(S) ,JCOTYP(S) ,JCOOL(40,5),
6TCOOL{40+5) s TEMPL405) s VAPORI40+5) 4QUIDI40+5),QUITOP(S) 4TCSET(5),
TFIXRVIS) o FIXBLISYyFIXRELS) oFIXTVIS) +FIXTLIS) o FIXTVL(S),
BFIXSVI4045) oFIXSLU&0,5) 2QUIMOH(4045) s VAPMOH(40,5) yGENLX(2044045),
QGENVY(20440+5) 4KMODE(40+5) 4FLFEED(20) +FLVAP(20),FLLIGL20)

DIMENSION SUMFD(20) ,FLVAPL120),FLLIQL(20)QUNBAL(40y5),
1CO0LALD(40+5) ,REBLD(5),CCNDLD(5) +PRDSUMI20) yRFSUM{20) ,CUNBAL(20),
2QUIDX(20) VAPY(20)4EQK(20) 4FD(40)

COMMON A¢BoCoNSTGSENTHK ENTHL ¢ ENTHU9ENTHW» EXTFOVEXTFOH SVFLO
LSLFLOy JSVFRUWKSVFRO» JSVTO,KSVTO s JSLFROWKSLFRO,JSLTO#KSLTO,
2JEVFRO,KEVFROy JEVIOWKEVTIOy JELFROWKELFROGJELTO(KELTCJRETYP,
3JCOTYP,JCOOL,TCOOL y TEMP s VAPOR QUID+QUITOP, TCSETFIXRY,
GFIXBLoFIXRE yFIXTVFIXTLoFIXTVLoFIXSVoFIXSLo QUIMOH» VAPMOHGENLX s
SGENVY yKMODE »FLFEED  SUMFD s QUNBAL s COOLLD ,REBLD+CONDLD ¢ PRDSUMRF SUM,
GCUNBAL yQUIDX ¢ VAPY +ECKyFDyNCGMPS 4K ¢ BDFERRFLFEES ¢KALTER)NCOLS,
TPRDERR ¢ I TERATyCHECK ¢ PRSERR  TMAX s TMIN

EQUILKF (AyByCyTI=EXPFIA/({T+460.0148+Ce(T+460.0))

KYIMES=1

TINT=10.0

SUMX=0.0

D0 2 [=1.NCOMPS

SUMXaSUMX+VAPY (1) /EQUILKF(ALT oK) yBEI oK) oClIK)yT)

IF (ABSF(SUMX-1.0)-BDFERR)} 9,9,3

KYIMES=KTIMES-1

IF (KTIMES) To%r4

SUMXO=SUMX

T0=7

IF (SUMX=1.0) 5:9+6

T=2T-VINi

IF (T-TMIN) 10,1041

T=T+TINT

IF (T-TMAX) 1,11411

IF ({SUMXO=1.0)#{SUMX~1.0)) 84444

SLOPE=( SUMX-SUMXO0}/(T-TC)

SUMXO=SUMX

T0=¥

T={{1.,0-SUMX}/SLOPE)+T

TINT=TINT/10.0

GO Ta 1

RETURN

T=TMIN

RETURN

T=TMAX

RETURN

END
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GRAM GENVL SUBROUTINE FOR FLASH TEMPERATURE CALCULATICN

SUBROUTINE I1SOVFL (FLVAPFLLIQ.FLVFLL,T)

DIMENSION A(20¢5),B(20¢5),C(20+5)¢NSTGS{5) 4ENTHK{20),ENTHL(20),
1ENTHU(20 ) +ENTHW(20) s EXTFD(20,40+5) +EXTFOH(4045) ¢ SVFLO(40+5) 4
2SLFLOL40+5) ¢ JSVFRO(40+5) yKSVFRO(4045) 4 JSVID{4045)yKSVT0(4045),
3JSLFRO(40,5) ¢KSLFRDOU4045) ¢ JSLTO{4045) ¢KSLTO(40¢5) ¢ JEVFRC{40,45),
4KEVFRO{4045) s JEYTOL40¢5) yKEVTC(40y5) ¢ JELFRO(40¢5) KELFRC{4045),
SJELTAC40+5) +KELTO(40+5) »JRETYP(5),JCOTYP{5) ,3CO0L(40,5),
6TCOOL(40,5) yTEMP{4045) ¢ VAPOR(404+5),4QUID(40,45)4QUITOP(5),TCSET(S),
TFIXRVIS) yFIXBLIS) ¢FEXRELIS) yFIXTVIS) oFIXTLIS)FIXTVLIS),
BFIXSV(4045) 4FIXSLI40¢5) sQUIMOH{40+5) s VAPMOH(4045) ,GENLX(20940,5),
9GENVY(20+4045) yKMODE(4045) yFLFEED(20) 4FLVAP(20) 4FLLIQ(20)

DIMENSION SUMFD120) «FLVAPL(20),FLLIQL(20),yQUNBALL40,5),
1CO0LLD(40,5) yREBLD(S)yCONDLD(5) 4 PRDSUM{20) 4 RFSUM{20) ,CUNBAL{20),
2QUIDX120),VAPY{20) +EQK{20),FD140)

COMMON A4ByCoNSTGS1ENTHK ENTHL ¢ ENTHUoENTHW ¢ EXTFDEXTFDH,SVFLO,
LSLFLOsJSVFROJKSVFRO 9 JSVTQ4KSVTQs JSLFROJKSLFRO9JSLTOWKSLTOy
2JEVFROVKEVFRO ¢ JEVTOKEVTOy JELFROSKELFROyJELTOWKELTO,JRETYP,
3JCOTYP,,JCOOL , TCOOL  TEMP , VAPOR s QUID+QUITOPy TCSET o FIXRY,
GFIXBLoFIXREZFIXTV FIXTL FIXTVLoFIXSVoFIXSL,QUIMOH,VAPMOKGENLX
SGENVY ¢ KMODE 4 FLFEED » SUMFC yQUNBAL yCOOLLD yREBLOyCONDLD PROSUM ¢ RFSUM,
6CUNBAL s QUIDX s VAPY yEQK s FD yNCOMPS s Ky BDFERRyFLFEES 9 KALTERyNCOLS,
TPROERR ¢ [ TERAT o CHECK ¢ PRSERRy TMAX s TMIN

EQUILKF{A¢ByCyT)=EXPF(A/(T4+460.0)+B+Co(T+460.0))

KTIMES=1

TINT=10.0

FLVAS=0.0

FLLIS=0.0

DO 2 I=1,NCOMPS

EQK=EQUILKF(ALT K} 9BII oK) oCUI4K)oT)

FLVAP(1)=FLFEED{J )/ (FLL/FLV/EQK*].0)

FLLIQ{I)=FLFEEDIT)/(FLVSEQK/FLL*+1.0)

FLVAS=FLVAS+FLVAP(T)

FLLIS=FLLIS*FLLIQ(I)

IF (ABSF{FLVAS/FLV-1.0)-BOFERR) 343,4

IF (ABSFIFLLIS/FLL-1.0)~BDFERR} 15+15¢4

KTIMES=KTIMES-1

IF (KTIMES) 104945

FLVASO=FLVAS

FLLISO=FLLIS

T0=T

IF {FLV=FLL) 646.7

IF (FLVAS/FLV-1.0) 8,8,9

IF {(FLLIS/FLL-1.0) 9:9+8

T=T+TINT

IF (T-TMAX) 1,1,16

FaT=-TINT

IF (T-TMIN) 174141

IF (FLV~FLL) 11,411,413

IF ((FLVASO/FLV-1.0}8(FLVAS/FLV-1.0}} 12,45,5

SLOPE={FLVAS/FLV-FLVASO/FLV)/(T-TO)

FLVASO=FLVAS

FLLISO=FLLIS

TO=T

T=((1.0-FLVAS/FLV)/SLOPE)+T

TINT=TINT/10.0

G0 10 1

IF ((FLLISO/FLL-1.0)8(FLLIS/FLL~1.0)) 14,545

SLOPE=(FLLIS/FLL-FLLISO/FLL)/{Y-TO}
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FLVASO=FLVAS
FLLISO=FLLIS
TO=7¥
T={(1.0-FLLIS/FLL)/SLOPE)+T
TINT=TINT/10.0
GO Y0 1
15 RETURN
16 T=TMAX
GO G 18
17 T=TMIN
18 FLVAS=0.0
FLLIS=0.0
00 19 I=1,NCOMPS
EQK=EQUILKFIAITyK) »BUE oK} »C{I14K),T)
FLVAP (L) =FLFEED(I)/IFLL/FLV/EQK+1.0]
FLLIQUI)=FLFEED(I)/(FLVSEQK/FLL*+1,.0)
FLVAS=FLVAS+FLVAP(])
19 FLLIS=FLLIS+FLLIQ(I)
FLV=FLVAS
FLL=FLLIS
RETURN
END
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C PROGRAM GENVL SUBROUTINE FOR ISOTHERMAL FLASH CALCULATION
c

[4

SUBROUTINE ISOTFL {(FLVAP FLLIQFLVFLL,T)

DIMENSION A(2045)4B(20,5)¢Ct20+5)¢yNSTGS(5),ENTHK(20),ENTHL(20),
LENTHU(20) yENTHW(20) yEXTFD{20,4045) +EXTFDH{40,5) ySVFLO(40,5),
2SLFLO(40,5)yJSVFRO(40+5) ,KSVFRO(4045),JSVTO140,5) s KSVTO(404+5),
3JSLFRO(4045) ¢KSLFROU&045)9JSLTO(4095)oKSLTO(405) ¢ JEVFRC{4045),
4KEVFRO(4055) s JEVTO(40Q:5) 2KEVTOI40+5) «JELFRO(40,5) ¢KELFRC(40+5),
SIELTO(4045) oKELTO(4G045) 2 JRETYP(5) ,JCOTYP(S),JCOCL{40,5),
6TCOOL(4045), TEMP{40,5) VAPOR{40,45)QUID(40,5) QUITOP(5) +TCSET(5),
TFIXRVIS) o FIXBLIS)FIXREIS) o FIXTVIS)oFIXTLIS)FIXTVLIS),
BFIXSV(40,5)4FIXSLI40+5) QUIMOH(4045) 4VAPMOH(40,5) yGENLX(20440,5),
9GENVY(20,40,5) yKMODE(40,5) 4FLFEED(20) yFLVAP(20)+FLLIQ(20}

DIMENSION SUMFD{20)FLVAPL(20) FLLIQL(20)+QUNBAL{40,5),
1CO0LLD(40,5) REBLD(S)»CONDLD(5) yPRDSUM{20) yRFSUM(20) CUNBAL{20),
2QUIDX{20),VAPY(20),EQK(20) +FD(40)

COMMON A,BysCyNSTGSsENTHK4ENTHL ¢ ENTHUENTHW EXTFD+EXTFDHSVFLO
LSLFLOyJSVFROKSVFRO»JSVTO,KSVTOsJSLFROyKSLFRO»JSLTO,KSLTO,
2JEVFROyKEVFRO 9y JEVTOoKEVIOy JELFROZKELFROy JELTOWKELTOD, JRETYP,
3JCOTYP,JCOOL»TCOOL » TEMP . VAPOR,QUID4QUITOP o TCSET 4FIXRYy
GFIXBLIFIXREGFIXTV FIXTL FIXTVLFIXSVoFIXSLyQUIMOH, VAPMOM,GENLX,y
SGENVY KMODE s FLFEED s SUMFD o QUNBAL »COOLLD yREBLDyCONDLD  PROSUMyRFSUM
GCUNBALsQUIDX ¢y VAPYEQK o FL yNCOMPS oK, BDFERR«FLFEES yKALTERyNCOLS
TPRDERRy ITERAT,CHECK yPRSERR y TMAX, TMEIN

EQUILKF(AyByCyT)=EXPF(A/(T+460.0)+B+Ce(T+460.0))

KTIMES=1

FLINT=,1

DO 1 I=1,NCOMPS

1 EOK(IISEQUILKFCA(T oK) o8BI oK) osClLI oK) T}
2 FLVAS=0.0
FLLIS=0.0
3 DO 4 I=],NCOMPS
FLVAP{L)=FLFEED(I)/{FLL/FLV/EQK(]1)+1.0)
FLLIQUIV=FLFEED(I)/{FLVOECK(I)/FLL*1.0)
FLVAS=FLVAS+FLVAPL(IT)
FLLIS=FLLIS+FLLIQ(I)
IF (ABSF{FLVAS/FLV-1.0)~BDFERR) 5,546
IF (ABSFIFLLIS/FLL=1.0)-BDFERR) 23,23,6
IF (FLVAS/FLFEES~1.0E=6) 2442447
IF (FLLIS/FLFEES-1.0E-6) 26,26,8
KTIMES=KTIMES~1
1F (KTIMES) 18,9,9
FLVASC=FLVAS
FLLISOsFLLIS
FLVO=FLV
FLLO=FLL
IF (FLV-FLL) 10,10y14
10 IF (FLVAS-FLV) 11,1212
11 FLV=FLV®{1.0-FLINT)
60 10 13
12 FLVaFLY® (1. 0¢#FLINT)
13 FLL=FLFEES-FLY
GD 7O 2
14 IF (FLLIS-FLL) 15416416
15 FLLsFLL®(1.0-FLINT)
GO Y0 17
16 FLLsFLL®{1,0¢FLINT)
17 FLVSFLFEES-FLL
60 70 2
18 IF (FLV-FLL) 19419,21

g @~
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19
20

21
22

23
24

25

26
27
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IF ((FLVASO-FLVO)®{FLVAS=FLV)) 2049+9
SLOPE={FLVAS/FLV-FLVASO/FLVO)/{FLV-FLVO)
FLVASO=FLVAS

FLLISQ=FLLIS

FLVO=FLYV

FLLO=FLL
FLV=({1.0-FLVAS/FLV)/SLOPE)+FLYV
FLL=FLFEES~FLV

FLINT=FLINT/10.0

GO0 10 2

IF ((FLLISO-FLLUY#{FLLIS-FLL)) 22,9,9
SLOPE=(FLLIS/FLL-FLLISO/FLLG)/{FLL-FLLD
FLLISO=FLLIS

FLVASO=FLVAS

FLLO=FLL

FLVO2FLV
FLL=((1.0-FLLIS/FLL)/SLCPE)+FL
FLVSFLFEES-FLL

FLINT=FLINT/10.0

GO T0 2

RETURN

00 25 I=14NCOMPS

FLVAPLI)=0.0

FLLIQUIN=FLFEED(I)

FLV=0.0

FLL=FLFLES

RETURN

DO 27 I=1,NCOMPS

FLLIQ(I)=0.0

FLVAP{1)=FLFEEDII)

FLL=0.0

FLVYSFLFEES

RETURN

END
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EXAMPLE 1 REBOILED ABSORBER {7 CONPONENTS - 9 STAGES)
BOTTOM PRODUCT SET INTERCOOLER ABOVE FEED PLATE

INPUT DATA

NO. OF COMPONENTS NO. OF COLUMNS
1 1

FYYYY) sesssces

NUMBER OF STAGES = 9

EXTERNAL FEED OF 0.64729998F 03 MOLES TO STAGE 3 OF COLUMN 1
COMPONENT AMQUNTS
0.24550000€ 03 0.31599999E 02 0.22179999€ 03 0.13140000€ 03 0.75000000€ 01}
0.20999999E€ 01 0.73999999€ 01
ENTHALPY OF FEED = 0.36067279¢ 07

EXTERNAL FEED OF 0.10550000€ 04 MOLES TO STAGE 9 OF COLUNN 1
COMPONENT AMOUNTS
=0. -0, =0. -0. -0.
=0, . 0.10950000€ 04
ENTHALPY OF FEED = 0.53309149€ 07
REBO{LER, FIXED LIQUID FLOW = 0.14200000€ 04
NO CONDENSER

INTERCODLER BETWEEN STAGE & AND STAGE 5 COOLING LIQUID FLOW TO STAGE & TO TEMPERATURE OF 0.20000000& Ol

EQUILIBRIUM CONSTANTS A EQUILIBRIUM CUONSTANTS 6 EQUILIBRIUM CONSTANTS C
-0 0.50000000€ 01 “0.
~0.,22610600€ 03 0.11134600€ 01 0.28649999E-02
-0.27829800E 04 0.77318999€ 01 ~0.33¢09999E-02
=0.19952100€ 04 0.46058199€ 01 ~0.68600000€-03
=~0.42899700E 04 0.94739396€ 01 -0.40799999E-02
=0.60171299€ 04 0.13181700€ 02 ~0.71220000€-02
=~0.59302099€ 04 0.63820399€ 01 ~0414200000E-03

TENPERATURES

0.22499999€ 03 0.,20312500€ 03 0.16125000¢ 03 0.15937500E 03 0.13750000€ 03
0.11562499€ 03 0.93750000€ 02 0.71875000€ 02 0.50000000€ 02

(1221} seces sesse ALL COLUMNS

ENTHALPY CONSTANTS K ENTHALPY CONSTANTS L ENTHALPY CONSTANTS U ENTHALPY CONSTANTS W
0.67999999€ 01 0.13100000E Q4 0.67999999E Ol 0.13600000E 04
0.15200000€ 02 0.29899999€ 04 0.90000000E 01 0.45999999€ 0¢
0.16800000€ 02 0.32500000€ 04 0.13500000€ 02 0. 70200000E 04
0.17299999€ 02 0.33300000€ 04 0.16500000€ 02 0.78699999¢ 04
0.23000000E 02 0.43300000€ 04 0.22600000€ 02 0.93600000E 0¢
0.30700000E 02 0.57399999€ 04 0.30199999E 02 0.12500000€ 0%
0.36399999€ 02 0.49800000€ 04 0.23899999€ 02 0.18660000E 0%

PRODUCT ERROR LIMIT BUBBLE DEW FLASH ERROR LIMITY
0.20000000€ 01 0.99999999E-06



ITERATION NC. = &0

0s¢

coLunn 1

VAPOR AND LIQUID PRODUCY AMOUNTS AND INTERCOMMECTING FLOWS

SOTYOR PRODUCY OF 0.14200000€ 06 MOLES
CONPONENT AMOUNTS

0.12847170€-02 0.51427767€ Q0 0.21751072€ 03 0.13058984£€ 03 0.T7486T361€ 01
0.20979225& 01 0.10617993€ 04

COMPONENT RECOVERY FRACTIONS

0.52330633€~05 0.16274609€-01 0.98066148E 00 0.99383446E 00 0.99823148€ 00
0.99901071€ a0 0.99943475E 00

VAPOR TOP PRODUCT OF (0.28C31858E 03 MOLES
COMPOMENT ANOUNTS

0.24546384€ 03 0.31070086E 02 0.29914765SE 01 0.36706624E-00 0.42371TT9E-06
0.94971218E-11 0.42409919€-00

COMPONENY RECOVERY FRACTIONS

0.99986084E 00 0.9832305T7€ 00 0.13487270€E-01 0.27935026€-02 0.56503705€-07
0.435224389£-11 0.39918975E~-03

STAGE VARIABLES

STAGE TENPERATURE VAPOR FLOW LIQUID FLOMW VAP MOL ENTH LIQ MBL ENTH HEAT UNBALANCE
1 0.22331616€ 03 0.63440771E 03 0.14200000€ 04 0.11482784E 05 0.11606053E 05 0.
2 0.89738540€ 02 0.50123933€ 03 0. 20544077€ 06 0.85517238E 04 0.66681604E 04 0.263497%0€ 05
3 0.48T617T4€ 02 0,10327732€ 04 0. 19235867 04 0.63513061E 04 0.55756069€ 04 ~0.29623750€ O+
. 0.32829596€ 02 0.73153252€ 03 0.18073594E 04 0.54444105E 04 0.51945792€ O -0 44146875 04
s 0.44966235E 02 0.56703161E 03 0.15056229€ 04 0.48746TL6E O 0.58331919€ 04 0.61003730¢ 04
[ 0.32306398£ 02 0.43137398E 03 0.13413865E 04 0.37754168E 04 0.56434273E 04 0.50043750E 04
7 0.1737877T7E 02 0.35320637€ 03 0. 120592006E 04 0.27915682E 04 0.53399421€ 04 0.24TOBTASE 04
L) 0.82386826E 01 0.31502271€ 03 0.1127T8766E 04 0.22099546E 04 0.51418741E O4 0.861650000E 03
° 0.411T0742E 01 0.28031856E 03 0.1089T099E 04 0.18436698E 04 0.50565TT0E Us 0.83937500E 02

REBOLLER LOAD = 0.10067378E 08

INTERCOOLER BETWEEN STAGE & AND STAGE 5 COOLING LIQUID FLOW TO STAGE & TO TEMPERATURE OF 0.20000000€ 01
INTERCOOLER LOAD = 0.19752259€ 07

TOVAL COLUMN MEAT UNBALANCE = 0.31248750€ 05

ATIIAYENOS ‘d ‘D ANV NOSNVH "N 'd

TOTAL PRODUCT MASS BALANCES AND RECDVERY FRACTIONS

RECOVERY FRACTION SUMMATIONS FOR EACH CUMPONENT
0.99986460TE 00 0.99950517€ 00 0.99414875E 00 0.99662795€ 00 0.99823154€E 00
0.99901071€ 00 0.99983393 00

EXCESS MOLES OF EACR COMPONENT ENTERING THME SYSTEM IN FEEDS OVER MOLES LEAVING IN PRODWCTS
0.32878876E~-01L 0.15636444E-01 0.129T78058E 01 0.44308662E-00 0.13263464E-01
0.20774901&-02 0.17642212E-00

TOTAL MASS UNBALANCE {SUM OF ABSOLUTE VALUES OF COMPOMENT UNBALANCES) = 0.19811708€ 01
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EXAMPLE 1A REBOILED ABSORBER {7 COMPONENTS -~ 9 STAGES)
REBOILER VAPOR SET INTERCOOLER ABOVE FEED PLATE
INPUT DATA
NB. OF C(’)NPONENT_S NO. OFlCOLUMS

#o COLUNN 1 .

NUMBER OF STAGES = 9

EXTERNAL FEED OF 0.64729998E 03 MOLES TO STAGE 3 OF COLUMN |

COMPONENT AMOUNTS
0.24550000€ 03 0.31599999¢€ 02 Q.22179999€ 03 0.13140000E 03 0.75000000€ 01

0.20999999E oL Q.T73999999E 01
ENTHALPY OF FEED = _0.36067279E 07

EXTERNAL FEED OF 0,10550000E 06 MOLES TO STAGE 9 OF COLUMN 1
COMPONENT AMOUNTS
—0. -0. -0. -0 -0.
~0. 0.10550000€ 04
ENTHALPY OF FEED = 0.53309149€ 07
REBOILER, FIXED AEBOILER VAPOR s 0.63440770F 03

MO CONDENSER
INTERCOOLER BETWEEN STAGE & AND STAGE S COOLING LIQUID FLOW TO STAGE & YO VEMPERATURE OF 0.2000000v€ Ol

EQUILIBRIUM CONSTANTS A EQUILIBRIUM CONSTANTS B EQUILIBRIUN CONSTANTS C
-0. 0.50000000€ §1 -0«
~0.22610600€ @3 0.11134600€ 0L 0.28649999€-02
~0.27829800E 04 0. TT318999%E O) -0.33409999€-02
-0.19952100E 04 0.46058199€ 01 ~0.66600000E-03
~0442899700E 04 0.94739398E 01 -0.40799999E-02
~0.60171299E€ G+ 0.13181700E 02 « 71320000E-02
=0.59302099¢€ 04 0.63820399E 01 =0.14200000E-03
TEMPERATURES
0.22¢99999E 03 0.19812500€ 03 0.17124999€ 03 0.14437500E 03 0.11730000€ 03
0.90625000& 02 G.63750000E 02 Q.36875000E 02 0.09999999€ 02
» . ave seeee ALL COLUMNS sevsconcssssssesnvnse vas
ENTHALPY CONSTANTS L ENTHALPY CONSTANTS L ENTHALPY CONSTANTS U ENTHALPY LONSTANTS W
0.,67999999€ 0 0.13100000€ 04 0.67999999€ 01 0.13600000€ 04
0.15200000€ 02 0.29899999E€ 04 0.90000000€ 01 0.45999999€ 04
0.16800000€ 02 0.32500000E 04 0.13%00000€ 02 0.70200000€ 04
0.17299999€ Q2 04333000008 0+ 0.16500000€ 02 0.78699999E€ 04
0.23000000¢ 02 0.43300000E Q¢ 0.22600000€ 02 0.93600000€ 04
0.30700000€ 02 0.57399999E 04 0.30199999€ 02 0.12500000€ 05
0.36399999€ 02 0.49800000E 04 0.23859999E 02 0.18660000€ 05

PRODUCT ERROR LINIT BUBBLE DEW FLASH ERROR LINIT
0.20000000€ Ol 0.99999999€~-06



ITERATION NC. = 22

SeBERRREReNE NI LI AN ORIt ERIRs s RIS EARAsuenNsusen COLUMN | Secasescincrssonssnstesssscrtcacassstnsnstanstnerssnses

VAPOR AND LIQUID PRODUCT AMOUNTS AND INTERCONNECTING FLOWS

BOTTOM PRODUCT OF 0.14215221€ 0« MOLES
COMPONENT AMOUNTS

0.12728422E-02 0.51080458€ 00 0.217718B07€ 03 0.13135239¢ 03 0.75225109E 01
0.21025914E 0} 0.10623144E 04

COMPONENT RECOVERY FRACTIGNS

0.51846936€~05 0.16164828€-01 0.98159638€ 00 0.99963773€ 00 0.10030014E 01
0.10012340E O 0.99991951E 00

VAPOR TOP PRODUCT OF 0.2805428BE 03 MOLES
COMPONENT AMQUNIS

0.24549218E 03 0+31164028E 02 0.30B07643E 01 0.38107616E~-00 0.45293911€£-08
0.10363089€-10 0.42483938E-00

COMPONENT RECUVERY FRACTIONS

0.99996B813E 00 0.98b620346E 00 0.13889830E-01 0.29001229E-02 0.56039188B1E-07
0.49348043E-11 0.39988647E-03

STAGE VARIABLES

STAGE TEMPERATURE VAPOR FLOW LIQUID FLOW VAP MOL ENTH LIQ MOL ENTH
1 0.22294358E 03 0.63440770E 03 G.14215221€ 04 0.11473969€ 05 0.11592564E 05
2 0.89724497€ 02 0.50930794E 03 0.20559299€ 04 0.8%535848E 04 0.66669865€ 04
3 0.48772026E 02 0.10377322E 04 0,19268301E 04 0.63599119E 04 0.55736573€ 04
“ 0.32883620€ 02 0.73531319€ 03 0.,18118002€ 04 0.54576842E 04 0.51929630E 04
5 0.45480654E 02 0.57T1TT944E 03 0. 15092070E 04 0.49060863E D4 0.58448264E 04
6 0.32925513E 02 0.43471207€ 03 0.13457621E O« 0.38L11437E 06 0.56576134€ 04
7 0.17795375€ 02 0.35476288E 03 0.12089275€ 04 0.28143570€ 04 0.53497027€ 04
8 0.84111117¢ 01 0+31563499€ 03 0.11291541E 04 0.22196526E 04 0.51459672€ Q6
9 0.41641755€ 01 0.28054288E 03 0.10900842¢€ 04 0.18469136E 04 0.50576640E 04

REBOILER LOAD = 0.10051404E 08

HEAT UNBALANCE

-0.10387000€
~0.18418749E
-0.237968T4E
0.54350000E
0.21628749E
0.15082499€
0.51875000€
0.96937500€

INTERCODLER BETWEEN STAGE 4 AND STAGE 5 COOLING LIQUID FLOW TO STAGE & TO TEMPERATURE OF 0.20000000€ 01

INTERCOOLER LOAD = 0.2001599%k 07
TOTAL COLUMN HEAT UNBALANCE = ~0.97782499E 04

0%
04
0%
03
04
04
03
02

Ly Y Y Ty Y P Y D PRy R R e e T A S T Y Y ) ennne

TOTAL PRODUCT MASS BALANCES AND RECOVERY FRACTIONS

RECOVERY FRACTION SUMMATIONS FOR EACH COMPONENT

0.99997332¢ 00 0.10023683E 01 0.99548620€ 00 0,10025378€ 01 0.10030015€ 01
0.10012340€ Ol 0.10003193€ 01

EXCESS MOLES OF EACH COMPONEMY ENTERING THE SYSTEM IN FEEDS OVER MOLES LEAVING IN PRODUCTS
0.65498352E-02 ~0.74837208E~01 0.10011596€ 01 -0.33347321E-00 -0.22511303E-01
=0.25914609€-02 ~0.33932495E-00

TOTAL MASS UNBALANCE {SUM OF ABSOLUTE VALUES OF COMPONENT UNBALANCES) = 0.17804476E 01

N 44

ETTIAGENOS "d "D UNV NOSNVH
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EXAMPLE 2 DISTILLATION COLUMN WITH SIDE STRIPPER (5 COMPONENTS -
13 STAGES AND 5 STAGES) REFLUX AND STRIPPER PRODUCT SET
INPUT DATA

NO. OF COMPONENTS NO. OF COLUMNS
S 2

353

-
NUMBER OF STAGES = 13
EXTERNAL FEED OF 0.16352999€ 04 MOLES TO STAGE 6 OF COLUMN 1
COMPONENT AMOUNTS .
0.14200000€ 02 0.27119999€ 03 0.94679999€ 03 0.25830000€ 03
ENTHALPY OF FEED = 0.36340000€ 08
REBOILER, FIXED REBOILER VAPOR = 0.12000000€ 04
PARTIAL CONDENSER, FIXED REFLUX = 0.25000000€ 04

FIXED SIBE LIQUID STREAM OF 0.l2100000E O4 MOLES FROM STAGE 9 OF COLUMN 1 TO ST

EQUILIBRIUM CONSTANTS A EQUILIBRIUM CONSTANTS B EQUILYIBRIUM CONSTANTS C
-0.68535999€ 04 . 0.15499999€ 02 ~0.54880000E-02
~0.67555000€ 04 0.13890000€ 02 -0.43289999€-02
~0.73860999€ 04 0.11089999€ 02 -0.19069999E-02
~0.10974800E 05 0.10800000€ 02 ~0.68499999€-03
-0.12060200€ US 0.98399999€ 01 =0.23199999¢-03

TEMPERATURES

0.59999999E 03 0.56500000€ 03 0.52999999E 03 0.49500000€ 03
0.42500000€ 03 0.38999999€ 03 0.35500000€ 03 0.31999999E 03
0.25000000€ 03 0.21500000€ 03 0.18000000E 03

seessuaspssssss COLUMN 2 o»

NUMBER OF STAGES = 3

REBOILER, FIXED LIQUID FLOW = 0.94499999E 03
NO CONDENSER

INTERCONNECTING VAPOR STREAM FROM END STAGE 5 OF COLUMN 2 TO STAGE 10 OF COLUMN

EQUILIBRIUM CONSTANTS A EQUILIBRIUM CONSTANTS B EQUILIBRIUM CONSTANTS C
-0.68535999E 04 0.15499999¢ 02 ~0.54880000E-02
~0.67555000€ 04 0.13890000€ 02 ~0.43209999E-02
~0.73860999€ 04 0.11089999€ 02 ~0.19069999€-02
=-0.10974800€ 05 0.10800000€ 02 ~0.68499999€-03
-0.12060200€ 05 0.38399999¢ 01 ~0.23199999¢-03

TEMPERATURES

0.40499999€ 03 0.38999999€ 03 0.37500000€ 03 0.36000000E 03

sesen

0.14479999¢ 03

AGE 5 OF COLUMN 2

0.4%999999E 03
0.28500000€ 03

1

0.34500000€ 03

sesssess ALL COLUMNS es seee ssennansece
ENTHALPY CONSTANTS K ENTHALPY CONSTANTS L ENTHALPY CONSTANTS U ENTHALPY CONSTANTS W
0.45259999E 02 =0.39080000E 04 0.34069999¢€ 02 0.58%580000€ 04
0.54780000¢ 02 -0.49500000 04 0.42629999E€ 02 0.65239999E 04
0.72549999¢ 02 ~-0.65260000€ 04 0.57799999€ 02 0.11172000€ 05
0.14719000€ 03 ~0.13603000E 05 0.12185000€ 03 0.20993000€ 05
0.20517000€ 03 -0.19101000€ 05 0.17581999€ 03 0.24511000€ 0%

PROOUCT ERROR LIMIY BUBBLE DEW FLASH ERROR LIMIT
0.80000000€ 01 0.99999999€-06



ITERATION NO. = 22

VAPOR AND LIQUID PRODUCT AMOUNTS AND INTERCONNECTING FLOWS

BOTTON PRODUCT OF 0.ADB06T41E 03 MOLES
COMPONENT AMOUNTS

0.72784330E~06 0.23970675€-03 0.53277725E 0i
COMPONENT RECOVERY FRACTIONS
0.512564TCE-07 0,88409370E~06 0.56271362E-02

VAPOR TOP PRODUCT GF 0.282809108€E 03 MOLES
COMPONENT ANOUNTS

0.14747446€ 02 0.2051488%€ 03 0.29947919€ Ol
COMPONENT RECOVERY FRACTIOGNS
0.10383525€ Ot 0.97768751E€ 0O ©.31630670£-02

SIDE LIQUID FLOW OF 0,12100000€ 04 MOLES FROM SYAGE 9
COMPONENT AMOUNTS
0.89806247€ 00 0.37101807E 02 0.11T19964E 04

STAGE VARIABLES

STAGE TEMPERATURE VAPOR FLOW LIQUID FLOW
1 0.65426882E 03 0.12000000E 04 0.40806T41E 03
2 0.54700186€ 03 0.95306121E 03 0.18080674E 04
3 0.38596197E 03 0.15000437E 04 0.13611286E 04
“ 0.33228821E 03 0.17942639E 04 0.19075555€ 04
S 0.32449218€ 03 0.17268850E O+ 0.22011002E 04
[ 0.31438836€ 03 0.20167211E 04 0.21335466E 04
7 0.29607704E 03 0.Z21743074E 04 0.78796405E 03
8 0.29528861E 03 0.21729320E 04 0.94540089E 03
9 0.29320453L 0} 0.21140827E 04 0.94399432E 03
10 0.28477720€ 03 0.21972281E 04 0.20951114€ 04
11 0.25036707E 03 0.21585907E 04 0.19131483E 04
12 0.18154863F 03 0.27834901E 04 0.18T743356E 04
13 0. 14284064 03 0.28289108E 03 0.25000000€ 04

REBOILER LOAD = 0.46485Q36€ o8
CONDENSER LOAD = 0.30554680F 08

TOTAL COLUMN HEAT UNBALANCE = -0.39214187E 05

sesessnvsensnenveancssscsnase COLUMN | e

0.257967T81€ 03

0.99871397€

00

0.64033674E-15

0.24T790427€-17

0. 144TT155€ @3
0.99980357¢ 00

0.11301813€-22

0.78051198E-25

TO STAGE 5 OF COLUMN 2

0.363456019E-

02

VAP MOL ENTH

0.97T07521E
0.58893517€
0.34467977E
0.30473727¢
0.29738995E
0.27974720E
0.26960980E
0.26894591E
0.26563940E
0.25277333E
0.20860287E
0.149241T1E
0.12586980E

05
0%
05
153
05
05

0.46T77169E-05

LIQ MOL ENTH

0.93661217E
0.67T773326E
0.35174616E
0.227T204TE
0.21079681E
0.201088574E
0.14965606E
0.1480167T1E
0.14630602€
0.13952105¢
0.11202516€
0.58205923€
0.29703437¢

(13
05

HEAT UNBALANCE

0.

0.12995999E
~0.1257T7000€
~0.14892000E
-0.31690000€
-0.22615000€
-0.30989999¢
-0.96850000E
~0.12672500€
-0.65441874E
-0.11085000€

0.36532500€

0.

05
05
0s
04
04
04
03
04
04
o5
04

414
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. coLunm 2

VAPOR AND LIQUID PRODUCT AMOUNTS AND INTERCONNECTING FLOWS

A0V TOM PRODUCT OF 0.94499999E 03 MOLES
COMPONENT ANOUNTS

0.60219639E~-02 0.28103220€ 01 0.94218002E 03 0.36229840€-02
COMPONENY RECOVERY FRACTIONS
0.42400198E-03 0.10382544E-01 0.99512043E 00 0.140286264E-04

VAPDR FLOW OF 0.26496548E 03 MOLES FROM STAGE 3 71O STAGE 10 OF COLUMN 1
COMPONENT AMOUNTS
0.89181279E 00 0.34273197¢ 02 0.22980046E 03 0.11478066E-04

STAGE VARIABLES

STAGE TEMPERATURE VAPOR FLOMW LIQUID FLOw VAP NOL ENTH
1 0.30588578€ 03 0.31462017€ 03 0. 94499999€ 03 0.286917T4€ 0%
2 0.30427070¢ 03 0. 30439479 03 0.12596202E 04 0.28411440€ 05
3 0.30211191E 03 0.29208 € 03 0.12494582€ 04 0.20038908E 0%
. 0.29941484E 0) 0.27853895€ 0) 0. 12371426 04 0.27383475E 05
5 0.29635713E 03 0.26496548€ 03 0.12235915E 04 0.2T0TTIATE 05

REBOILER LDAD = 0.42657795E 07

TOTAL COLUMN HEAT UNBALANCE = 0.73975000E 03

[TYYYY seve

0.447587866-05
0.30910763€-07

0.18155316&-00

LI0 MOL ENYH
0.15654559¢ 05
0.15524354¢€ 05
0.15348906€ 03
0.15130986€ 0
0.14884286E 05

HEAT UMBALANCE

0.

0.18442500€ 04
~0.66000000€ 02
~0.3424999%¢ 03
-0.6959999%¢ 03

TOTAL PRODUCT MASS BALANCES AND RECOVERY FRACTIONS

RECOVERY FRACTION SUMMATIONS FOR EACH COMPOMENT
0.10389767E 01 0.98805092E 00 0.10039106E 01 0.998T2798E 00

0.999003460F 00

EXCESS MOLES OF EACH COMPONENT ENTERING THE SYSTEM IN FEEDS OVER MOLES LEAVING IN PRODUCTY

~0.55346906E 00 0.32405891E 01 -0.37025909¢ 01 0.32855980E-00

s
0.28438568¢-01

TOTAL MASS UNBALANCE (SUM OF ABSOLUTE VALUES OF COMPOMENT UNBALANCES) = Q0.T8336475E O

SASSAD0Yd AINdIT FHVISILIAW HNIIAIWNOD

gge
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A Boundary conditions
in axial dispersion, 115-118, 120-128
ﬁzgisfiffmy’ 33 in infinite pipe, 111, 118
CO,, 9, 14-15, 18 gotgzslm%sq model, 61
effect of surface-active agents, 17-19 ubble-tlow
gas into liquid solvent, 5 Bankoff’§ model., 242-245
oxygen, 13-17 gas vc_nd-fractlons, 243
reboiled, 288 velocity of bubbles, 243-244
SO, 17-18 coalescence of bubbles, 245
N flow factor, 243-244
horizontal, 245-246
pressure drop in, 242

steady-state, oxygen into water, 15-16
Adsorption

on wetted columns, 16-18 A
Acceleration-pressure losses, 222 two-.phase gas liquid, 207, 211
Age-distribution vertical tubes, 241-242

in backmix reactors, 174-175 Bl;l))blegt

conversion determination, 173 uxgn rescu P 267

degree of segregation, 176-177 absorption from, 26

direct use of information, 173-174 in vertlcal‘ﬂow,'241'—242
exit, 100-101 gas transfer into liquid, 34-35

rise velocities, 241
in two-phase flow, 201
wakeless, 233-237
pressure recovery in, 236
rising velocity, 233

internal function (see I curve)

life expectation, 177

linear rate equations, 174-175

nonlinear rate equations, 175-178
early mixing conversion, 176-178 Burn-out
late mixing conversion, 176 i

in segregated flow, 173 in film flow, 263-265

A 4 H ified. 231-932 . oscillations, 265 -
rmand equation, modified, 23 in forced convection region, 263

heat flux, decrease of, 264

B hydrodynamic effect on, 264

Beds

fibrous, 87-90 c

passage of an emulsion, 89-90 C curve

fluidized, 170-172 dispersion model, 118

models for, 172 maxima for comparison, 157

porous, 89-90 slow cross flow, 160-161

volume ratio of phases, 187 stirred tanks, 152-153
Boiling phenomena, tanks-in-series, 151

forced convection, 258 Chenoweth and Martin correlation, 225~

nucleate, 257 226

in vertical tubes, 254-259 in horizontal slug-flow, 238
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Circulation, internal, in drops
effect of surfactants, 83-84
light distortion, 69-71
patterns, 69-71
in pure systems, 63, 67
in ultrapure systems, 67
CO, absorption in gas-liquid systems, 9,
14-15, 18
effect of surface-active agents, 14
resistance to mass transfer, 14
Coalescence
of drops, 85-90
fibrous-bed prenomena, 87-90
partial, 87
rupture, 86-87
two-~drop, 87
in extraction cycle, 53
flocculation, liquid-liquid foams, 85
Column,
distillation, with partial condenser, 282—
283
wetted wall
flooding, 240-241
gas absorption coefficient, 266, 267-
288
Condensers
computer correction of temperature,
292-293
partial, 292
specification of, 304
total, 292
two-product, 292
calculation, 306
Currents, field-fluid, 84-85

D

Deadwater regions
completely stagnant, 159-160
slow cross flow, 160
definition of, 159-161
determination of model parameters,
160-161
existence of, 160-162
I-curve, 161, 165-167
Diffusion of acetic acid into benzene, 22—
23
Dispersion
axial
boundary conditions, 111, 115-118,
120, 128
experimental findings, 121-122

SUBJECT INDEX

laminar flow in empty tubes, 125
measurement, of coefficient, 109-125
moment order of trace distribution,
136
number of parameters in, 164
packed beds, 118, 122-124
turbulent flow in empty tubes, 124—
125
radial
coefficient, 139-142
experimental findings, 131-133
laminar flow in empty tubes, 133
symmetrical pipe flow, 133
Dispersion coefficients
concentration fluctuations, 147~150
summary of, 150
correlation, 148-149
effect of viscosity, 135
general dispersion model for symmetri-
cal pipe flow, 133-134
intensity, 149
magnitude, 142
measurement of, 109-134
axial-dispersed plug-flow model, 109-
125
dispersed plug-flow model, 125-133
radial dispersion, 132-133
tracer injection, 109
random walk models, 143-144
mixing length theory, 144
radial dispersion in, 143
“statistical” models, 144-145
Taylor’s treatment, 147
theoretical methods for predicting,
142-150
tracer distribution moments, summary
of, 138
Turner’s structures, 145-147
use of equations in interpreting experi-
mental data, 129-131
mass balance, 130
Distillation, 44-46
Distribution function, internal (see I
curve)
Drops
and bubbles, 3342
rate of mass transfer, 41
rate of rise and fall, 38-42
veloeity of fall, 39-40
circulation in, 36-38
ratio of bulk viscosities, 36-37
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falling, balance force on, 62-63
formation, dispersion, 54-58
effect of mass transfer rate, 54
fast formation at nozzles, 55-56
slow formation at nozzles, 54-55
turbulent dispersers, 57
forming, shape of, 57-59
other models, 58-59 *
true shape, 57-58
immobile interface of, 36
internal circulation
direct evidence, 68-71
Garner-Haycock quantitative
measurements, 71
indirect evidence, 68
qualitative reports, 69-71
Reynolds number, 68
micron-size, 85
moving
shapes of, 71-74
spherieal liquid, 61
surface tension forces, 61
velocities of, 59-67
of organic chemicals, 72-73
oscillations
amplitude and rupture, 75-77
interfacial turbulence, 77-78
in liquid-liquid systems, 76-77
random wobbling, 74-75
surface indentations, 75
single, analysis of, 53
in two-phase flow, 201

E curve, 100-101
Einstein’s equation for molecular diffu-
sion, 148
Emulsification, spontaneous, 22, 77-78
Energy balances, 214-220
Nicklin approach to, 218
Enthalpy, 284, 287-288, 290-291, 298, 301,
304
Entrainment
behavior in annular flow, 247-252
parameter of, 249
critical velocities, 251-252
critical Weber number, 249, 251
flow types in, 251
horizontal liquid films, 250
turbulent region, 251
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Evaporation, 3-5
above plane surface, 3-4
effect of long chain alcohol, 3
from drops of liquid, 4-5
reduction by polar oil monolayer, 3-4
resistance to, 3
Extraction
practical, 4244
coalescence rate, 43
efficiency of packed columns, 42
variations in viscosity, 43
liquid, steps in mass transfer, 52-53
liquid-liquid, enthalpy balance, 290

F

F curve
bypass flow, 162
dispersion model, 118-119
Fanning equation, 227
Films, monomolecular, 15
Flocculation, 85-90
Flow
annular and dispersed, 208, 211, 246-
252
downward film flow, 248
effect of liquid injection, 248-249
entrainment behavior, 247-249
Fauske model, 231
spray equilibrium, 247
upward film flow, 246
around a rigid sphere, 78, 80
backmix, 168
degree of segregation in, 176-177
reactions in, 174-175
bubble (see Bubble-flow)
bubbles in two-phase, 201
bypass, 162-163
definition, 159
evaluation of, 162
characteristics, two-phase
holdup ratio definition, 201
slip and velocity definition, 202
void-fraction definition, 201-202
classification, two-phase, 200
composition of, 200
droplets in, 201
end stage, vapor or liquid, 292-293
rates, 301-302
film, burnout in, 263-265
froth, 211, 238-241
in long pipelines, 272
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heat generation in, 218
in inclined tubes, 271
isenthalpic flash calculations, 290
in long pipelines, 271-272
mist, 208, 211
momentum balance in, 215-216
plug-, axial dispersed
conversion in, 180-182
mathematical description, 108-109
tubular and packed beds, 180-182
plug, two-phase, 207-211
rates, vapor and liquid, 300-302
semi-annular, 238-241
slug (see Slug flow)
stratified and wave, 207, 252-254
energy transfer in, 253
use of Reynolds number in, 254
wave forms, 254
two liquid phases and a gas phase, 270-
271
two-phase
processes, 200-204
regimes, 213-214
transport behavior, 201
transport processes, 202-203
turbulent, 238-241
wavy, 207
Flow patterns
application to chemical reactions, 171-
187
conversion in stirred tanks, 178-179
direct use of age information, 173-178
fluidized beds, 186-187
general dispersion, 184-186
multiphase, 187
characterizing by
technique, 98-104
internal age distribution in a closed
vessel, 99-100
mean residence time in a vessel, 99
pulse tracer input, 101-102
relationship between tracer curves,
102-104
residence time distribution
closed vessel, 100~101
step tracer input, 101
in horizontal tubes, 207-210
types, 207-208
prediction of, 208-210
mechanics, 233-254
models (see Models, flow-pattern)

stimulus-response

in a

INDEX

non-ideal, 96
tracer information, use of, 104-105
in vertical tubes, 210-213
appearance, 210
prediction of, 212-213
types, 211-212
Fluids, intermixing in pipelines, 187
Foam, liquid-liquid, 85
Force, balance, on a falling drop, 62-63
Fractionation, 287

G

Gas
-liquid, concurrent flow, 200-204
slugs of, 233-237
Gas-liquid interface, 13-20
dynamic, 15-19
effect of film-covered surfaces, 14-15, 17
effect of surface-active agents, 14-15, 18
resistance to mass transfer, 14
static, 13-15

H

Hadamard’s model, 73-74
Hadamard-Rybczinski model, 60-61
Hayworth and Treybal balance, 55-57
Head, hydrostatic, slug velocity of, 233
Heat transfer
in annular flow, 246-252
boiling of liquid in vertical tubes, 254
259
coefficients, 256
nucleate boiling, 257
regions, 255-256
velocities, 258
coefficients for two-phase flow, 259-263
in homogeneous model, 261
in slip-ratio model, 261
correlating methods, 261-263
dependence on heat flux, 263
hypothetical liquid-only case, 261-
262
dimensionless group correlation, 260-
261
in dispersed flow, 246-252
local boiling, 258-259
Lockhart-Martinelli parameters, 259-
260
dependence on heat flux, 260
two-phase mixtures, 254-265
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in two-phase processes, 202
Hexadecanol, 3-4, 15, 16

I curve
bypass flow, 162
deadwater regions, 161, 165~167
definition, 99-100
for simple combined models, 165-167
stirred tanks, 168

Ice, soft, 14

Intercoolers, 292, 304

Iteration solutions, 287-288

J

Jet
falling vertical, 18-19
Rayleigh, 56-57

L

Langmuir’s experiment, 6-7
Layers, boundary, 78-80
nonoscillating drops, 78-80
oscillating drops, 80
sphere, flow around, 78
Liquid-fields
high viscosity, 52-53
low viscosity, 63-65
Liquid, mass transfer, §2-53
Liquid-liquid systems
drop oscillations in, 75-77
dynamic, 26-33
interfacial concentrations, 21
interfacial turbulence, 22, 25
resistance to mass transfer, 20, 22-23
spontaneous emulsification, 22-23
static, 23-26
transfer coefficient, 21, 26
unstirred, 20-22
velocity versus drop size, 61-62
Lituus model, 58
Lockhart-Martinelli correlation, 220-225
heat transfer in, 259-263
limiting assumption, 220
parameters, 259-260

M

Martinelli-Nelson correlation, 221-225
in bubble flow, 243
comparison with experiment, 222-225

Mass balance, 130
Mass transfer
in cocurrent gas-liquid flow, 265-271
absorption from rising bubbles, 266
in annular flow, 267-269
in horizontal flow, 267-270
in horizontal slug-flow, 269-271
coefficient, 16
dependence on Reynolds number, 16
empirical correlation for clean inter-
faces, 26-27
for gas-liquid systems, 9, 10, 16, 18
in liquid-liquid systems, 21-33
for oxygen absorption, 16
for 80; absorption in water, 18
for surfaces covered with monolayer,
20-33
in drops and bubbles, 33-42
effect of surface-active agents, 14
extreme turbulence, 9-11
flow over sphere, 19
between gas and liquid solvents, 5-19
and interfacial phenomena, 1-50
laminar flow, 9, 16, 18
between two liquid solvents, 20-32
theoretical values of resistance, 8-18
Metals, liquid, 232-233
Models, flow-pattern
combined, 158-171
application to fluidized beds, 170-171
application to stirred tanks, 167-170
construction of, 159
cross flow pattern, 158-159
deadwater regions, 159171
matching models to experiments,
161-167
number of parameters, 164-167
types of flow in, 159
correlation, 229-233
dispersed plug-flow
dimensionless concentration, 126
measurement of dispersion coefficient,
125-133
moment order of tracer distribution,
136
solutions for measurement experi-
ments, 126
tracer injection, 125
dispersion
experimental verification of relation-
ship, 139-142
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limitations of theory, 141-142
mathematical descriptions, 107-109
measurement of coefficients, 109-134
non-ideal flow patterns, 105-150
relationship between, 134-142
homogeneous, 227-228
acceleration pressure losses, 222
mixed cell (see Tanks-in-series)
plug-flow, mathematical description, 108
slip-ratio, 261
stirred tanks, 168-178
symmetrical pipe flow, 107-108
Moments, tracer distribution, 136-139
axial dispersed plug-flow, 136
dispersed plug-flow, 136
first moment, 137
general dispersion, 137
summary for all models, 138-139
ultimate values, limitation of theory,
141
uniform dispersion, 137
zeroth moment, 137
Momentum
-exchange model, 228-229
pressure losses, 227
steady-state flow, 215
Monolayers, effect on liquid-liquid inter-

face, 25
N
Navier-Stokes equations of drop motion,
59-61, 66

Nicklin approach, 218

o

O: absorption in gas-liquid systems, 13-17
steady-state, in dynamic systems, 15

P

Parameter-X, 229

Pigford’s theoretical equation, 18

Plateau’s spherules, 54-55

Pressure

drop in two-phase systems, 203-204,
214-228

acceleration losses, 222
classification of flow regimes, 206
correlating methods, 220-223
defining, 219
diameter dependence in pipes, 223

SUBJECT INDEX

friction-factor methods, 226--228
horizontal flow, 225
irreversible, 219
Lockhart-Martinelli correlation, 220-
225
mass flow rate effect on, 224
mean, prediction of, 223-225
momentum and energy balances, 214-
217
vertical flow, 223
recovery in wakeless bubbles, 236
Program, general, for vapor-liquid proc-
esses, 291-316
basie, 291-303
aceuracy check, 303
determination of, flash type, 302-303
reboilers and condensers, 299-300
stage feeds, 208-299
stage sequencing, 297
examples, 308-310
distillation column with side stripper,
310
reboiled absorber, bottom product
set, 308-310
reboiled absorber, vapor product set,
310
nomenclature, 310-316
problem formulation, 291-292
subroutines, 304-308
BUBPT, DEWPT, ISOVFL,
ISOTFL, 307-308
CONDEN, 308
INPUT, 304-305
INVEN, 306-307
OUTPUT, 305
REBOIL, 305-306
Pulse response (see C curve)

R

Reactors, packed-bed
axial-dispersed plug-flow, 180-182
boundary conditions, 180
dispersion, 181-182
second order, 182
volume ratio, 181
conversion in, 179-184
dispersed plug-flow, 182-184
boundary conditions, 183
steady flow, 182
dispersion model, 184
tanks-in-series model, 184-186
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ratio of volume, 184-185
tracer curves, 185
Reboilers
calculations of, 305-306
specifications of, 304
Regions
backmix flow, 168
deadwater, 159-161
forced-convection, boiling, 263264
liquid deficient point, 263
in parallel, 164
in series, 163
Relaxation solutions
advantages and disadvantages, 289-290
mass balance equations, 287-288
nomenclature, 291
subroutine INVEN, 306-307
unsteady-state equations, 289
Resistance
diffusional, 1-3
effects of surface-active agents, 2
mass transfer
in gas-liquid systems, 8-13
in liquid-liquid systems, 22-33
Reynolds numbers
high, 72-74
high viscosity fields, 73
low viscosity fields, 72-73
non-Newtonian, 73
prolate shape, 73-74
low, 71-72
Hadamard’s development for, 68
use in stratified flow, 254
use in two-phase flow, 213

S

Separation operations, multistage, 279
381
calculation methods, 281-291
iteration solutions, 287-288
problem deseription and variables, 281
285
relaxation solutions, 288-291
stage-by-stage solutions, 285-286
Slug-flow, 207, 211, 233-241
flooding action, 240-241
force balance, 235-236
frictional, 237
of gas, 233
gas volume-fraction, 234
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horizontal, 237-238
unstable, 238-241
entrance effect, 239
true liquid, 239-240
vertical tubes, 233-237
downward velocity, 233
upward velocity, 234, 237
SO, absorption in water, 17-18
Sphere, solid, 19
interruption of the laminar flow, 19
Steam-water mixture, 222
Sternling-Scriven hydrodynamic analysis,
i
Stream junction, 68
Surface
-active agents
effects on absorption, 17-19
film covered, 12-13
free clean, of a turbulent liquid, 11-12
hydrodynamic theory, 11
instability in gas-liquid systems, 6-8
layer immobilization, 18
in liquid-liquid systems, 24
Surfactants, effects of, 80-84
damping of oscillations, 82-83
drop soluble, 80
evaluation, 81-82
increased drag, 83
internal circulation, 67, 83-84
in ultrapure systems, 67

T

Tanks-in-series, 150-158
boundary conditions, 154
C curve, 151
maxima, 157
comparison with dispersion model, 156
158
mathematical deseription, 151-156
one dimensional array, 151-153
three dimensional array, 155-156
number of parameters in, 164
perfectly mixed tank, 150
Tanks, stirred
C curve, 152-153
conditions, experimental, 169-170
conversion in ideal, 178
exit age-distribution, 168-169
homogeneity in, 168
internal age-distribution, 168
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multistaged, impeller-agitated, 178
non-ideal, 179

steady state in, 178

unsteady state in, 178

Tracer
concentration
characterization of data, 120
comparison of pulse and step

methods, 119-120
computation errors, 120
experimental problems, 119
in dispersed plug-flow model, 125
distribution moments, 136-139
flow characterization, 104-105
injection methods, 109-121
boundary conditions, 120
imperfect pulse, 114-118
imperfect step, 119
perfect pulse, 110-114
perfect step, 118
periodie, 120-121
rate of injection, 110-111
in interpreting experimental data, 129
131
measurement, of dispersion coefficient,
109-134
delta function in perfect pulse, 113,
115
Transfer between gas and liquid solvent,
5-19
ammonia absorption, §
carbon dioxide absorption, 13-15
experiments on, 13-20
oxygen absorption, 13-17
resistance in pure gas or liquid, 2, 5
surface instability, 6-8
theoretical values of resistance, 8-9

SUBJECT INDEX

Tubular and packed bed reactors (see
Reactors)
Turbulence, extreme limits of, 9-13
in free clean surface of a liquid, 11-12
Turner’s structures, 145-147

v

Vapor-liquid processes, a general program
for computing, 279-317
calculation methods, 281-291
independence of variables, 205-296
problem alteration by program, 206-297
Velocity
bubble flow, 241
drop, 59-67
drag, 61-67
wall effect, 66-67
slip-, methods, 229-233
pipe roughness variable, 230-231
ratio, 229, 233, 243
slug-flow, profiles in
nose region, 236
upward, 237
wake region, 236-237
steady-state terminal, 62-63
Void-fraction
effect of concentrations and expansions,
232
horizontal flow, predicted in, 224-225
liquid metals, 232
steam-water system, 231

w

Water, bound, 14

Weber number, critical, 249, 251
X

X-parameter, 229
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